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The diagram originally designed by the author for the cover, symbolizes 
the matter dealt with in this work. 

It shows in the colour triangle XYZ of the ICI, the curve of the spectral 
colours and the purple line derived from the investigations of Wright 
and Guild. The curve also bears the name of Newton, 'who, in his 
colour circle has given the first approximation as well as those of 
Heliriholtz and Konig, the pioneers of the quantitative elaboration 
of Young’s theory. 

The curve of the marginal colours, closely connected with the work of 
Goethe and the curve of the characteristic colours of Ostwald, are 
represented as well. The figure in the right-hand top comer symbolizes 
the theory of heredity which is so important for the explanation of 
Daltonism. >■. 


PREFACE 

TO THE ENGLISH TRANSLATION 


J.N September 1944, a few weeks before the liberation 
of Eindhoven, Dr Bourn a, who had been suffering since 1940 from a 
disease of the central nervous system, which fortunately did not interfere 
with his ^een scientific thinking but gradually bereft him of the 
control of his body and the powers of speech and writing, communicated 
to me his plan to collect in book-form his accumulated knowledge in the 
field of colorimetry and colour science. He started writing with Ms left 
hand and finished the manuscript in Dutch in April 1945. Due to 
various circumstances the printing was delayed until 1946, and in 
November of that year I was able .to place the first copy of his book 
in his hand. Although he was seriously ill this event gave him great 
pleasure. On Jan. 19, 1947 Pieter Johannes B oum a died, 
much mourned by his colleagues of the Philips laboratory and by all 
those who had met him in his various functions in the field.of illnmi' 
noting engineering. 

At the request of Mrs C. J. Bouma-Querner, I set myself the task of 
supervising the English translation, which was carried out by Mrs A. 
Wolters-Dawson. I am also much indebted to Mr F. G. Garratt and 
to Mr C. G. A. Hill for a careful revision with respect to technical ex- 
pi'essions. The translation follows faithfully the original Dutch text. 
A few additions, which in my opinion might increase the value of the 
book, are marked by an asterisk (sections 33a, 36a, 75, 75a). Sect. 36a 
has been rewritten after one of Bouma’s last papers on the subject 
(Physica 12 , 189, 1946). At the same time I havetaken the opportunity 
of referring in a few places (sections 65 and 67) to recent work of Dr 
Hessel de Vries (Groningen), which seems to throw a new light on 
thenature of the fundamental response curves of Helmholtz and their 
relation to the relative luminosity function. In 1946 I called B ouma’s 
attention to the first of these papers and I am convinced that, had he 
lived, he would have approved it. I am very thankful to Mr De Vries 
for his permission and advice. 

It is hoped that Bouma's clear exposition and his simple style, often 
verging on the naive, will charm the English-speaking reader and that 
the book in its new form may prove useful to those interested in colour 
science. 


EINDHOVEN, November 1947 


W. DE GROOT 



PREFACE 

TO THE DUTCH EDITION 


T 

JL HE subject of “Colour" lies on the boundary of various 
pure and applied sciences, including physics, physiology, illuminating 
engineering and chemistry, while it also has several points of contact 
with art and aesthetics. As a result the same subject may be treated 
from different points of view. An ideal treatment would take all these 
viewpoints equally into account. Two practical difficulties prevent 
the attainment of this ideal: in the first place the treatise would become 
very extensive and secondly the author does not feel competent to take 
into account all the different sides of the colour problem. He has therefore 
restricted himself in the main to approaching the subject from the side 
of experimental physics and illuminating engineering, the stress in this 
book falling on the expression of colours by numbers, and on the calcula- 
tion and measurement of colours. 

The physiological and the psychological aspects of the corresponding 
problems are only considered so far as is necessary for a better under- 
standing of the physical aspects. Here too, where possible, the exposition 
is based on established experimental facts ^and the prolific theories are 
omitted. 

The relations with art and aesthetics are not discussed, neither are the 
physics and chemistry of coloured substances. 

This book is intended for all persons interested in the origin and the 
measurement of colours, such as students of physics, illuminating i 
engineers and technicians, but it is hoped that it will also prove of 
interest to biologists and physicians (especially Ch. X), and to all those 
who have to do with the manufacture and use of colorants and coloured 
products in general. 

The reader is assumed to be acquainted with mathematics and physics 
as far as they are taught in secondary schools and to possess a certain 
amount of zeal / The parts in small print generally make higher claims 
but they may be skipped without detriment to the understanding of the 
main subject. 

The purpose of the book is to survey the theory of colorimetry and its 
applications to practical problems, to. enable the reader to carry out the 
calculations occurring in practice, to facilitate his study of professional 
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literature and to hand him the tools necessary for a deeper study of other 
aspects of the colour problem. 

The theoretical development follows the path developed bySchrodinger 
in 1920-1926, which, in the auihor's opinion, is the only method had- 
ing logically to a complete insight into colour problems. Colour space 
forms an integral part of this theory. 

Various deep-rooted concepts, the heritage of an historical development 
which did not always proceed along straight paths, and which are now- 
adays often an impediment to a clear understanding are either omitted or 
treated separately in an appropriate place (Ch. XI). 

A general survey of the contents of this book and of the chief fields of 
application are to be found in sect. 6 (pp. 28-2g). The reader is also 
referred to the table of contents. 

Finally I have the agreeable task of thanking my wife and a few colleagues, 
who assisted me by their constructive criticism, and others who by 
rendering innumerable lesser services made it possible for me to write 
this book under difficult circumstances. My colleague Dr W. de Groot 
especially must be named in this connection. 

EINDHOVEN, September 1945 P. J. BOUMA 
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CHAPTER I 


Introduction 


§ 1 Dramatis personae 

Liberation of Eindhoven,, September 1944. 

Children, gay with orange ribbons, are dancing and singing on a lawn 
under the shade of a yellow American paiachute. Golden-orange 
sunshine helps us to realize that a new and better era iS about to 
begin. 

While musing over this happy scene it occurs to me that all the 
important and indispensable actors that play their part in the 
production of colour and therefore have their place in this book are 
now present. 

The action of the play is really a succession of events beginning with 
the golden-orange sunshine and speeding by way of the parachute, 
orange ribbons, green grass, light and shade, through my eye and 
its optic nerve to my brain, where it finds its happy ending in my 
consciousness. 

In this first chapter the parts which the various actors take in this 
play of colours will be sketched in broad outline. 


§ 2 The sun as source of li^ht 

The importance of this actor, whose role is often played by under- 
studies, is obvious. Without the sun, or more generally speaking 
without a light source, we should have no light and the eye would 
consequently be doomed to inactivity. Colours would therefore be 
entirely out of the question, unless one could count as colours the 
coloured stars observed on bumping into concrete objects, and 
similar phenomena. We shall, however, concern ourselves exclusively 
with colour phenomena caused by light. But supplying light is 
certainly not the only task performed by the light source in the 
play of colours. This can best be seen by comparing the sun with 
other light sources. 

Sodium light, for instance, already universally known before 1940. 
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through .its use in street lighting [see D o r ge 1 o ^)]*), is not 
capable of conjuring before our eyes any variety of colours worth 
mentioning; even the most colourful objects all appear yellow and 
yellowish brown when illuminated by this light.. 

Mercury light, also employed for various illuminating purposes and 
known to many people as the light radiated by the artificial sunlight 
apparatus, gives us a much greater wealth of colour. But it is very 
striking with this kind of light that various objects are seen in a 
“wrong” colour; that is to say they cause a different colour sensation 
from that to which we are used in daylight. Red and reddish objects 
especially display this colour distortion to a great degree. They usually 
assume a brownish tint and not infrequently appear almost black. 
Light from incandescent lamps shows coloured objects in a manner 
which is much more in conformity with their appearance in daylight. 
An attentive observer, however, will still see clear differences between 
these two kinds of light. Thus slight variations of colour — especially 
in the case of bluish tints — will be more easily observed by daylight 
than by incandescent .light ; complexions are clearly different. While 
draughtsmen are well acquainted with the difficulty of seeing 
yellow lines on white paper. Finally the difference is also illustrated 
by the fact that ladies out shopping, before bujdng material offered 
for sale in artificial light, invariably desire to see it in daylight. 
Sunlight or daylight appears in many respects to be the ideal light. 
It displays a great variety of colours, makes it easy to distinguish 
slight shades of colour, and the colours of objects round about us 
obviously look natural. 

The fact that moonlight and starlight fall so far short in all these respects 
is due not to the' kind of light (this does not deviate much from sunlight) 
but to our inability to bring coloured objects close enough to the light 
source. Far too little light ever falls on things from these light sources 
to enable the eye to distinguish tile colours well (see also sect. 4). 

What are the physical properties which make some kinds of light 
specially suitable and others unsuitable for distinguishing colours? 
.This question remained an enigma for centuries until Newton 
in 1666 got himself a glass prism/' to try therewith the phenomena 
of colours”, ther^y paving the way towards the solution of this 
problem. Soon N e w t o li was able to show unshakably the sur- 
prising fact that white sunlight, seemingly so homogeneous, might 
be conceived as consisting of a series of light rays distinguishable 

*) Proper names, suffixed with a number, refer to the list of references; see the 
appenlix to this book.' ' 
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from one another both by the eye and by various physical properties. 
We now call these components spectral radiations or primary colours, 
the latter name being due to the fact, also discovered by Newton, 
that these radiations cannot be again divided into components with 
different properties. To the eye the spectral radiations are distinguished 
by the colour sensations they evoke. They display the well-known 
series of colours that can be observed in the rainbow: red, orange, 
yellow, green, blue, violet and all intermediate hues. Physi- 
cally they are distinguished by a number of properties and each 
of these properties is in principle useful to characterize the various 
spectral radiations. 

Newton^) chose that property which led him to their discovery, 
namely the difference in change of direction which the various 
radiations undergo when they pass from air in to glass. He distinguished 
them, therefore, by their refrangibility . 

As ideas about the nature of light underwent further development 
other physical properties came into use for this purpose. When, in 
the 18th and 19th centuries, the general conviction prevailed that 
light should be considered as a phenomenon of self-propagating 
vibrations, and that the various spectral colours were distinguished 
one from the other by their frequency, it was quite natural to take 
one of the following three properties to characterize them : 

a) frequency y, the number of vibrations per second, 

b) time of vibration T, the time required for the completion of one 
vibration, 

c) wavelength X the distance covered by the vibration phenomen- 
on in the time T. 

The last quantity, the wavelength, is the one most generally accepted 
and it will be employed throughout this book. The lengths of the 
various light waves are very small^They are expressed in the unit m|ji 
- one millionth of a millimeter— or A = 1/10 m|ji. We shall invariably 
employ the unit mp. There are various methods of determining the 
quantities y, T arid X very accurately, but we cannot discuss them here . 

Since the beginning of the 20th century there has been a growing conviction 
that for an explanation of various phenomena it would be better to consider 
light as a rain of projectiles each representing a very definite and extremely 
tiny energy (quantum theory). A new, very mathematical theory (wave 
mechanics) demonstrated that this was not contrary to the conviction 
that light in other phenomena seemed to behave entirely according to the 
old vibration theory. The energy represented by such a quantum is differ- 
ent for each of the spectral radiations, being proportional to v. Thus 
in this theory it is natural to use the energy of one quantum as a charac- 
teristic pio^krty for the various spectral radiations. 
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Wavelength 

Colour 

sensation 

380-436 mp 
436-496 „ 
496-566 „ 
566-589 „ 
589-627 „ 
627-780 „ 

violet 

blue 

green 

yellow 

orange 

red 


TABLE 1 There is, of course, a certain connection 

between the wavelength of a spectral 
colour and the appropriate colour name. 
It must, however, be borne in mind that 
the wavelength is a purely physical 
magnitude, which can be objectively 
measured with great accuracy, while in 
judging the colour sensation we are 
concerned with a physiological-optical 
problem, the result of which will depend 
on all kinds of properties of the human 
visual organ. The name given to a colour will depend on the 
circumstances in which the spectral colour is displayed to the eye, 
and furthermore two observers in the same circumstances ma,y 
still obtain slightly deviating results because their eyes may be 
different and, moreover, because the assignment of a name to a 
given colour is a question of personal taste. The relationship shown 
in table 1 must therefore be taken as an approximate division 
of the colours of the spectrum according to their wavelengths. 
Thus, for example, the light of 560 m[A will be called ‘yellowish- 
green” by most people. The colour lies in between green and yellow, 
while, in the opinion of these people, green predominates, The indivi- 
dual diversity of the observers comes to the fore in the fact that 
there are also people who call this same colour "greenish yellow”; 
in their case yellow makes the preponderating impression. If the 
observers are requested to classify the colour under either green 
or yellow, the first group of people will call the, colour green and the 
second group yellow. 

Among Dutch researches on this subject we may mention those of O r n- 
stein*), Verbeek*) and v. d. W erf hoist*). (See also sect. 88 
and British Colour Council *). 


We have gone a little more extensively into this point, as it forms a 
typical example of the position of most colour problems, being 
on the border of two sciences; on the one hand physics and on the 
other hand physiology and, in some cases, psychology. This border- 
line must always be borne in mind if one wishes to penetrate into 
the nature of colours. Spectral radiations with wavelengths 
smaller than 380 mp or larger than 780 mp are in general 
invisible to the eye. The former form the ultra-violet rays and the 
latter the infra-red rays (heat radiation). These limits also display 
the uncertainty mentioned above. 
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Apart from individual differences these limits are strongly influenced by 
the intensity with which the spectral radiations are presented to the>eye. 
The greater the intensity the wider the space between the two iimits. Thus 
investigators have succeeded in making radiations of 313 rap. and 900 mp 
visible to the majority of observers [see Graham*), Saidman*), 
B he h tiger*), Fabry*), de Groot*>“), Goodeve*). Scho- 
b er *)], In practice, however, it is desirable to keep to a definite agree- 
ment as to the two limits. For example we might take the wavelengths 
at which the visibiiity curve (sect. 12) has fallen to 10"* [Uyterhoe- 
v e n *)]. namely 376 and 788 mp. but in future we shall keep to the limits 
380 and 780 mp, these being the limits to which most internationally 
accepted tables for colour measurement extend. 

From what has been said above we can now give a rough explanation 
of the varying degree in which the various light sources (daylight, 
incandescent electric light, sodium light, etc.) are capable of pro- 
ducing a diversity of colours. 

Physically speaking these kinds of light are distinguished by 
their spectral distribution-, or, differently expressed, by the propor- 
tions in which they contain the various spectral radiations 
Sunlight and incandescent electric light (as well as gas, oil-lamp and 
candle-light) emit a so-called continuous spectrum, that is to say 
their radiation contains all visible spectral colours. The other kinds 
of light mentioned contain relatively more red radiation and less blue 
radiation than sunlight. Mercury light consists mainly of some spec- 
tral radiations with wavelengths 404.7, 407.8, 435.8, 546.1, 577.0 
and 579.0 mp. Sodium light consists practically entirely of light of 
the wavelengths 589.0 and 689.6 mp. 

In order to see how these differences are expressed in the power to 
evoke a lesser or greater wealth of 'colour we must call upon the 
second actor. 

§ 3 Coloured objects 

In our introductory example these were: green grass, orange ribbons 
and a yellow parachute. 

We have seen that objects in our environment show hardly any 
difference in colour when illuminated by sodium light, which consists 
practically of light of one single wavelength. 

The orange-yellow light emitted by the light source (see table 1) 
falls on the objects, is partially reflected and the reflected light falls 
partly on the eye. When reflected, the wavelength and hence also 
the colour of the light remains unaltered, whence it may be under- 
stood that in the case of sodium illumination no other colours than 
yellow occur (the occurrence of brownish tints is a complication due 
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exclusively to special properties of the eye, which will be discussed 
further in sect. 5) 

I'his consideration gives us at the same time the key to the more 
general problem of the origin of colours when illuminated by light 
sources containing more than one spectral colour. We have seen 
above that the differences in colour of the light reaching the eye 
directly from various light sources is to be ascribed to differences in 
spectral distribution. Now when we illuminate two different objects 
with one and the same kind of light and w'e notice a, difference of 
colour, it is natural to suppose that this difference must be ascribed 
to different spectral distributions of the light that reaches the eye 
via the two objects. This supposition is indeed correct. Each spectral 
colour radiated by the light source is partially reflected by the 
object. The wavelength still remains unchanged but the propor- 
tion reflected is not only different (a) for the various wave- 
lengths but also (b) for each object. It appears from the first fact (a) 
that the spectral distribution of the reflected light will generally not 
be equal to that of the light emitted directly by the light source, and 
from the second fact (b) follows the confirmation of the supposition 
that the spectral distribution of the light reflected by the two- 
differently coloured objects will indeed be different. 

We can illustrate what has been said by the use of the concrete 
examples chosen in sect. 1. The yellow parachute reflects the red, 
orange and yellow rays of the sunlight in a fair degree, the green 
and blue rays, however, in a very limited degree. The orange ribbons 
have almost the same properties, except that they do not reflect a 
part of the yellow quite so well. 

Finally, we receive from the green grass light in which the green rays 
are strongly represented, while the radiations l3dng at both extremi- 
ties of the spectrum are considerably weaker. 

All light falling on the object that is not reflected is absorbed, that 
is to say, tranformed into heat. 

"White" objects constitute a special case. These appear to reflect 
all rays of sunlight well and to an approximately equal degree. The 
result is that the light reaching the eye from a white object has 
approximately the same spectral composition as the light emitted 
directly by the light source. It is in fact somewhat illogical to label 
objects with these properties as merely “white” objects, since, if we 
illuminate them, for example, with sodium light or with the light of 
a red dark-room lamp, they will make a yellow, or in the latter 
case, a reddish impression on the eye. The only "excuse existing for 
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this less accurate denomination is the fact that at the time when 
such an idea was formed people had not yet any great experience of 
such strongly coloured light sources. 

The example of the white objects illustrates most clearly that for 
the production of colours at least two actors must co-operatc: the 
nature of the light source and the reflecting qualities of the object 
both play a part. If this fact is borne in mind it will not be difficult 
to understand a little of the different colour rendering of the various 
light sources. We have already spoken of sodium light. Mercury light 
contains no red and orange rays. If a "red object’’, which is capable 
of reflecting only red and orange light, is illuminated with this 
light, it is plain that hardly any light reaches the eye from the 
red object. In other words, red objects invariably, look dark in 
mercury light, and sometimes almost black. Some of the less con- 
spicuous differences between the colours produced by daylight and 
incandescent electric light now become clear. The difference in the 
reflecting properties of white paper and yellow ink, for example, lies 
chiefly in the fact that the ink" reflects the blue and greenish blue 
rays to a far smaller degree than the white paper. As incandescent 
electric light, in comparison with daylight, contains fewer blue and 
green rays the difference in reflecting properties between ink and 
paper will produce a less obvious colour sensation by incandescent 
light than by daylight. The ink shows up less against the paper. 
Yet by no means all colour phenomena can be explained by the 
co-operation of the two actors mentioned. Thus, for example, it is 
still inexplicable why “yellow objects’’, which reflect the red, orange 
and yellow, as well as a portion of the yellowish green part of the 
sun’s rays, display approximately the same colour as sodium light, 
which consists only of one spectral colour. Moreover it cannot yet 
be understood why, in spite of the enormous difference of the 
continuous spectrum of sunlight and the line spectrum of the mer- 
cury lamp, the colour of the light emitted directly by both light 
sources differs so little that we are inclined to call both "white’’. 
This and similar cases point to the fact that yet a third actor plays 
a very important part in the production of colours. This actor is the 
visual organ of the observer. 

§ 4 The part played by the eye 

The construction and functioning of the human visual organ is such 
an interesting and complicated subject that a multitude of books 
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might be written about it, 
while numerous side issues 
of the problem of sight are 
still far from solved. 

So when we are compelled 
to enter the territory of 
the physiology of sight, ■we 
must do so with the ne- 
cessary circumspection We 
shall only consider here 
those points which are in- 
dispensable to a general survey of the process of the production 
of colour. In the following chapters we shall, when .necessary, 
give amplifying details. We shall also endeavour to avoid spe- 
culations and unproved theories as much as possible, and to build 
only upon experimentally established facts. The physiologist is 
chiefly interested in the problem how we see, i.e. in the mecha- 
nism underlying the various links in the process of sight. The 
physicist, the technician and in general the practical man, on the 
other hand, attach most importance to the question what we see] 
that is to say, the final result reached by the chain of processes 
occurring when the eye. is exposed to a given physical situation. 
Without wishing to go to extremes, we state explicitly thaf generally 
speaking it is our desire in this book to consider the problems of sight 
from the second point of view. 

Fig. 1 shows diagramatically a transverse section of the eyeball [for 
more detailed illustrations see Polyak^), Wright^^)]. Let PQ be 
an object. (For the sake of convenience the distance between PQ and 
the eye in fig. 1 has been taken far too small, for in reality this distance 
measures at least 10 times the size of the eye.) We see the object 
because a pencil of rays starting from PQ strikes the front of the eye 
(that is the cornea C) and via the aqueous humour (A) , the crystal- 
line lens (L) and the vitreous humour (V) reaches the back of the 
eyeball, the retina (R). The various curved planes through which 
the pencil of rays has passed produce a sharp inverted image PQ of 
the object, in the same way as the lens of a camera throws a sharp 
image on the sensitive plate. Focussing at various distances, ac- 
complished in the camera by the shifting of the lens, is brought about 
in the eye by a change of form of the crystalline lens (L). The quantity 
of light falling into the eye can be regulated by the opening and 
closing of the ring-shaped iris diaphragm (I), by ’^hich the diameter 
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The human eye (very schematically) 

A = aqueous humour; V = vitreous humour; 
F = fovea centralis; N = optic nerve; C = 
cornea; L = lens; R = retina; I = iris. 
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of the pupil is made smaller or larger (analogous to the diaphragm 
of the camera). 

Up to this point we have only had a simple optical problem to deal 
with. But as soon as the pencil of light has reached the retina the 
whole process is changed ; for the various organs situated in or near 
the retina have the task of transforming the energy of the incident 
light into another form suitable for carrying the stimulus via the 
optic nerve to the brain. The first phase of this transformation is of a 
photochemical nature. The various elements sensitive to light 
(rods and cones) contain substances which undergo chemical changes 
under the influence of light. When the illumination ceases their 
original condition is restored after a while. These photo-chemical 
changes are accompanied by the liberation of energy in electrical 
form. The liberated energy, in a manner still for the most part 
unknown, causes certain equilibrium disturbances of an electrical 
nature, which can be transmitted by the optic nerve (N). Finally 
this stimulus reaches the part of the cortex (regio calcariria) destined 
for the assimilation of sight impressions, where the most mysterious 
and enigmatic stage in the production of colour sensations takes 
place, the commutation of the stimulus introduced by the nerves 
into a conscious light and colour sensation. Although we are still 
groping in the dark at many points in the preceding series of process- 
es, it may well be expected that as research proceeds we shall be 
able to, explain aU stages of the process as physical and chemical 
phenomena. But this last stage, the stage of consciousness, lies so far 
beyond the sphere of science that mankind may never succeed in 
penetrating its nature. 

Scientists have succeeded, chiefly with the eyes of animals, in investigating 
by measurement two stages in the electric processes occurring in the act 
of seeing. 

In the first place the potential differences between the front and back 
walls of the eye were measured. This method is especially suitable for 
investigating transient phenomena. When the eye is suddenly exposed to 
light the potential is seen to change with a characteristic curve and 
finally to assume a constant end value. If the light is suddenly sv\itched 
off, we see the potential return once more to its starting value. 

In the second place the electric currents flowing in the separate tissues 
• of the optic nerve were measured when the corresponding part of the 
retina was stimulated.These currents have the character of a swift succession 
of equal impulses which follow each other with increasing speed as the 
intensity of the stimulus increases. 

The transition from the former kind of electric equilibrium disturbance to 
the latter must be imagined as follows; 

Between the light-sensitive element and the optic nerve there is among 
other things an "equivalent net\vork" that works as a condenser. The 
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observed changes in potential difference depend on the charge of this 
condenser. When the charge has reached a certain amount the condenser 
discharges suddenly and this brings about an impulse which propagates 
itself along the optic nerve. 

In surveying the long road from light pencil to colour sensation we 
must fix our attention chiefly on the retina in order to gain some 
insight into colour laws. 

As we have already seen, the retina contains two kinds of light- 
sensitive elements, rods and cones, which possess very different 
properties. In the lirst place there is the difference in shape, whence 
the names. Much more important is their different manner of 
functioning. The rods contain a light-sensitive substance called 
visual purple, the photo-chemical properties of which are already 
fairly accurately known. 

[See for example the investigations of K 6 n i g T r c n d e I e n- 
■ burg'. 8)' H edit 1), Studnitz"), Dart n a 111), Graniti), 
Ludvighi), Brodai). Goodovei). Uythgoe etc. etc.]. 

The sensitivity of the rods is enormous. Rough estimates have shown that 
in the most sensitive condition of the retina one or two light quanta react- 
ing on a rod chemically are sufficient to produce a sensation' of light [d e 
V r i e s 1)], while ingenious experiments by van der Velden') have 
made it highly probable that at least two light quant^^. absorbed in the 
visual purple, are required. According to H e c h t and others [Stiles “)] 
this number is five to seven. 

The cones, on the other hand, do not contain visual purple, or only in 
such a very low concentration that we must look for other chemical 
substances to explain the light-sensitivity. Only very recently 
Von Studnitz^) succeeded in indicating a light-sensitive 
substance in the cones of various animals, the general properties of 
which make it probable that this is the substance we are looking for. 
The distinction in photo-chemical substances leads to enormous 
differences in functioning. When the level of illumination is low, as 
in moonlight and still lower levels, practically only the rods function. 
With medium and higher levels of illumination, i.e. in artificially 
lighted apartments and in daylight, it is the cones that function. In 
between lies a region in which our light sensations are due partly to 
the cones and partly to the rods, for example on most of our artifi- 
cially illuminated roads. 

A second important difference is that we can observe the various 
colours with the cones, while the rods do not enable us to distinguish 
colours. With the rods we see the world actually as a black and white 
photograph. All objects are white, grey or black. In the dark all cats 
are. greyl 
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This difference between cones and rods explains the unsuitability of 
moonlight and starlight for distinguishing colours, hence the gradual 
fading of colours at dusk. 

A. third important difference lies in the local distribution of both 
light-sensitive elements over the retina. When we look straight at a 
small object, i.e. stare at it, an image is formed in the central part F 
(see fig. 1) of the retina. About this point extends a practically 
circular-shaped retinal area of about 0.25 mm in diameter, called 
the jovea centralis or central groove (the retina is slightly depressed 
here). The fovea contains nothing but cones. It forms the centre 
of a retinal area called the yellow spot or macula lutea , of about 2 mm 
diameter, faintly coloured by a yellow pigment. As we pass out from 
the fovea through the yellow spot the number of cones per cm® 
gradually decreases and the number of rods increases. This state of 
affairs also continues outside the yellow spot, so that, far from the 
centre, in the so-called periphery, the cones are only thinly spread 
and the rods predominate. 

In this local distribution lies the explanation of further peculiarities 
of sight. Thus in daylight we can observe most accurately with the. 
fovea, because the cones are closest together there. If we wish to 
examine a detail carefully we stare at it. When the light is feeble 
conditions are quite different. Small, barely visible objects, for 
example faint stars, are lost to sight when we try to fix our gaze 
on them, as their image then falls on the fovea, which contains no 
rods. If we avert our gaze slightly, say 10°, the image again becomes 
visible. 

It appears from the above that in studying the origin of colours we 
must confine ourselves principally to cone vision, and may not 
descend to very low illumination levels, and must therefore pay 
most attention to events taking place on the fovea, i.e. observations 
made centrally. 

.The reader wishing to go deeper into the physiology of sight should refer 
to Helmholtz*), H e r i n g *), v. K r i e s *) {more or less antiquat- 
ed classical works). Schrodinger’), Alb. K6nig*) (handbook 
articles), Wright’) (short survey), Studnitz*) (chemical), Tren- 
delenburg*), Polyak*), Duke Elder*). 

§ 5 The fundamental number three in the colour problem 

We now return to the question raised in 2 and 3, the relation between 
the spectral composition of light as it strikes the eye and the resulting 
colour sensation. We have already established the important fact 
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that a difference in colour between two objects observed simultan- 
eously always goes hand in hand with a difference in spectral com- 
position of the two pencils of ra 5 ^ meeting the eye, but that the 
reverse is not always true. There are cases where two pencils of 
light have a radically different spectral composition and yet cause 
the same colour impression. Of this phenomenon, which, as we shall 
see, forms one of the foundation stones for the classification of 
colours, we shall first give a striking example in connection with 
what was said at the end of sect. 3. The yellow light radiated by 
some motor head-lamps is caused by placing before the bulb of an 
incandescent lamp a certain kind of glass (cadmium oxide glass) 
which allows all rays with a longer wavelength than 600 mp to pass 
practically unimpeded,, but absorbs almost completely rays with a 
■smaller wavelength. The beam of light radiated, which therefore 
contains red, orange, yellow and green light, is hardly distinguishable 
in colour from the spectral radiation with a wavelength of 
376 mp, and by a slight variation in the composition of the glass, can 
even assume the colour of sodium light (589.3 mp). 

We may conclude from this and like phenomena that the number 
of actual colour sensations is very much smaller than the 
number of spectral distributions we might be able to make. 

An altogether different consideration confirms this fundamental 
fact for us. If we think of all the spectral colours from violet to red 
plus the transition colours from spectral red via carmine, purple to 
violet, we have a continuous series of brilliant colours gradually 
passing from the one into the other. Their essential difference, 
namely the property of beingred, orange, yellow etc., we call their hue. 
But there are of course other colours, the less brilliant, paler, more 
whitish ones. From each spectral colour, or purple colour, we can 
pass through colours becoming progressively paler till we approach 
white. The colour retains its hue throughout, so that, for example, 
a series of ever paler oranges is obtained. The aspect in which the 
individual members of such a series differ, namely the property of 
being more or less white, we call their saturation. The progression 
from a spectral colour towards white is spoken of as the desaturation 
of the colour. But the collection of possible colour sensations is not 
yet exhausted. For, starting from a particular colour, we can modify 
the colour sensation stUl further by taking care that the relative 
spectral distribution (the proportion in which the various spectral 
radiations occur) remains unchanged, while decreasing the total 
quantity of light reaching the eye, for instance by removing the light 
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source farther away from the coloured object under observation. 
If a similar reduction of light is applied simultaneously to all objects 
in the field of vision, the character of the colours will change little 
(provided one does not descend too low; see sect. 4). The apparent 
brightness of the various coloured objects will diminish in equal 
measure. If, on the other hand, the light is reduced only on one 
object, while the surroundings remain unchanged, for example by 
illuminating that one object with a separate adjustable lamp, or by 
replacing the object by another that reflects one and the same factor 
of each spectral colour to a lesser degree, a reduction in the apparent 
brightness will also be observed, but in this case it will often be 
accompanied by a modification of the character of the colour im- 
pression. Thus a red colour will approach black via reddish brown, 
an orange colour via brown, yellow via yellowish brown, or olive 
brown, green via olive green and Ayhitc via grey. If, as is usual in 
measuring colours, care is taken that only one colour or two slightly 
varying colours appear in the field of vision, this complication will 
not occur. In that case the colours brown, greyf, etc. will never 
be met. 

We have now varied the colour sensation in our imagination in three 
independent ways, by modifying the hue, the saturation and the 
apparent brightness. The remarkable fact is that we have now met 
all imaginable colour sensations. In other words, we can pass from 
any colour sensation whatsoever to any other one by altering in 
succession the three magnitudes: hue, saturation and apparent 
brightness. Expressed differently, a colour sensation is completely 
determined by these three properties. 

The train of thought developed here is not in the nature of a strict 
argument and will therefore be followed later by a more exact 
discussion, but enough has been said to convince oprselves how 
greatly the number of colour sensations lags behind the number of 
possible spectral distributions. While we can completely exhaust 
the number of colour sensations by varying only three quantities, it 
would be necessary to vary the contributions of all spectral colours 
independently of each other in order to run through the entire 
number of spectral distributions. The contradistinction “three — all” 
expresses the relation of the contents of the two families or sets very 
well indeed. The set of spectral distributions is infinitely richer than 
that of the colour sensations and one particular colour sensation may, 
as we shall see later, be evoked by an unlimited number of different 
spectral distributions. 
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In the preceding argument the idea of a "set” must not be thought of in 
the strictly mathematical sense. If all quantities were allowed to vary 
continuously there would, mathematically, also exist a great distinction, 
namely the power qf a set of functions of one variable .to the power of the 
continuum. If only a finite number of values are allowed, as both physics 
and physiology demand, both sets become finite, although even then the 
set of spectral distributions will be very much more extensive. 


§ 6 Experimental confirmation of the part played by the number three 

An exact, proof of the part which the fundamental number three 
plays in the set of colour sensations can only be furnished by careful 
experimental research. The results of this research will also show how 
an exact measurement of the colours is possible. 

Since in this problem the question is always what colours belong to 
certain miictures of spectral colours, it goes without saying that the 
research referted to also concerns the mixing of coloured rays, or, 
as the usual but less exact expression has it, the mixing of colours. 
This mixing must of course take place in the experiment in the same 
manner as the mingling of the spectral components takes place in 
nature, namely by ensuring that the various colours to be mixed 
strike the same part of the retina simultaneously. As the actions of 
the separate rays add up together as it were, we speak here of 
additive mixing. 

In contrast to the process of additive mixing there is subtractive 
mixing, also known by the more correct but less usual name of 
multiplicative mixing. By this is understood the changes that the 
colour of light undergoes when passing two or more coloured filters 
in succession, or when reflected by two or more coloured surfaces in 
seccession. *) This process occurs especially in the mixing of colouring 
materials. Much simpler laws obtain for additive mixing than for 
subtractive. Henceforth when we speak of "naixing” we invariably 
mean additive mixing. 

Furthermore, the experiments alluded to are so arranged that the 
observer always sees and compares two coloured light spots simul- 
taneously, preferably in the shape of two contiguous semicircles. 
The two light spots strike the eye with light of quite different 
spectral compositions. Now the task of the observer is this, that 
leaving one of the light spots unchanged, for instance the left-hand 
one, he must alter the spectral composition of the other, right-hand, 

*) As no mixing of spectral colours occurs in this process it would probably be more 
correct to speak of subtractive or of multiplicative colour formalion. 
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light spot in such a way that the colour sensation he receives from 
both lights becomes identical. Theii the two halves of the circle 
have become indistinguishable, the demarcation line between the 
two having vanished. 

The left-hand colour has therefore been matched by varying the other 
colour in a particular way. In these experiments the eye is therefore 
employed merely to determine whether the two halves have become 
indistinguishable, and this form of observation is actually the only 
one in which the e3'e can act as an accurate and reliable measuring 
instrument. The result of such an adjustment to obtain equality of 
colour sensations is obviously that two otherwise different spectral 
distributions have been found which produce the same sensation. 
If we were to collect in a haphazard fashion as many as possible of 
such pairs, we should obtain an array of facts impossible to evaluate 
and from which it would be practically impossible to draw simple 
conclusions. The experiments were therefore more systematically 
arranged. The system lies in the way in which the spectral composi- 
tion of the right-hand colour is varied to obtain an identical sensation. 
Led by a surmise in existence since the time of Newton, the 
light of this right-hand semicircle is compounded by additive mixing 
of three previously selected, fixed radiations. Spectral colours can 
be used for this, for instance a red, green and blue colour-, but other 
coloured lights are also usable. 

The only alteration made while adjusting for identity of colour is a 
modification in the quantities of the three component spectral 
colours. If this experiment is repeated, adding various other colours 
in succession in the left-hand half of the field of vision, we obtain the 
result — a priori by no means self-evident — that with this limited 
possibility of variation an adjustment that gives identical colour 
sensations is always possible. (For a few limitations see sections 19 
and 21;) This experimental result, which forms one of the basic laws 
of colour theory, can be expressed thus : By mixing three selected spec- 
tral colours in definite proportions any given colour sensation can be 
matched. 

This confirms exactly our former statement that "the set of colour 
sensations can be completely exhausted merely by varying three 
quantities” 

But the result obtained is also of far-reaching significance in another 
sense, for the quantities of the three spectral colours used for match- 
ing can be used to fix and characterize the colour. Two colours of 
similar appearance, although their spectral composition need not be 
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the same, can be imitated by the same quantities. Two colours of 
different appearance, however, will require different quantities. 

This classification and measurement of colours, based on the funda- 
mental law formulated a.bove, wUl fornj the pifece de r&istance of 
this book. After an introductory discussion of classification (chapter 
III) there follows the theoretical basis of colour measurement (IV 
and V) and colour calculation (VI), illustrated by some interesting 
examples (VII). Next the practice of colour measurement will be 
discussed (VIII and IX), while finally in chapter XIV a survey will 
be given of the aspects of science and technology in which what has 
been discussed can be put into practice. As a knowledge of the sub- 
jects we have just mentioned is absolutely essential for a fairly 
complete treatment of it, we were obliged to keep this subjedt for the 
last chapter. For the sake of some readers who may not feel satisfied 
with the more theoretical and abstract discussions if they have not 
gained some idea as to where this aU leads and what practical 
advantage may be gained, we shall anticipate a little on the subject 
matter of the last chapter. The fields of practical application have 
been divided into three groups. 

In the first place (sect. 89 and 90) a thorough knowledge of colours 
is necessary as a guide to the development of new light sources. This 
problem has become acute, especially during the last ten to twenty 
years, since progress in technology has made it possible to construct 
light sources producing the most divergent colours economically. 
For example, it is of the greatest importance to the science of 
signals to know whether a certain spectral distribution will produce 
the intended colour signal for, the observer. If the light source is 
used to illuminate our surroundings we are especially interested in 
the colour sensations the light produces in the eye after reflection 
by coloured objects. According to the way in which the light sourpe 
is employed, in dwellings, offices, workshops, on highways, etc. the 
questions must be studied whether these colour sensations produce 
a pleasant, natural and tranquil effect, whether the colours enable 
us to perform certain operations well, whether the kind of light 
employed makes it possible for us to distinguish fine shades of colour, 
etc. In all these cases it is of primary importance for us to he able to 
calculate the colours and to define them in unambiguous numbers. 
In the second place (sect. 91) the measurement of colours is practised 
in trade, industry and science. There are often great difficulties 
attached to the use of colour samples to define the colours required 
or proffered for certain articles, particularly in the case of perishable 
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articles. In this case it is of great importance to possess a system in 
which each colour can be unambiguously defined by a limited set of 
numbers — as may be surmised, this number is generally three. 
In industry the measurement of colours is also of importance in 
another respect. The colour of a product often forms an important 
indication of its quality. Finally, in scientific work the colour 
produced by a particular phenomenon can be indicated much more 
exactly by certain numbers than by an inevitably vague description 
of the nature of the colour sensation. 

In the third place the theory and practice of colour measurement are 
practically indispensable for the development of technical processes 
for the purpose of reproducing colours: colour prints, colour photo- 
graphy, colour films, etc. "Trying out” and the critical assessment 
of the results do indeed play a great part here, but without the 
guidance of colour theory it would be a mere groping in the dark, which 
would never lead to the best results. Besides the pi^ce de resistance 
just mentioned, in the remaining 
chapters we shall deal with a num- 
ber of other subjects which are of 
interest for the production and 
judgment of colour impressions. 

§ 7 Comparison of the set of colours 
with other three-dimensional sets 

In sections 6 and 6 we have been able 
to show, both by speculation in gener- 
al and by accurate experiments, the 
special r61e the number three plays in 
the survey of all colour sensations. 

To summarize the result once more; 

"The set of colours is three-dimen- 
sional” It is of value to give a few 
other examples of similar collections 
which can be entirely exhausted by 
varying three quantities and in which 
each of the members can be de- 
signated by particular values of these 
three quantities. Three-dimensional sets. 

In the first place we take the num- ^ m space; b. Forces OP 

her of points in space (fig. 2a). placed on a horizontal plane XOY, 
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To fix any given point P in space choose three fixed planes OXY, 
OYZ and OZX which meet at the axes OX, OY, OZ and of which the 
origin 0 is the common point of. intersection (one can imagine these 
three planes as being the floor and two adjoining walls of a room). 
The distances x y z may serve to mark the point P exactly and it is 
clear that by varying these three quantities independently of each 
other any point of space can be reached. 

In the second place wc choose the set of forces which may act at a 
given point O ( 2h ) . After having added, as above, the three 
planes with their axes OX, OY and OZ any given force acting at 
0 can be represented by an arrow the direction and length of which 
agree with the direction and magnitude of the force. The position 
of the end P of the arrow determines clearly the magnitude and the 
direction of the force acting at 0. As the set of points'? is three- 
dimensional. this is also the case with the set of forces. 

In the third place we choose the set of weights that could be placed 
on a horizontal plane (fig. 2c). Each individual of this set is charac- 
terized by its place on the plane and the magnitude m of the weight, 
or if we add two fixed straight lines OX and OY, by the three quan- 
tities X, y and m. By varying these three quantities independently of 
each other we again discover each individual of the set. 

Precisely these three examples were chosen because all three will be 
used in later chapters (the first in discussing colour space, sect. 24, 
the second in the addition of colours, sect. 26, and the third for 
N e w t o n’s centre of gravity construction, sect. 69). 

§ & The physiological significance of the number three 

Now that we have shown the significance of the number three in 
colour theory, it is natural to ask the physiologist whether in the 
morphological examination of the eye properties have come to light 
which give evidence of a corresponding triple activity of the eye. 
The answer to this question is disappointing. Various theories have 
indeed been devised to explain the occurrence of this number. 
According to the oldest theory there were supposed to be three 
different types of cones reacting to light in different ways. The one 
type was supposed to be sensitive chiefly to rays from the red end 
of the spectrum, the second to those of the centre, the third to those 
of the blue end of the spectrum. The presence of these three types of 
cone would fully explain the experimental results. The strengths to 
which these three types of cone were stimulated would form the 
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three independent magnit-udes by which a colour sensation is deter- 
mined. But in spite of a century of progress in the examination of the 
retina not a single trace has been found of the existence of these 
three kinds of cones, nor has any triplicity been discovered in the 
separate fibres of the optic nerve. Other arguments also bear witness 
against this original supposition. Thus the colour of very tiny specks 
of light would be very uncertain and variable, for when the eye 
makes small involuntary movements the image would fall first on a 
cone of one type and then on a cone of another type. There was 
therefore nothing for it but to suppose that each cone possesses 
separate threefold properties. This supposition has lately received 
support of an experimental nature, since von Studnitz“) 
claims to have succeeded in discovering in the light-sensitive matter 
belonging to the cones three components which react to light in 
different ways. The situation might be compared with cones each 
possessing three different kinds of photo-electric cells, and two 
colours would then only be judged as equivalent when the three cells 
supplied the same current in the two cases. A similar equivalent 
mechanism (a schematic representation of a system, which need not 
be quite correct but which reacts externally in exactly the same way 
as the organ it represents) would indeed entirely explain the experi- 
mental data (sect. 53), but the aforementioned investigations into 
the existence of three kinds of light-sensitive substances in the 
cones are so uncertain and are contradicted so repeatedly by others 
[Polyak^), Granit^’*), Lc Gros Clark ^), Wald^)], 
that it would be premature to try to draw definite conclusions. 

These speculations form a striking illustration of what was said at 
the beginning of sect. 4 about "what” and “how”. It is clearly 
apparent from experiments what we see, but on the question how 
these impressions are produced we are still for a great part in the 
dark. For practical purposes, therefore, we shall go farthest if we 
confine ourselves mainly to the question "what”. 

§ 9 Apparent brightness as one of the characteristics of colour 

In the survey given in sect. 5 of the set of colour impressions, one of 
the three characteristics takes a special place, namely the apparent 
brightness While variations of the other two quantities modify the 
character of a colour, this is not the case when the apparent bright- 
ness is varied (strictly speaking this statement is only correct when 
we consider one colour at a time or vary the apparent brightness 
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ot the surroundings at the same time). Colours which only vary in 
brightness occur frequently round about us. Think of a table top 
unequally illuminated by a reading lamp, the play of light and shade 
on a lawii and^ finally, the various objects in a scene illuminated 
by sodium light. In all of these examples the light rays that strike 
the eye from various parts of the field of view have the same relative 
spectral distribution (in the second example only approximately) 
but contain various quantities of light. And in every case it appears 
that colours which differ only in brightness are called by the same 
name. The table is brown both in its well-lighted parts and in its 
shadowy parts, and grass is green in the shade too. Among the three 
colour characteristics discussed in sect. 6 (i.e. the quantities of the 
three selected colours required for matching) there is no characteristic 
that takes such a special place. But we can easily see that brightness 
plays a simple part also in this system. Let us consider two colours, 
which need not be similar either in their colour impression or in their 
relative spectral composition, and which we display in succession on 
the left-hand side of the field of vision. If we suppose, further, that the 
three characteristic numbers for the one colour are proportional to 
those for the other colour, this means that we can match them by 
producing on the right-hand side of the field of vision successive 
mixtures of the three selected spectral colours which have the same 
mixture proportions. But in that case the two right-hand colours have 
the same relative spectral composition and therefore differ only in 
brightness. The same also holds, therefore, for the two original colours 
(left-hand side of the field of vision). So we find that two colours 
differ only in brightness when the three characteristic numbers for • 
the one' colour are proportional to those for the other colour. 
However the system of arranging the set of colours is chosen, the 
brightness is invariably found to occur as a special characteristic. 
On account of the great practical and theoretical importance of this 
quantity, both for colorimetry and for photometry, in general, the next 
chapter will be devoted solely to the conception of brightness. 
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§ 10 ^ Senepal view of the subject. The three main concepts 

The subject to be treated in this chapter is largely neglected in books 
about colour, and in those cases where it is more widely discussed 
the confusion of ideas is often so great that it is better to skip that 
discussion in order to understand the rest of the book. 

What are the apparent difficulties of this subject? They can be 
divided into two groups: 

1. An attempt is made to define the idea of brightness by means of 
extensive experimental research; but the trouble is that the 
results of the experiments vary exceedingly according to the 
manner in which they are arranged. Consequently it is impossible 
to. decide which of the results is the correct one on which to base 
the concept of brightness. 

2. Frequently the word ''brightness” is used for a series of different 
ideas which are indeed partly related to each other but yet differ 
so much that the ambiguities lead to great confusion. 

The difficulties of the first group seemed at first so insurmountable 
that Schrodinger in 1920 expressly suggested building up 
the theory of colour without making use of the concept of brightness, 
and showed at the same time that this was indeed possible. Theoretic- 
ally this course, which has been adopted before, seems very attrac- 
tive, but in practice the concept of brightness keeps cropping up, 
and the. connection between colorimetry and photometry is so close 
that such a separation is not to be recommended. Moreover since 
1920 the difficulties have been partly overcome, so that we prefer 
to take the bull by the horns and to analyse the concept of brightness 
in such a way that in the following chapters we shall know precisely 
what is meant. The difficulties of the second group are only to be 
avoided by introducing different names for different conceptions. 
If this principle were to be fully carried out we should have to invent 
five or six names to cover the various senses in which "brightness” 
has been used. For our purpose, however, three will be sufficient. 
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a. Apparent brightness. This is the more or less vague concept em- 
ployed in the previous chapter. It corresponds directly to our 
original, intuitive conception of brightness, and cannot be further 
defined by any more or less arbitrary agreements. It is inseparably 
connected with the properties of the eye: a blind man has no 
conception of brightness, an.d apparent brightness can vary from 
person to person. 

b. Brightness. A concept for which "physical brightness”, "objective 
brightness” or “normalised brightness” are perhaps better names. 
We shall, however, abide by the name "brightness”, as this name 
and its foreign equivalents have been fixed by international 
agreement. This latter concept is in many respects the exact 
opposite of the former. It has been strictly and completely defined 
by a series of more or less arbitrary conventions. It is pre-eminent- 
ly suited for making calculations. Although it has grown in the 
course of time from the former concept, it has lost during this 
evolution so many of its original characteristics that in its present 
form it is a property of the radiation from a surface and contains 
practically nothing more of the co-incidental .properties of the 
human eye. Even a blind man can in principle measure brightness, 
and the brightnesses measured by different people on the same 
object must be identical, otherwise one at least has measured 
inaccurately. 

c. Subjective brightness. In the course of development between (a) and 
(b) we can distinguish various intermediate stages. They all differ 
from concept (a) because they are based on various, more or less 
arbitrary conventions, which make them to a certain extent 
suitable for calculations. They aU differ from concept (b) since, in 
defining them, the various properties of the eye are taken into 
consideration to a far greater degree. All these intermediate 
stages we shall group under the name "subjective brightness”. 

§ 11 Apparent brightness 

The human eye is to some extent capable of judging and comparing 
apparent brightness. How far does this ability go? Let us consider 
two spots of light, for instance the same two adjacent semicircles, 
radiating light of the same relative spectral composition. If we 
observe the two spots of light simultaneously we find that the eye 
is able to make the following decisions : 

1. to decide whether the two spots have the same apparent brightness. 
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2. to decide which of tlie two spots, if they are not equal, is the 
brighter, 

3. very roughly to decide whether the difference between the two 
spots is great or small. 

The first of these points is the most important. As we have supposed 
the relative spectral distribution to be the same, we can, merely by 
varying the quantity of light, from one of the spots, make the two 
pencils of light — physically speaking — equal. In this case the 
apparent brightness is also the same. This is the same case as dis- 
cussed in sect. 6: the appearance of both spots has become in- 
distinguishable and the demarcation line has vanished. 

If we compare the case of sect. 6 with the present case we See that 
the eye plays the same part in both, but that the equality of the two 
halves of the field of vision is arrived at in different ways. 

In the experiments described in sect. 6 this was attained by varying 
three characteristics of one of the two halves independently of each 
other. This is the typical process occurring in most colour measure- 
ments, i.e. in colorimetry. 

In the experinients dealt with at the moment equality is attained 
by varying only one magnitude, namely the total quantity of light 
of one of the halves. This is the typical process which occurs in most . 
measurements of light quantities, i.e. in photometry. The numbers 
“three-one” give the impression that photometry is actually a much 
simpler science than colorimetry; that light measurement is merely 
a simple special case of colour measurement. But this conclusion is 
not generally correct, for we have presumed hitherto that the relative 
spectral composition of the two spots was the same. In photometry 
it often happens that two lights of quite different spectral composi- 
tion are to be compared, for instance the light of a sodium lamp and 
that of an incandescent lamp. In that case the two halves cannot 
possibly be made indistinguishable by simply varying the quantity 
of light; a difference in colour always remains. The eye now has the 
much more difficult task of ascertaining whether two unequal 
colours have the same apparent brightness or not. This process 
is called heterochromatic photometry. This difficult task for the eye 
does not occur in colour measurements in which we only have in- 
distinguishability to decide upon. In this respect therefore photo- 
metry has difficulties to overcome which do not exist for colorimetry. 
These difficulties led S c h r 6 d i n g e r to suggest keeping the two 
sciences strictly separate (sect. 10). 

Is the eye really able to compare the apparent brightness of two 
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different colours? More accurately expressed, supposing we leave 
the left half unchanged and vary the total quantity of light in the 
right half, which emits a. light of another colour, is the eye then able 
at a given moment to decide that “now the apparent brightness of 
both halves is the same”? From time immemorial opinions on this 
question have been divided. Some eminent workers in this field 
believe that such adjustments have absolutely no meaning, and that 
in the process of seeing the apparent brightness and the colour are 
so closely connected that it is impossible to judge the equality of the 
one while ignoring the differences in the other. And yet this is what is 
required of the eye in this case. When one asks oneself whether the 
apparent brightness of a red flower is greater or smaller than that 
of the surrounding green grass, one may be inclined to support this 
opinion. However, if one tries without prejudice to carry out the 
experiment, the following experiences are encountered. 

1. The adjustment can be made so that the right half undoubtedly 
shows a stronger apparent brightness than the left half. An ad- 
justment with the opposite effect can also be easily made. 

2. The greater the colour difference the farther apart these two 
adjustments lie, if the. decision greater or smaller is to be made 
without hesitation. 

3. For the unskilled these two adjustments lie far apart (when the 
colour difference is great there may be a factor of 5 to 10!). The 
interval between both adjustments can be considerably lessened 
by practice. 

4. Such an interval also occurs in comparing the brightnesses of 
homochromatic colours. When a satisfactory adjustment 
to indistinguishability has been made the quantity of light in one 
half iftay be slightly increased or decreased (1 or 2 %) before a 
clear distinction between the two halv;es can )5e observed (see also 
chapter XII). An experienced observer makes the equahty ad- 
justment in the middle of this interval. 

6 A similar method is also possible in the comparison of h e t e r o- 
chromatic colours. The interval is made as small as possible 
and the adjustment is made in the middle. As the size of the 
interval increases with the increasing colour difference, the 
accuracy and reproducibility will be much less in comparing 
widely differing colours than when they are equal.. • ? • 

6. In comparing unequal colours the result is far more • dependent 
on sHght differences’ in the arrangement of the experiment, in the 
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method of adjustment, in the psychological state of the observer, 
skill in abstracting oneself from the colour difference, consciously 
or unconsfciously applied artifices for the attaining of this, etc. 
These influences cause a considerable deterioration in the agree- 
ment between different observers and also between the observa- 
tions. of one and the same person on different days. 

To sum up we can say that adjustment to equal apparent brightness 
is certainly possible with different colours (heterochromatic photo- 
metry), although the accuracy and precision of the adjustment 
obtained in comparing homochromatic colours can by no means be 
attained. 

These considerations are of course only Valid when the intensities are 
high enough. When the intensities are lower all the difficulties 
described disappear along with the colour differences (sect. 4). 

We shall see later in the further study of the properties of colours 
that in certain cases the eye has a task to fulfil which is entirely 
analogous to the adjustments of heterochromatic photometry 
(sect. 82). 

One further word about the case in which the two spots of light do 
not appear to the eye simultaneously but in succmion. If they are 
shown immediately after one another practically the same consider- 
ations apply as before. If, on the other hand, some time elapses 
between the displaying of the two spots a comparison of the apparent 
brightness is hardly possible. In the first place our memory for 
apparent brightness is fairly weak, but besides this there is the 
possibility that the condition of the retina (sect. 4) has altered in the 
meantime. Thus we may even in certain circumstances judge the 
same spot of light differently when it is shown twice running with 
a fairly large interval, if, for example, the sensitivity of the retina 
has altered in the meantime. 

The conception "subjective brightness” introduced by Wright®), which, 
in spite of its name, is fairly, covered by our term "apparent brightness”, 
takes this variable sensitivity of the eye into account. In order to compare 
the apparent brightness of two colour sensations which reach the eye in 
quite different circumstances, Wright allows one impression to strike 
the left eye and the other the right eye (binocular matching). This method, 
.'nvented 'by Bering®) and refined by W r i g .h t *), is especially 
suited to giving us an idea of the changes of sensitivity, in the eye, but if 
we wish to use the method for quantitative measurements the necessary 
care and precautions must be observed. Wright always did this, but 
some investigators have applied the method in a manner which probably 
leads to incorrect results [F r i e s e r *)], while others have employed it 
in problems of glare [S c h o u t e n ‘)j which is certainly not justified. 
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We shall in future restrict ourselves to the case in which the two 
light impressions to be compared occur simultaneously on adjoining 
parts of the retina, so that we are not concerned with unequal sensi- 
tivity of the retina. 

§ 12 Relative luminosity curves 

The purpose behind our development of the concept of brightness 
in thi.s chapter is to be able to calculate unambiguously the resultant 
brightness from physical data on the light source and the reflecting 
surfaces etc. If we were not able to succeed in this purpose it would, 
for instance, be impossible to determine the quantity of light 
emitted by a given incandescent lamp. A step which brings us a little 
nearer to this purpose, and which is still based solely on the concept 
of apparent brightness in the comparison of two spots, is the deter- 
mination of the relative luminosity curves [Gibson®), Jones*)]. 
We know already that the eye is not equally sensitive to all spectral 
colours. Its sensitivity is high for colours in the middle of the spec- 
trum, but towards the extremities of the spectrum (red and violet) 
the sensitivity gradually diminishes and eventually reaches the 
vanishing point (infra-red and ultra-violet). 

Expressed differently, in order to attain the same apparent bright- 
ness we shall have to transmit much more energy per second of violet 
light into the eye than of yellow light. As this wording of the matter 
contains the expression "the same apparent brightness” it is obvious 
that the human eye will be capable (see the beginning of sect. 3 1) of 
investigating the problem of eye-sensitivity experimentally and give 
us the result in numbers. This is indeed the case. 

In a purely physical sense the quantity of a certain radiation which 
reaches the eye is expressed in energy, which can be measured by 
transforming all the light into heat and by determining the increase 
in temperature imparted to a certain body as a result of that quan- 
tity of heat. But we are only interested in the quantity of light which 
reaches the eye per second. If we wish to express the radiation in 
physical units we must measure the energy radiated per second. This 
quantity is called the power radiated. As a unit of power we can use 
the watt, the same unit as is used in the theory of electricity. 

The problem can now be expressed in the following form : in the left 
half of the field of vision a colour sensation is produced by causing 
a power Ej of a selected wavelength Xj to fall on the eye. Now we 
throw light of another wavelength X on the right half and ascertain 
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what power E of this new light species must be used to make the 
apparent brightness of both halves equal. 

The eye has therefore the same task to fulfil here as that described 
in sect. 11 : an adjustment to equal apparent brightness of two 
differently coloured lights. Once the adjustment has been made, the 
power El must still be measured, but this is a purely physical 
measurement about which we cannot enter into details here. After 
the experiment described above has been repeated several times 
in succession for different values of X, a series of powers will have 
been found which must be used in each case in order to obtain the 
same apparent brightness. If, for instance, for one wavelength the 
power required is three times as great as for a second, we shall agree 
to call the sensitivity of the eye for the first wavelength one third of 
that for the second wavelength. The sensitivity is therefore inversely 
proportional to the power required in the experiment. 

The results of a series of such experiments can therefore be repro- 
duced by a curve showing the 
sensitivity to various wave- 
lengths. Since in practice we 
are usually interested in the 
relative sensitivity to the var- 
ious wavelengths, it has be- 
come the general practice to 
multiply all values of that 
curve by the same constant, 
so that the maximum of the 
curve receives the value 1. 

Fig. 3a shows such a curve 
measured at very low intensi- 
ties, therefore in the area where 
only the rods are active. Fig. 

3b is the result of measure- 
ments at high intensities, i.e. 
where only cones play a part. 

It is true that both curves show 
a maximum value 1, and the 
sensitivity is seen to diminish 
at both ends of the spectrum. 

We draw special attention, 
however, to the differences between the two curves. In fig. 3a the 
maximum lies at 613 mu (blue green) while in fig. 3b it lies at 555 mp 



Fig. 3 

Relative luminosity curves, a) At very low 
brightness levels (rod vision), E, (1) after 
Weaver*): b) At high brightness levels 
(cone vision), VkP). 
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(yellowish green). The curves as a whole have been shifted with 
respect to one another. The difference on the red side is particularly 
great: the cone-curve extends much farther into red than the 
rod-curve or scotopic curve Fg. 

Referring to sect. 4 we therefore find a fourth distinction between 
the two light-sensitive elements in the eye: they have different 
spectral sensitivities. If the sensitivity is measured with intensities 
at which both cones and rods come into action, curves are found 
which lie between those of fig. 3a and 3b. 

Finally we must observe that Fg is. better and more unambiguously 
fixed than F]^, as in determining Fg we are not impeded by colour 
differences. The uncertainties in F^ are, however, insignificant as 
compared with the difference between F^ and Fg. 

§ 13 The Purhinje effect 

It follows from the considerable difference between the curves Fg 
and Fjj that the relative brightness in different coloured objects 
alters when the total quantity of light is greatly decreased. We shall 
illustrate this with an example. Let one half of the field of vision be 
strongly illuminated with yellow light of 581 m|i and the other half 
with green light of 530 mp. It is clear from fig. 3b that the eye sen- 
sitivity for these two wavelengths is equal. If we make the apparent 
brightness equal we have automatically made the powers equal also. 
If we descend to lower illumination levels, for instance by lowering 
hoih powers by a factor 1000, the powers of the two halves have indeed 
remained equal but the eye sensitivity, which must now be read from 
fig. 3a, has become quite different for the two lights, namely 0.134 
and 0.84 respectively. This means that after lowering the illumina- 
tion level we should have selected the power of the yellow light about 
6 times higher thdn that of the green light if we wished to attain 
equal apparent brightnesses. Consequently, with equal powers the 
green light has a much stronger apparent brightness than the yellow 
light. (Here we employ the second and third determinations of the 
eye summed up in sect. 11.) 

If we had performed the same experiment with red and green spectral 
colours the effect would have been much stronger. 

A similar phenomenon also occurs in nature when we compare 
different coloured objects first by strong light and then by very 
feeble light. The effect is indeed less strongly pronounced here than 
with spectral colours (the objects always, reflect other rays as well, 
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which generally weaken the phenomenon) but it is still very pro- 
nounced for whoever pays heed to it. The most striking example is 
again the combination red-blue, but also with red-green (red tulips 
in the grass) the effect is still very striking: the red object becomes 
almost black, as the rods are so insensitive to red light (fig. 3a). 
The effect just discussed was first described in writing by P u r k i n- 
je [Purkyne^)] the Czech physiologist (although it will have 
struck many people, of course, before him) and is therefore generally 
called the P u r k i n j e effect. Even the cause — the shifting of 
the luminosity curves — which at the time of P u r k i n j e was 
still undiscovered, is referred to as the Purkinje effect by many 
authors. 

The Purkinje effect plays a great part in the construction 
of the concept of brightness and of colour theory, and also in street 
illumination [Bouma'**®), Luckiesh^)], in the illumination 
of the dark room [v. Liempt^)], and in astronomy, etc. The three 
latter subjects cannot be discussed here. 

§ 14 The summation law 

By determining the relative luminosity curve under various condi- 
tions (sect. 12) we have solved the question: “When do two colour 
impressions produced by different lights possess the same apparent 
brightness?" 

As in practice ive are usually concerned with colours consisting of 
several spectral colours we must also put the same question for these 
composite light species. 

We can of course carry out the experiments described in sect. 12 for 
all possible composite lights, but this is a hopeless task considering 
the enormous number of possible combinations. A far better way 
therefore is to try to find a law by which the results of such experi- 
ments can be foreseen from the spectral composition of the light and 
the sensitivity of the eye for the composite spectral colours. Such a 
law can then be verified experimentally by a number of divergent 
cases. 

In sect. 12 we attained equahty of apparent brightness by projecting 
a spot of hght of wavelength Xq in the left half of the field of vision 
which struck the eye with a power £5, while the right half' emitted 
light of wavelength Xi with a power E-^. The eye sensitivity was 
defined as being inversely proportional to the powers required in 
this experiment, i.e. 
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Vi = Er- Eti or £„ V^.E^- (1) 

Equation (1) forms the condition with which the powers must 
comply in order to arrive at equal apparent brightnesses right and 
left. This condition may be extended in an obvious manner to com- 
posite lights. Leave the left half of the field of vision unchanged but 
replace the right half by a combination of two spectral colours with 
wavelengths and X3 which produce respectively the powers and 
Ji'a and together effect the same apparent brightness as the left half. 
Let us suppose that the two lights Xg and X3 have been, as it were, 
added up by the eye, then in this case the condition Vq Eq — ViE^ 
must evident 1}' be replaced by 

FoEo = V,E._ + V,E, (2) 

If the light of the right half contains further components Xj, Xg, 
\ Xg with the powers E^, £3, E^, E^, then the condition for equality 
of apparent brightness becomes 

V,E, = V,E, + F3E3 + V,E, + V,E,+ .. 

or more concisely 

FoEo = SF„E„ (3 )*) 

U 

If the light contains a continuous spectrum we may, without com- 
mitting any noticeable error, think of it as replaced by a great 
number of spectral colours (for instance lying at distances of .10 m[ji 
from each other in the spectrum) each with its own power. This 
shows that equation (3) can be applied in this case as well. 

Actually the expression f V {\) E (ijtP should be substituted for 2 
when passing from a line spectrum to a continuous spectrum. In practical 
calculations, however, we replace the integral again by a summation. 
W'e sum the wavelengths which lie, say, 10 mg apart 

In equation (3) we have found the required law for composite light 
which enables us to foretell from the various contributions of the 
components, assisted by the relative luminosity curves, whether the 
apparent brightness will be the same as that of a fixed spectral co-lour 
with wavelength Xq and power Eq. 

Naturally those values must be taken for the various F’s which 
were found by comparing the power E^ of wavelength Xq with the 
various other spectral colours; we must therefore always use the 

*) E (pronounce sigma) is the Greek capital S, which is generally used to denote a 
summation. 
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relative luminosity curve appropriate for the level of hrightness of 
the particular light sensation. 

This summation law, however, is based on an hypothesis regarding 
the manner in which the retina adds up the various components of 
the light, and must be experimentally verified. On this point an 
extensive investigation has been made by the author on those 
brightness levels in which the rods assist entirely or partially 
[B o u m a i)]. In this domain the validity of the summation law 
could be accurately established. 

Another way of formulating the summation law i.s the following ; when a 
ray with power Ej (spectral distribution 1) and a ray with power E.. 
(spectral distribution 2) effect the same apparent brightness this also holds 
for the mixture aEj + (1 — «)£jin which « is any number between 0 and 1. 
This methdd of formulation was used in testing the summation law. 
Van Kreveld*) formulated the corresponding law for the plioto- 
graphic plate analogousl}'. 

In the region of pure cone sight deviations from the summation law 
may occur in certain circumstances 

§ 15 Subjective bri^htnes^ 

We have advanced quite a long waj' towards our ultimate object 
merely by the help of our conception of "apparent brightness”, as 
formulated at the beginning of sect. 12, but by itself it can take us 
no farther. For the illuminating engineer will not only ask the 
question "under what circumstances are the brightnesses equal?” 
but also "what is the relation of these two brightnes.ses? What is the 
relation of the quantities of light radiated by these two lamps?" 
And to these questions the eye can give no answer (sect. 11) because 
it is by its nature incapable of determining the relations of apparent 
brightnesses. We can now only proceed by agreeing to certain 
conventions. Here we enter the region of subjective brightnesses. 
Seeing that these conventions are more or less arbitrary it is not to 
be wondered at that in the course of time .several concepts have been 
introduced which all bear the character of a subjective brightness, 
but yet show individual important differences. 

In order to achieve a logical convention we shall examine more 
closely the questions of the illuminating engineer. In asking about 
the relation of the quantity of light from two lamps he generally 
means: "by hov.' many lamps of the one kind can I replace one lamp 
of the other?” And when he hears that the brightness of a table 
surface is a factor two too low he will expect that by adding a. second 
lamp all will be well. 
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It is clear from this that theory can best be joined to practice by 
defining brightness for each particular kind of light as proportional 
to the power raiiated. 

If it were merely a question of one kind of light there would not 
be the least objection to this, and since the eye is incapable of 
estimating with any accuracy the relative brightness of two spots 
of which the one radiates twice as great a power as the other, it is 
natural in definition to call the subjective brightness of the one spot 
also twice as great as that of the other spot. But difficulties appear 
as soon as we consider two different lights, and those difficulties are 
for the greater part directly connected with the Purkinje effect. 
In order to realize this we must return to the experiment of sect. 13. 
One half of the field of vision radiates yellow light of 581 mp and 
the other half green light of 630 mjr, the power as well as the apparent 
brightness having been made equal for right and left. We will now 
lower the powers of both halves by a factor 1000. The two powers 
therefore remain equal. But when we define the subjective bright- 
nesses of hath colours proportionally to the radiated powers, both 
subjective brightnesses have decreased by a factor 1000 and are 
therefore still equal to each other. The apparent brightnesses have, 
however, as we have seen in sect. 13, become considerably different. 
We now find ourselves, therefore, in the unpleasant situation that the 
general convention that "subjective brightness is proportional to 
power” no longer corresponds in general with the property so much 
desired that "the apparent brightness is equal when the subjective 
brightness is equal”. The only way out of this dilemma is to give up 
one of these apparently conflicting desires. For half a century there 
has been dissention as to which of these demands shall be retained, 
and although this dissention has officially been settled, the symptoms 
stiU appear now and again in the literature. 

For physiologists and all who investigate the properties of the eye 
the second desire is the most precious one. "Of what use is a concep- 
tion of brightness”, they say, "that assigns equal values in circum- 
stances in which the eye observes an obvious difference in bright- 
ness?” But the first desire is dearest to the heart of the engineers.. 
“Of what use is a conception of brightness to us”, they say, "which 
does not accept the double value when I hang up twice as many 
lamps?” 

Something may be said for both arguments, but most perhaps 
for the first. This argument was employed by K 6 n i g, who 
in 1891 defined subjective brightness as follows. “For the spectral 
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colour 535 ni[i, the subjective brightness ("Helligkeit”) is proportional 
to the power. In order to determine the subjective brightness of 
another spectral colour compare it with the spectral colour of 
535 m[jL and call the subjective brightnesses equal if the two apparent 
brightnesses are equal.” 

This definition is complete and compUes with the second requirement, 
and with the first in so far as that is possible without falling into 
contradictions. 

On the grounds of this definition K o n i g ’) was the first to measure 
relative luminosity curves with very divergent subjective bright- 
nesses. (The wavelength 636 mp. therefore plays the part here of >.o 
in sections 12 and 14.) 

In later years this definition was saved from oblivion, amplified and 
applied notably in the field of street lighting [B o u m a ®)]. 

The choice of the comparison colour (636 mp) is of course arbitrary. We 
cannot discuss further other definitions with other comparison colours, 
built up in the same way [D r e s 1 e r *), B o u m a “), W e a v e r ')] or, 
while retaining the "second requirement" supplemented in another manner 
[Voet-Mogendorffi), Bouma’)l. A survey is to be found in 
B o u m a •). 


§16 Brightness 

'Although, as appears in the previous sections, it has been possible 
to form a definition for subjective brightness which is at once 
scientifically correct and practical, engineers have in the meantime 
not been idle in their efforts to get their wishes realized. 

This controversy has not always been conducted along logical lines, 
but we shall endeavour to arrange the arguments as systematically 
as possible. 

A good example of this controversy is given in the discussion carried on in 

1934-36 between B e r 1 1 i n g *). It e e b *), U r e s 1 e r ^), B o u ni a “) 

The difficulties with the concept of subjective brightness originated 
chiefly in the Purkinje effect, which is in turn due to the 
shifting of the relative luminosity curve (sect. 12) occurring in the 
transition from cone to rod vision. If we wish to obtain an attractive 
definition of brightness from a practical point of view, we must first 
eliminate the chief cause of complications, i.e. the rods. In other 
words we must confine ourselves for the present to the domain of 
cone vision. This is undoubtedly not the only domain that interests 
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the illuminating engineer but it is certainly the most important one. 
It includes daylight illumination and artificial illumination indoors. 
The problems of colour vision are also chiefly concerned with this 
domain. As soon as rod vision begins to take part in the process 
noticeably, the colours begin to fade and we shall see afterwards that 
the simple laws governing the theory of colour measurement no longer 
obtain. If we confine ourselves to the domain of pure cone vision and 
measure the relative luminosity curve under various levels of 
brightness by the same methods, we shall always find approxim- 
ately the same curve having the character of that of fig. 3b. 

But if we have exorcised the Lucifer of the P u r k i n j e effect 
we have on the other hand opened the door to the Beelzebub of 
colour differences. In the domain of pure cone vision the various 
colours are so pronounced that the difficulties discussed in sect. 11 
(particularly those mentioned under 6) arise in the highest degree. 
In order to arrive at the satisfactory agreement between the various 
investigators required in order to obtain a standardized, generally 
recognized concept of brightness, it was found compulsory to seek 
another method of brightness comparison. The following require- 
ments are asked of such a method: 

1. It must not deviate in its results too much from the^ results of 
direct comparison (as in practice hitherto). 

2. It must be accurate and reproducible. 

3. It must produce relative luminosity curves which axe independent 
of brightness level in the domain of cone vision. 

4. It must conform to the summation law. 

After some fruitless attempts two methods were found which under 
certain conditions [Ives ®)] not only' fulfilled the requirements 
but moreover agreed fairly well in their results. These were the 
flicker method [Ives*), Nutting®), C o b 1 e n t z ^),' R e e- 
V e s ^), So ^)] and the step by step method, [H y d e ^), Gibson ^), 
Ives *)]. By means , of the flicker method the two spots of light 
to be compared are imaged in turn in quick succession on the same 
part of the retina. Now as the eye has the property of being slower 
in the reception of colour impressions than of light impressions, the 
possibility exists of setting the speed of the change so that the eye 
only observes the difference in brightness but not of colour. In these 
circumstances an adjustment to equal brightness can be made while 
eliminating the troublesome colour difference. 

By means of the step by step method the colour difference is avoided 
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or reduced to a Tninimum by comparing two greatly differing colours 
not with each other directly but by introducing intermediate colours 
forming a series from one colour to the. other, the difference in 
colour between two successive steps being very small and if possible 
so small that the eye does not observe it. 

These two satisfactory methods having been discovered it was 
possible to standardize an average of the best measurements obtained 
by these methods with a great number of observers, as an inter- 
national relative luminosity. 

This decision was taken in 1924 by the international organization 
for illuminating engineering known in various countries under the 
following names: 

France, England, Holland etc. ; C.I.E. = Commission Internationale 
de I’Eclairage. 

America, etc.: I.C.I. = International Commission of Illumination. 
Germany etc.: I.B.K. = Internationale Beleuchtungs-Kommission. 

The sittings of the C.I.E. have taken place in the last 20 years in Geneva 
(1924), Saranac Inn (U.S.A. 1928), Cambridge (1931), Berlin-Karlsruhe 
(1935) and Scheveningen (1939). 

The international relative luminosity curve usually referred to as 
V (X) or Fx is reproduced in fig. 3b, while the numerical values are 
to be found in table D under column Yx — Yx. On the curve F'{X)^the 
conception of brightness and all other illumination and photometric 
units are based. 

§ 17 The definitions of brightness and other photometric quantities 

"The brightness of a certain light is proportional to the power 
radiated per cm® of the surface (observed in the direction of the 
observer). For comparing different lights the international luminos- 
ity curve Fx is employed.” 

Mathematically this definition of brightness B is as follows : 

B = KT.V^E)^. (4) 

in which the summation must be made over all wavelengths of the 
field of vision occurring in the light, while E\ and V\ represent 
respectively the power and the international relative luminosity 
curve; 

If a continuous spectrum is concerned the wavelength range is 
divided into sections, say 10 mp in size, and Ex then represents 
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the power radiated in the section between X — 5 and X + 6. 
The constant K occurring in (4) (naaximum luminosity factor) is 
determined by the convention that a certain value is ascribed to the 
brightness of a well defined standard light source. If E\ is expressed 
in w'atts per cm® the value of K is then about 660. The unit in which 
B is expressed is called the siilb. 

■For the standard light source the following have been chosen in the course 
of time; various kinds of candles, oil lamps (in Germany right up to 1941 1), 
electric lamps (since 1907). Since 1941 we have an internationally accepted 
standard, namely a black body at the melting temperature of platinum 
the brightness of which is fixed by definition at 60 -stilb (see also sect. 49) 
The still existing uncertainty about the value of the constants and 
in the Planck formula entails a fairly large uncertainty in the value /s’ in 
(4). If Cj is varied from 1.432 to 1.439, /f varies from 636 to 688 [H e 1- 
lor’), de Groot®), Dresler®)]. According to B i r g e ’) Cj ~ 
3.7403, e .2 = 1.43848, from which C a 1 d i n calculates A’ = 083 
[see also Harding^)]. Most tables for the calculation of colours are 
based on, the value Cj = 1.436. 

The introduction of this brightness definition has, in principle, 
completely modified the aspect of photometry. Where there were 
formerly endless discussions as to the question which method of 
photometry was the "correct" one, in other words corresponded best 
with the properties of the "average eye", the answer to this que.stion 
is now "a photometric method is correct if it produces results in 
agreement with formula (4)." 

In the new definition all individual differences between the eyes 
of the observers have been eliminated. Of course the eye can still -be 
used as a measuring instrument for determining brightnesses provi- 
ded one is convinced beforehand that the method complies with the 
requirement just mentioned, within the limits of accuracy which the 
particular measurement demands. Recently scientists have been 
trying increasingly to eliminate the eye as much as possible from 
photometric science [I v e s *), H. K 6 n i g ^), V o o g d ^)] : there 
is a growing tendency to substitute physical photometry for visual 
photometry. In future when we refer to, the conception of brightness 
we shall do so in the sense of equation (4). 

We cannot discuss here the many investigations on the relative value of 
the various visual methods of deterniining the relative luminosity curve 
as well as the validity of the summation law. The following are a few 
examples from the abundant literature on the subject. Apart from the 
articles quoted in this section see also H. K 6 n i g ®), W e i g e P), 
A. K o h Ir a u s c h ^), Ariidtq, Fedorow^), Rieck^), Dres- 
leri".»), Prestonq, Forsythe*), Jainski*)) Jaggi»), 
Pieron*), Crittenden i), etc. etc. Gibson*) and Dres- 
lor®) give good surveys. 
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Various other concepts from photometry and illuminating enginee- 
ring are connected with the concept of brightness, as can be seen 
from the following. 

We obtain the. luminous intensity from an object (light source or 
illuminated surface) in a certain direction by multiplying the 
brightness iii that direction by the area seen from this direction. The 
luminous intensity is therefore a measure for the quantity of light 
radiated per second in a given direction. The unit of luminous inten- 
sity is still designated by the old-fashioned title of "candle" and is the 
intensity of 1 cm* of surface that has the brightness of 1 stilb. 
Instead of saying: the surface has a brightness of 1 stilb, we can 
therefore also say, the surface radiates 1 candlepower per cm*. 
Therefore: 1 stilb = 1 caudlepower/cm*. 

The illumination of a surface is the quantity of light which it receives 

per m* in 1 second. The unit of illumihalion is the "lux" , that is the 

illumination that a small surface would receive from a light source 

at 1 meter distance with a luminous intensity in the direction of the 

surface of 1 candlepower. The luminous flux is the t6tal quantity of 

light radiated by a light source or received by a surface per second. 

The unit is the "lumeh", that is the light flux that a surface receives 

per m* when under an illumination of 1 lux; 1 lux = 1 lumen/m*. 

Now take a light source with a luminous intensity of 1 candlepower 

in all directions. This illuminates an imaginary sphere of 1 meter 

radius surrounding the light source as centre with an illumination 

of 1 lux. But the surface of the sphere is 4 t: m*, so the sphere receives 

altogether a luminous flux of 4 ti lumen. .For a light source radiating 

an equal quantity of light in all directions we find the luminous flux 

(in lumens) by multiplying the intensity (in candles) wdth the factor 

4 TT. If the light source does not radiate equally in all directions then 

the total flux is 4 7t times the average luminous intensity. 

Besides the units mentioned the following are also often used: 

decalumen = 10 lumen; candlepower/m* ^ candlepower/cm* 

= stilb; the millilux = ri^rlux. 
lU.OOO ’ 1000 

There are a number of other units in use. especially for brightness, but their 
use is inadvisable. [See vocabulary Ned. Sticht. Verlichtingskunde *)]. 

We see, therefore, that we can deduce the most important photometric 
concepts and units directly from the brightness, and that all these 
concepts are therefore also based on the international relative 
luminosity curve. 
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§ 18 The standardized conception of “brightness'' and the lowe 
brightness levels 

To conclude this chapter we would like just to return to the domain 
where the rods also (perhaps even exclusively) play a part. May we 
in this domain, where the conception of brightness defined in sect. 17 
comes into conflict with our natural conception of "apparent bright- 
ness”, also work with "brightness” or must we return to "subjective 
brightness”? There are various points of view for this question. Our 
view is as follows: if we wish to ascertain the properties possessed 
by the eye at lower brightnesses by measurement, we should begin 
by defining unambiguously the physical circumstances (power, 
spectral distribution of the light sources, etc.). For this purpose the 
concept "subjective brightness” with its dependence on all kinds of 
accidental circumstances and on the choice of the observer is not 
suitable. If it is desired to fix the starting point by a brightness as 
well, only the conception of "brightness” as defined in sect. 17 can 
hold. The experimentaj investigation consists usually of examining 
the reactions of the eye while varying one or more physically defined 
circumstances in a measurable manner. As an illustration see fig. 4 
[B 0 u m a *)], giving the results of the work of K 5 n i g (see end 

of sect. 15). 

Along the axes are given: 
brightness B and wave- 
length of the spectral co- 
lours. Each point of the 
diagram therefore repre- 
sents a physically defined 
condition (defined by a 
given B and X) and at each 
of these points the appro-, 
priate measurements of 
Konig (namely the value 
of the subjective brightness 
b introduced by him) can 
be plotted. 

If the points of equal b are 
then joined by curves we 
obtain fig. 4. From this the 
Purkinje effect can 
be plainly seen. If, for 



Subjective brightness (after Kdnig) for different 
values of X and of the brightness B. The 
difference between PP' and QQ' illustrates 
the Purltinje phenomenon. 
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example, we take the extreme case of having to compare blue light 
of 460 m(x with red light of 650 mp. we see that in order to obtain a 
subjective brightness h = 100 of both kinds of light we must take 
the same brightness (points P and Q), while to obtain a subjective 
brightness h = 10‘* of the red light (Q') a brightness approximately 
200 times greater must be taken than that of the blue light (P'). 
The points P and Q lie in the area of pure cone vision, while for P' 
and Q' the light sensation is caused almost exclusively by the rods. 
If for all research purposes brightness B is chosen as starting point 
the results of the various investigators can be better compared than 
if they are based on the conception of subjective brightness, which 
varies from circumstance to circumstance. 
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§ 19 The possibility of the representation of colour sensations in 
a plane diagram 

Our aim is to obtain a compreKensive survey of the apparently 
chaotic collection of all colour sensations. In order to attain this 
end it is usually profitable to represent the set by a- diagram; in 
other words to formulate laws and relationships whereby each mem- 
ber of the set has its own place at a given point of the diagram. Defi- 
nite relations between the various members may then usually be 
illustrated by simple geometrical theorems. 

Is such a representation of the whole colour field in a planar diagram 
possible? If we recall the considerations of sections 5-7 we see at once 
that the answer to this question must be in the negative. For in order 
to encounter all colour sensations we had to vary three magnitudes 
independently of each other: the set was three-dimensional. Now 
the manifold of all points in space is also three-dimensional (fig. 2a), 
that of all points in a plane surface two-dimensional (fig. 2c), that 
of all points on a straight line one-dimensional (it is only necessary 
to vary the distance from a selected origin to reach all points). 

It appears immediately from this that the only possibility of. com- 
bining all colour impressions in a geometrical representation is to 
represent them as points in space. This representation we shall 
actually deal with in chapter IV. But both human powers of imagina- 
tion and of drawing (the page of a book being merely two-dimension- 
al) seem to be better suited to representation on a plane surface. 
We shall therefore deal with such a representation in this chapter. 
As a plane diagram contains too few points to give each colour 
sensation a separate place we shall have to represent various colour 
sensations by the same point. We shaH therefore make the obvious 
decision to represent by one point aU those colours which only differ 
in brightness, and which therefore can be made indistiiiguishable by 
varying the total radiated power. 

It is said of such a set’ of colours that they belong to the same colour 
species or that they have the same chromaticity. So while in space 
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we can represent all colours separately, the colour plane is a repre- 
sentation of all colour species or chromacicitios. The decision taken 
has this advantage above other equally possible conventions that 
all colours with different characters (see sect. 9) are represented in 
the diagram by different points. The convention chosen, which has 
reduced the three-dimensional collection to a two-dimensional one, 
does not therefore prevent us from obtaining a complete survey of 
all chromaticities. 

There arc, however, various other decisions to .be taken if we wish 
to obtain an unambiguous representation: 

1. Everything must be referred to the normal eye, or rather to an 
average of a great number bf eyes which are fairly normal. 

2. We presuppose that the colour under observation is present in the 
field of vision either alone or with a comparison colour differing 
very little from it (for instance in the shape of two semi-circles, 
and excluding brown, olive-green and grey tints, as these only 
occur through the influence of other colours present in the field 
of vision (sect. 5). 

3. We presuppose that the eye is not tired, so that the condition of 
the retina is not influenced by previous light and colour impres- 
sions. 

-I. We presuppose that the brightnesses observed are all above a 
certain limit (about 3 candlepower/m* 3.10'* stilb) so that 
we are a.ssured of using pure cone vision. 

5. For accurate measurements, the twO semi-circular spots must not 
be too'large, so that we see them in a visual angle of about 2®: in 
this way practically the fovea alone is in action (sect. 4). 

These conventions, which involve a certain standardization of the 
concept of a colour sensation, are to some c,xtent comparable with the 
conventions which led us from the somewhat uncertain concept of 
"apparent brightne.ss” to that of -"brightness” (chapter II). We 
shall, therefore, when these conventions are used, no longer speak of 
a colour sensation but merely of a colour or stimulus [Bouma*®)]. 

§ 20 The origin of the colour triangle [see also B o u m a *)] 

We shall again proceed from the experimental result which has 
already served us in sect. 6 and which we there called one of the 
fupdamental laws of colour theory 

"By mixing three selected .spectral colours in definite proportions, 
we can match any desired colour sensation.” 
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We shall only apply this fundamental law under the conditions just 
mentioned. The law does indeed hold over a much wider field [Guild*), 
B 0 u m a ^)], but only leads to simple conclusions in the limited field. 

We now take for the three "selected spectral colours" those with the 
wavelengths 700 mp (red), 546.1 mp (green) and 435.8 mp (blue) *) 
and represent those colours in the 
colour plane (fig. o) by the points 
R, G and B respectively. Now in 
order to define the other colours 
in the diagram we make a gen- 
eral rule that we shall represent 
the mixtures of two colours by 
the points on the line connecting 
the two points representing those 
colours. 

Thus the line RG, for instance, 
contains all colours that can be 
matched by a suitable mixture 
of R and G. 

The place of the mixture on the 
line is determined by the propor- 
tion in which we have to mix 
stance the greater the percentage of colour R we have to take the 
nearer the point is to R. 

Quantitatively we can arrange everything so that this convention never 
leads to discrepancies. We shall return to this q^uantitative side of the 
problem in chapters IV and V (see the formula derived from fig. 23). 

When we proceed from R along a straight line to G we traverse a 
continuous series of colour mixtures between red and green. These 
are orange (point 1), yellow (2) and yellowish green (3). In the same 
way various blue-green tints lie along the line GB (e.g, 4), forming a 
gradual transition from green to blue, and on the line BR lie the 
series of purple colours (e.g. 6), which brings us back to our starting 
point R. 

Hitherto we have only allotted places in the figure to those colours 
that could be matched by mixtures of two of the prirnary colours. 
These colours (1-5) all lie along the outline of the triangle RGB. 
Colours which can only be matched by using all three primary colours 
will be found inside the triangle. 

•) The colours G and B chosen here are two spectral colours occurring in mercury 
light. 
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Fig. 5 

The colour triangle ’ formed according 
to our convention (mixture collinear 
with its components). R, G and B are 
primaries, W is the white point. 

the two components : for in- 
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An example will make this clear: seek the place of lohite in fig. 5 
(more accurately; the colour that a white object assumes in day- 
light). To reproduce this R, G and B are all required. We now mix R 
and G in the required proportion. This mixture is given by point 2. 
White is now produced by a suitable mixture of the colours 2 and B. 
According to our convention the white point W therefore now comes 
to lie on the line 2B. In this way it appears that all colours that can 
be matched by a mixture of R, G and B are represented by points 
inside the triangle RGB. And on the other hand these colours entirely 
fin the triangle: each point can be realized by selecting suitable 
proportions of R, G and B and then applying the construction just 
used to find the place of W. . 

To survey the distribution of the various colours over the triangle 
we shall draw the line WG. A point (6) on this line will now represent 
a colour which can be matched by mixing the selected spectral green 
G with a certain quantity of white W. As we proceed from G to W 
we shall encounter colours that require an ever greater percentage of 
white. Starting from the deep green colour G we shall gradually 
meet less saturated (duller, paler, less brilliant) greens until finally, 
at W, the extremely pale green becomes white. We recognize in this 
process a correspondence with what was dealt with in sect. 5: the 
' line GW contains colours all possessing the same hue (namely green), 
but whose saturation gradually decreases. 

The analogy is not quite complete. While in sect. 6 we spoke of colour 
sensations, experienced by the eye, we mean here properties of 
colour which can be ascertained by measurement. 

In the same way the line WR contains red hues of increasing satura- 
tion and WB the gradual transition from white to B. Proceeding 
from W to 4 we find an ever deepening blue-green. In contrast* to the 
preceding examples the maximum saturation has not yet been 
reached at 4. For among the spectral colours we meet with a still 
more brilliant blue-green colour (7): this latter must therefore be 
mixed with a certain quantity of white (made paler!) in order to 
produce the colour of point 4. According to our convention point 4 
must therefore lie between W and 7, so that the blue-green spectral 
colour 7 lies on the extension of W4 (fig. 5). 

A similar consideration now obtains for the other spectral colours. 
They are all (except R, G and B) represented by points l5T.ng slightly 
beyond the triangle RGB. For that part of the spectrum with a 
wavelength greater than 546.1 rapi (the wavelength of G) this effect 
can, however, be practically ignored. 


65 


THE COLOUR TRIANGLE 


CH. Ill 



TOQ-m, 


Fig. 6 

The complete colour triangle with spectrum locus 
and purple line RV and the triangle XYZ sur. 
rounding both. 


Fig. 6 illustrates the situation. The same 
triangle RGB is again drawn, but now 
with the addition of the spectral colours. 
The numbers give the wavelengths. 
Note that the wavelengths 700-780 m(x 
are dfesignated by the point R. That 
is to say the spectral colour species 
of this region are all represented 
in point R. All these spectral 
colours can therefore be com- 
pletely reproduced solely by 
a certain quantity of the 
primary colour R. This 
fact can be verified by 
an accurate observation 
of the spectrum : be- 
tween 700 m(x and the 
extremity of the spec- 
trum the colour does not alter. We now draw the line RV con- 
necting the red extremity R of the curve of the spectral colours 
with the violet extremity (V). The line RV contains, therefore, no 
spectral colours, but the various purple hues, mixtures of red 
and violet. 

It follows from our general “mixing rule" that all colours are 
represented by points within the area enclosed by the curve of the 
spectral colours and the "purple line” RV. For all colours are pro- 
duced by mixing spectral colours, and in mixing we must always 
remain within the area just described. *) 

Now in order to be able to express the various chromaticities by 
numbers we draw an equilateral triangle XYZ completely enclosing 
the curve of the spectral colours, and fix the place of the point repre- 
senting a certain colour by the relation of the distances from that, 
point to the three sides of XYZ. In this way each chromaticity is 
characterized by the ratio of three numbers. 

This result reminds us of the conclusion of sect. 6, where we found 
that each colour could be characterized by three numbers, and of 
sect. 9, where it appeared that for all colours differing in apparent 
brightness only, and therefore belonging to the same chromaticity, 
the ratio of the three quantities is the same. 


*) 1 1 is incorrect therefore to call the points outside that curve by the name of colours 
(unreal, virtual or imaginary colours) as many authors do. 
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The exact connection between all this will be considered more 
closely in chapter IV. 

§ 21 The introduction of "negative quantities" of a colour 

Although it is clear from the above how each colour receives its 
allotted place in the diagram, this explanation still does not enable 
us to make quantitative calculations regarding the colours. This is 
chiefly due to the fact that our "general rule” is still rather vague, 
for we have still to agree on the connection between the situation of 
a mixed colour and the mixture proportions of its two components 
{i.e. where 6 lies on WG, see fig. 5). 

Nevertheless we can draw various general conclusions with the he'p 
of fig. 6. In the first place let us look at the colours which found their 
place outside the triangle RGB, for instance the spectral 
colour of 510 nifi,. As we have seen that the mixture of certain 
amounts of the colours R, G and B always produces a point within 
the triangle, we come to the conclusion that the spectral colour of 
510 mp, cannot be reproduced by mixing R, G and B in suitable 
proportions. Here we have therefore an exception to our "fundamen- 
tal law”, a limitation in its application to which we already alluded 
in sect. 6. 

A careful examination of fig. 6 shows us that we could not have 
avoided this difficulty by another choice of the three primary 
colours. For, whichever three points we may select within (or on) the 
curve of the spectral colours as primary colours, a part of the spectral 
colours will always fall outside the primary colour triangle. We 
might indeed hays made fhe outside area a little smaller (by for 
instance selecting for the green primary colour X = 520 mp), but 
there will always remain exceptions to the fundamental law. 

As it is very unpleasant to have to work w’ith a law admitting of 
exceptions, we shalt take care that these exceptions disappear. This 
convention and the manner in which we shall carry it out will appear 
strange to many people at first sight. It must be remembered, 
however, that we shall be doing exactly the same as in many mathe- 
matical problems, in which it is also necessary to eliminate unpleasant 
exceptions! For instance, having fixed the meaning of "to subtract” 
we are faced with the exception that a greater number cannot be 
subtracted from a smaller number and when solving quadratic 
equations we get stuck at x® + 1 = 0. The exceptions are elimina- 
ted, in the first case by the introduction of negative numbers and in 
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the second by introducing imaginary numbers. The first example 
shows a great similarity to out problem, for we are going to introduce 
negative quantities of colours. It appears from fig. 6 that the colour 
olO m(A can still be simply related to R, G and B. We can, by mixing 
the colour of 510 m|x' with a certain quantity r of the colour R, 
reproduce colour S. This is in symbols : 

(510) + i-CR) (S) 

in which — >• means ; "matches” [see also B o u m a ^®)]. But we 
can also reproduce this same colour (S) by mixing a quantity g of- 
colour G with a quantity b of colour B: 

(S) g(G) + 6(B). 

It follows from these two "colour equations” that; 

(510) + f(R) — g(G) + 6(B) (6) 

or, verbally, if we mix on the left half of the field of vision the colour 
of 510 mix with a quantity r of the colour R, and in the right half 
a mixture of a quantity g of G and a quantity 6 of B, the line of 
demarcation will disappear. The equation (5) would indicate that 
(610) could be matched by certain quantities of R, G and B if the 
term with R stood at the other side. Then let us bring the term to 
the other side by writing for (1) : 

(610) _ f(R) + g(G) + 6(B). (6) 

and let us then say that we can reproduce (510) by a negative quan- 
tity of R plus two positive quantities of G and B. 

In this manner the fundamental law holds universally, while the 
meaning of a negative quantity of a colour has become clear. It must 
not be mixed with the other — positive — primary colours, but be 
added to the other half of the field of vision in order to establish 
colour equation (5) between the two halves of the field of vision. 
This is the same as the bookkeeper who does not add his debits with 
his credits but posts them “on the other side” in order to obtain, as 
with colour adjustments, a balance sheet that tallies ! 

§ 22 Dominant wavelength and saturation 

We learn from fig. 7 (again with the assistance of our "general rule”) 
that we can also reproduce the colour represented by a point K by 
mixing the white W with a spectral colour (in our case 520 mp) in a 
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certain proportion. This reproduction is 
possible for aU points K lying within 
the curve, of the spectral colours,- 
except those Ijdng in the triangle 
700- W -380. In this triangle lie the 
purples, which become the more 
saturated as we approach the 
“purple line” 700-380. We 
can reproduce such a purple 
shade K' by mixing the 
white W with a colour 
A, lying on the line 
700-380. We can also 
reproduce white W by 
mixing K' and a cer- 
tain spectral colour 
{here X = 640 mp). 

We have now found 
both for colours such as K and for colours K' an appropriate 
spectral colour of a certain wavelength, which we shall call the 
dominant wavelength. For the purple shades the dominant wave- 
length X,j is the wavelength which, when mixed with the purple 
shade, can reproduce white, while for the other colours X^ the 
wavelength is to be mixed with white to reproduce the original 
colour. 



Fig. 7 

Dominant wavelength and colorimetric puritj- p. 
For K: = .520, p = Bg ! j8k. 

For K'; = — 540, p = Ba. / 


The expression dominant wavelength is not very happily chosen, for Vj 
is by no means always the wavelength predominating in the spectrum 
(with colours as K' in fig. 7 this is of course not the case at all). It is even 
quite possible that the wavelength a,, does not occur in the spectrum of 
the colour. The expression has become general however. The term "equi- 
valent wavelength" which is sometimes used for the same idea expresses 
the sense better — for the non-purple shades at least (compare also the 
German expression; farbtongleiche Wellenlange). 

In matching a colour by mixing white and a spectral colour not only 
the dominant wavelength but also a second concept occurs; the 
degree of saturation or colorimetric ‘purity, p. 

Supposing colour K (fig. 7) to have a brightness and that a 
brightness fig of the spectral colour is necessary for matching by 
mixing white with spectral colour, then ^ = fig : is the purity. 

In other words p is the relative share that the spectral colour takes 
in the match. 

For the purple colours K' the purity p means the relative share that 
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the saturated purple colour A takes in the mixture of W and A. 
In the language of colour equations: 

5s(K) -- Bg(S) + (Be — Bg) (W): ^ = Bg : Be 

Be- (K') -- B^(A) + (Be- — BJ (W); - B^ : Be- 

The colours for which f -1 obviously lie on the curve of the spectral 
colours, or on the purple line 700—380. The value of p gradually 
diminishes to 0 as we approach the centre of the colour triangle, in 
the direction of W. Given the dominant wavelength of a colour K we 
can determine on which straight line, starting from W, K stands. 
Given the purity as well, this means that a selection has been made 
from all the colours lying on the given straight line, in other words 
the situation of K on the straight line has been determined. This 
shows that the place of K can also be fixed by the dominant wave- 
length' and the purity instead of by the relations of the distances to 
the sides of A XYZ. 

The latter system we call the trichromatic system and the former the 
monochromatic-plus white system or monochromatic system. 

One objection may be raised to the latter system. On the line A-W- 
540 (fig. 7) for example there are two points corresponding with the 
same value of and the one lies in the purple area and the other 
not. A particular example is formed by the colours 540 mix and A: 
for both Xfl = 540, ^ = 1. In order to distinguish between these 
colours with the same and p we put a niinus sign for the value 
of Xji for the colours in the purple area. In this way for 540 mix: 
X = 640, p —1 and for A: X = — 640, p — 1. This minus sign reminds 
us, moreover, that a negative quantity of the spectral colour is 
required for the reproduction of K'. 

Now we can determine a colour completely by its place in the 
colour triangle and its brightness, therefore by its dominant wave- 
length, its purity and its brightness: X^, p and B. 

These threefold characteristics of a colour (the number three once 
more !) remind us strongly of the threefold characteristics we allotted 
in the general considerations of sect. 6 to colour sensations, i.e. hue, 
saturation and apparent brightness. 

For a correct understanding of colour theory it is necessary, however, 
to distinguish sharply between these two sets of three. We therefore 
mention the differences once more. The hue, saturation and apparent 
brightness are intuitive impressions] one need know nothing of the 
colour theory to obtain these impressions. These impressions are very 
difficult to express in numbers ; they are to a high degree dependent 
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on all kinds of accompanying circumstances, such as the momentary 
condition of the retina, the presence of other colours in the field of 
vision, etc. The same pencil of light rays can, in various circumstan- 
ces, produce quite different sensations. The dominant wavelength, 
purity and brightness on the other hand are well defined quantities; 
they can be measured; in order to make the measurements unam- 
biguous the accompanying circumstances can be eliminated by 
various conventions ; the measurement is based on the knowledge of 
the colour theory (in particular our “fundamental law”). The same 
pencil of light rays will always give the same Xj, p and B (provided 
no errors of measurement are made) ; we can arrive at standardized 
values as a result of measurements n\ade (as described in sections 16 
and 17), which with the assistance of formulae and tables can be 
calculated straightaway from the power and the spectral composition 
of the pencil of rays (see chapters IV - VI). If we recall what was said 
in sect. 2 regarding the border line character of colour problems wc 
can distinguish between the sets briefly by remarking that the first 
set of three lies entirely on the psychological side and the second 
on the other hand almost entirely on the physical side of the 
boundary. 

The same remarks as we made here regarding X^ p and B of course 
apply also to the three characteristics already dealt with in sect. 6 : 
the quantities required of three primary colours for the reproduction 
of a colour form a set of three also lying on the physical side. 

§ 23 The meaning of the word “white"; complementary colours 

The same applies to the word "white” as to the word "brightness”: 
almost everyone uses it without further explanation in the most 
divergent senses. Although the dangers hidden in such a careless use 
are not so great here (usually the meaning is quite clear from the 
context), it might be as well to sum up the various meanings. There 
are mainly three : 

1. A property of the reflecting objects (see sect. 3) which allows them 
to reflect all spectral colours well and in equal measure. What do 
we mean here by “well”? There are surfaces, for instance, mag- 
nesium-oxyde, which reflect up to 97 % of the light falling on 
them; good white paper reflects 80-86 %, but in most circumstan- 
ces we call all objects white which reflect about 60 % or more. If 
they reflect less they are called grey or drab. 

2. The colour sensation "white”. This, as an intuitive idea, peeds no 
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further explanation. Apart from the spectral composition of the 
pencil of rays, whether we call a colour sensation white depends 
on many accompanying circumstances, for instance on the con- 
dition of the retina, the influence of surrounding coloured objects, 
the knowledge that we have an object before us which we should 
call white in most circumstances (which is for example white in 
the sense of 1), etc. In other words “calling something white” is 
influenced by all factors usually influencing a “sensation”. In 
sect. 5 the word "white” is used in this sense. 

3. The colour (chromaticity) "white”. In connection with the exact 
definition of colours we also require an accurate definition of the 
colour *'white‘\ Thus in sect. 22 we repeatedly made use of the 
colour "white”. In the course of time numerous and varied con- 
ventions have been used, in this respect. We confine ourselves to 
those made internationally (by the C.I.E.), which still obtain. 
These conventions can be divided into two groups according to 
the object in view. 

In the first place we must define a white colour so that the ideas 
of dominant wavelength and purity are accurately fixed. For this 
purpose the "equal energy spectrum” has been chosen. This 
spectral distribution, designated by E, is one which radiates 
the same energy per second, that is to say the same power, in 
every wavelength interval (of for instance 10 miJi) of the visible 
spectrum. 

In the second, place there is a need for a standardized light for 
defining the colour of surfaces.. We have already seen (sect. 3) 
that this depends both on the spectral distribution of the 
light; striking it and on the reflecting properties of the object. 
Theoretically the only correct method is to define the percentage 
that the object reflects of each spectral colour. If we note down 
this percentage for each wavelength we get a curve called the 
"spectral reflection curve", which establishes the reflecting pro- 
perties of the object completely. With the aid of this curve we 
can calculate, as we shall see later, the colour of the object when 
illuminated by any light of which the spectral distribution is 
known. But in practice matters are slightly different. The illu- 
mination of the coloured object occurs in by far the greater 
number of cases by means of light sources whose spectral distri- 
bution approximates either to that of an incandescent lamp, to 
sunlight or daylight. Hence it has been decided to define one of 
each of these groups and always to measure the colour of the 
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object when illuminated by one of 
these standard light sources. This 
has the advantage that now only 
three numbers need be given 54j 
for the colour instead of the 
whole reflection curve. The 
disadvantage of this method 
is that we cannot foretell 
from these three num- 
bers what colour the 
object will assume 
when illuminated 



V.380 


Fig. 8 

Complomfltttary colours. K and K', V and * 1 . R and * 0 , 
A an'd Ij are pairs of complementary colours. 


by a light source 
differing greatly 
from the normal 
.(i.e. mercury light). 

As standard light 
sources for this purpose (C.I.E. 1931) the following has been agreed : 
Illuminant A : A gas-filled incandesc4nt lamp with a colour tempera- 
ture of 2848° K. The colour temperature of an incandescent surface 
is determined by comparison with the so-called “total radiators", 
being light sources whose spectral distribution is described by a 
formula given by Planck. If the incandescent body has the same 
distribution as a "total radiator” of the temperature T, we call 
T the colour temperature of the incandescent body. The colour 
temperature of an incandescent lamp is always a little higher than 
the true temperature (see also section 42). 

Illuminant B (approximating sunlight) ; the light obtained by trans- 
mitting illuminant A through an accurately specified coloured liquid 
filter in which the colour temperature is brought up to about 4800°. 
Illuminant C (approximating to daylight) ; a similar light source to B 
but with another filter in which the colour temperature is brought 
up to about 6500°. 


The filter used for B consists of two consecutive layers of liquid, each 1 cm 
thick, of yrhich the first is composed of copper sulphate (2.452 g), mannite 
(2.462 g), pyridine (30 cm®) and ■water (up to 1000 cm*) and the second of 
cobalt ammonium sulphate (21.71 g), copper sulphate (16.11 g), sulphuric 
acid (10 cm®), water (up to 1000 cm®). For C a similar filter is used of whicli 
the corresponding numbers are however; 3.412 g; 3.412 g; 30 cm®; 
1000 cm® and 30.68 g; 22.62 g; 10 cm®. 1000 cm®. [See Davis ®)J. 


In fig. 9 and table F are given the relative spectral distributions of 
iUuminants A, B and C. 
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In contradiction to the standard light sources A, B, C we can, imagine 
E as being replaced by a light source with another spectral distri- 
bution but giving the same colour. This is straightaway clear when 
one recalls the purpose of the standard light sources. To indicate 
clearly the difference between A, B and C on the one hand and E on 
the other we sometimes call A. B and C normal light sources or 
normal whites, while E is called standard white. 

There has lately been an endeavour to replace B and C by one light source 
agreeing in colour with E. No international agreement has, however, 
yet been reached about the desired spectral distribution. In Germany a 
third liquid filter has been pr^cribed for this purpose, to be combined 
with A [Richter*)]; Wright ^®) also recommends the same 
solution. 

Directly connected with the choice of the standard white E is the 
conception "complementary colours”. We call two lights K and K' 
complementury when it is possible to reproduce the colour of standard 
white E by a suitable mixture of K and K'. With, an eye to our 
"general rule”, E lies therefore in the triangle between K and K' 
(fig. 8). In particular the two spectral lights given in fig. 8 by X 
and X' are also complementary, as they are in a straight line with E. 

If we follow the curve 
of the spectral colours 
from the violet extrem- 
ity V to the red ex- 
tremity R we see the 
following; the wave- 
lengths between V 
and Xo have comple- 
mentary colours w'ith 
wavelengths between 
Xi and R; Xq has the 
red extremity of the 
spectrum as its com- 
plementary colour; 
the wavelengths be- 
tween Xq and X^ have 
no complementary 
spectral colour. Thus 
the wavelength Xg has 
as its most saturated 

Relative spectral distrib^oJs of illumiuauts A. T'c Complementary colour 
(see table F). pUTple A; Xj has as 
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its complementary colour the violet extremity of the spectrum; the 
wavelengths between and R have complementary wavelengths 
lying between V and Xq. 

Table A gives the various pairs of complementary wavelengths 
fX and X'). For the wavelength X^ we find 493.9 mp; for X^ wc find 
669.7 mir. 

It has long been the fashion to search for an empirical formula giving the 
connection between ), and )« [see for instance G r ii n b e r g *), P r i o s t '), 
G o d 1 o V e *). Richter*), etc.] 

Two wavelengths may also be complementary with respect to the 
colour of one of the illuminants A, B or C [Ha r d y *)]. 
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Colour space in its simplest form 

§ 24 Representation of colours in space; Grassmarin's first law 

In the previous ^chapter we have tried with the aid of the colour 
triangle to survey the position of the colours in respect to each other, 
which enabled us at the same time to demonstrate some properties 
of colours and some related concepts. 

In many ways, however, these speculations were far from complete. 
This' is because of the "general rule” — made for the sake of sim- 
plicity — concerning the situation of the mixtures in the colour plane 
(sect. 20), and on the other hand it. is due to the fact that we were 
forced time and again to represent a' i 9 .rge number of colours by the 
same point. These two causes are connected. The concurrence of 
colours with varying brightness made it very difficult to deal quan- 
titatively with the mixture laws in a simpld way, and this had the 
further result that we were not able to define the correct position of 
a particular mixture of two components quantitatively, and it was 
therefore not at all a matter of course that the "general rule” after 
repeated applications did not lead to some discrepancy. 

Although the colour triangle in the manner dealt with in chapter III 
has been of great service to us, it is necessary to give now a more 
general treatment which will do away with the incompleteness of the 
old method and at the same time be stricter, so that we need nb 
longer fear any discrepancies. 

The key to this method lies, as the reader will already guess, in the 
employment of a geometrical representation whereby each colour 
has its own allotted point. In sect. 19 it appeared already that this 
geometrical representation must of necessity be •three-dimensional, 
that is, a representation in space. We must substitute the colour 
plane by a colour s-pace, in which the representation of all c h r o to a- 
ticities is replaced by a representation of all colours (see 
also sect. 19). 

On the question of whether it is desirable to make use of representations 
in space in building up the theory of colour, opinions have been divided 
in the last 60 years. This is due chiefly to the fact that the representation 
in a colour plane (as in chapter III) is the most suitable for giving the 
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reader in a simple manner a general survey of the order of colours ; if on 
the other hand it is desired to penetrate deeper into the colour theory and 
learn to understand and apply the various methods of calculation as well, 
the use of a colour space is to be recommended. 

Helmholtz employed a colour space, but the majority of his followers 
confined themselves to the colour triangle. Schrodinger in some 
excellent treatises tried to infuse new life into colour space, but few writers 
' have since ventured to employ spacial representation in their explanation 
of the basic facts. Various authors did feel compelled [viz. R i c h t e r *)] at 
a later stage of the construction to have recourse to spacial representation 
for certain purposes (see sect. 47). 

We do not wish to take up the extreme standpoint in this argument that 
is held by some authors: "... .to 'attempt to represent tlie world of colour 
by a plane surface Is patently absurd” [D r e v e r ^)], but we share 
sincerely the opinion of Ives’) (1916) that the use of colour space 
forms "the clearest method df representing the facts of colour mixture” 

In sect. 6 and 7 we have already alluded to the way in which we 
could allot to each colour its place in space. We shall use the “lunda- 
mental law of colour mixture” dealt with in those sections. The 
content of this law was first explicitly formulated by G r ass- 
man n and we shall caU it therefore Grasstnan n’s first law. 
We will summarize this law once more in its general form: 

If we select three suitable spectral distributions (three kinds of 
light) we can reproduce each colour completely by additive mixing 
of these three basic colours (also called ‘primary colours). The desired 
result can only be attained by one particular proportion of the 
quantities of those primary colours. *) 

The conditions under which this law generally obtains are : 

a. In taking measurements the general conditions (sect. 19) as to 
brightness level, size of the field of vision, condition of the retina, 
and normality of the eye of the observer must be complied with. 

b. In certain circumstances negative quantities of a colour (sect. 21) 
must be introduced. 

c. The three primary colours must be selected so that it is impossible 
to match one of them by any mixture of the other two. This 
condition is implied by. the word "suitable” in the general for- 
mulation. A glance at fig. 6 shows at once that this condition is 
necessary. If we chose, for example R, 2 and G (2 can be repro- 
duced by mixing R and Gl) aU mixtures of those three basic 
colours would lie on a straight line and we should never be able to 
reach the white point W’. 

It follows from Grassmann's first law that we can characterize 

*) Actaally the term "primary ^colours" is incorrect, and ought to be replaced by 
"primary chromaticities". We shall, however, .stick to the term in general use. 
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a colour quite unambi- 
guously by the numbers 
Ba and B3,. being the 
brightnesses (luminances) 
of the three primary co- 
lours required for the 
reproduction of the colour. 
In the notation of sect. 21 : 

B (colour k) -- Bj (col.l) 
+ Bg (col. 2) -t~ B3 (col. 3) 

Let three straight lines Ol , 
02 and 03 (coordinate 
axes) be drawn through a point O of space. These three axes can be 
chosen at right angles to each other (fig. 10a) or with oblique angles, 
for instance by allowing the axes to form three equal" angles respec- 
tively, smaller than 90° (fig. 10b). Now each two of those axes form 
a plane that we may call a coordinate plane : thus we have the planes 
(0, 2. 3), (0, 1, 3) and (0, 1, 2). 

If we then choose a point K in space possessing the distances B^, 
Bg and Bg to those coordinate planes (distance Bg measured parallel 
to axis 02 etc.) then we say that point K has the coordinates Bj^, 
Bg and Bg. Point K therefore represents the colour which is also 
characterized by the numbers By, Bg and Bg. It is clear that each 
colour can be given its own point in space in this manner. Otherwise 
expressed, we have represented the three-dimensional manifold of 
colours (sect., 6) in the equally three-dimensional manifold of all 
points of space (see also sect. 7, 1st example and fig. 2a). 

In principle it is of no consequence whether we choose the represen- 
tation of fig. 10a or that of fig, 10b. Henceforth we shall make use 
of the oblique angled system of 10b, this giving figures which are 
easier to comprehend. 

§’25 Position of the spectral colours; Grassmann’s second law 

When examining further the position of the various colours in colour 
space we shall no longer employ more or less arbitrary conventions, 
but base everything on experimentally established Wts. The first 
experimental result we shall employ is the following: 
Grassmann’s second law: If two different light spots give the 
same colour sensation they continue to do so if we increase or decrease 
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. . Fig. 10 

Characterising a colour by a point K lying at 
distances B,. Bj and B, from the coordinate 
planus, a) Rectangular frame, b) Frafme with 
oblique angles (jil 102 = jil 203 = .,^301). 
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the brightness of both by the same factor (thereby leaving the rela- 
tive spectral distributions unchanged). 

This law too only holds when the general conditions summed up in 
sect. 19 have been complied with, particularly the conditions of an 
adequate brightness level. 

Consider, for example, any colour K and the mixture of the primary 
colours which match it. As in sect. 24, we can express the equality of 
the colour sensations as follows: 

K jB] (colour 1) + Sj (colour 2) + (colour 3). 

The second law now says that this equality remains when multiply- 
ing all the brightnesses occuring in it by the same amount n; in 
symbols ; 

»K mBj (colour 1) nBj (colour 2) + wBj (colour 3) 

From the two equations we learn that with any change whatever in 
the brightness of K, the quantities required for the match increase 
proportionally. But that means that the coordinates of the colour 
in space also increase proportionally, so that we proceed in space 
along a straight line through the origin (fig. 11). 

Instead of representing all colours differing only in brightness by 
one point in a plane, as was the case in chapter III, the various 
members of such a series now take their place on different points 
of a straight line through the origin. This straight line represents 
therefore a colour species ; its points represent the 
separate colours. In the neighbourhood of 0 lie 
the colours with a low brightness (for the bright- 
nesses Bj, Bg and Bj of the matching primary 
colours are low there too). The further we are 
removed from 0 the higher become the bright- 
nesses of the colours (n becomes ever greater). 

The relation between the colours K and «K is 
sometimes expressed by the statemeirt that they 
represent different "quantities" of the same colour 
(or colour species), the quantities being in the 
proportion n : 1 (see section 33a, 30a, 60). 

Fixing our attention particularly on the three 
straight lines 01', 02 and 03 of fig. 11, we notice 
that a point in 01 lies in the plane of coordinates 
013 as weU as in 012. The coordinates Bg and 
Bj (the distances to these planes) are therefore 
both zero for a point in 01. But that means that 


2 



presents a chroma- 
ticity, whilst the 
paints of that line 
represent separate 
colours. Ol, 02 and 
03 represent the 
chromaticities which 
are chosen as pri- 
maries. 
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this colour can be re- 
produced by using 
only the first primary 
colour. Hence it fol- 
lows that the straight 
line 01 represents the 
colour species which 
we' .chose as our pri- 
mary colour. In the 
same way 02 and 03 
represent the colour 
species of the other 
two primaries. Each 
spectral colour is re- 
presented by a straight 
line through 0 as 
well. 

In order to define the 


manifold of all these 

straight lines it is sufficient to determine one point in each straight 
line. We must therefore fix experimentally the three brightnesses 
required to match a certain brightness of the spectral colour. 

In/jg. these straight lines have been drawn in the diagram. Together 
they form the shape of sl cons. To show the shape of this surface 
sections have been drawn with some parallel planes each cutting off 
equal parts of the coordinate axes Ol, 02 and 03. On one of these 
sections the positions of the spectral colours red, orange, yellow, 
green, blue and violet are indicated. Since we have selected, as 
before (sect. 20), the spectral colours 700; 546.1 and 436.8 m|x for 
the three primary colours 1. 2 and 3. the axes 01. 02 and 03 also lie 
on the cone surface 


§ 26 Mixture of colours in space; Grassmann's third law 

If the coordinates of two different colours K and K' are known, how are 
the coordinates of the mixture K -|-K' determined? In answering this 
important question we shall again use an experimental result, namely : 
Grass m an n's third law. Two light mixtures which, when dis- 
played next to each other, produce the same colour sensation, act in 
exactly the same manner when mixed with other lights. They 
may therefore be substituted one for the other in any mixture! 
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If K -- (colour 1) 4 - (colour 2) -t- JSj (colour 3) 

and K' (colour 1) + B/ (colour 2) + B^ (colour 3) 

then we can, according to this law, replace both colours in the 
mixture K + K' by their matching primary colour mixtures without 
altering the total- colour impression. The formula is ; 

K + K' — (Bi + B^) (col. 1) + (5^+ B^) (col. 2) + (Bj + B^) (col. 3) 

We therefore arrive at the simple rule ; the coordinates of the mixture 
are found by adding the corresponding coordinates of both compo- 
nents {i.e. By and By, etc.). It is easy to see what this means geome- 
trically. In order to find the mixture of the colours represented by 
K and K' (fig. 13) all that need be done is to draw a straiglit line 
starting froni point K', running parallel to OK and having the same 
length. The end of this line represents the mixture K + K'. If we 
recall that each of the coordinates means a distance to one of the 
coordinate planes (24) we see that after passing down the line OK' 
we have moved over a distance B.^,' from the 013 plane. If after that 
we pass along the line K' - K 4- K' we move another distance Bj 
further from the same plane. The point K -+- K' which we have 
found lies therefore at a distance B^ -4- B.^ from plane 013. An 
analogous reasoning for the distances up to the two other coordinate 
planes shows that the point K + K' has the coordinates By 4- By, 
Bg 4- Bg' and Bg 4- Bg' and therefore indeed represfents the mixture 
of K 4- K'. 

If we remark that in fig, 13 OK(K 4- K')K' is a parallelogram we can 
summarize the geometrical "mixing construction” as follows; 
From OK and OK' we find the colour point of the mixture by a 
parallelogram formation exactly as if OK and OK' were two forces 
to be added to obtain the resulting force 
0 (K 4- K') (see also sect. 7, second example 
and fig. 2b). 

The contents of G r a s a m a n n’s laws men- 
tioned here indeed originate Ironi Orass- 
- man n, but tiie formulation in liis originai 
publication is quite different from ours. More- 
over Grass mann adds two otlier iaws, 
one on the continuity of colours (whicii wiil 
be taken by many people as self-evident) and 
anotlier on tlie additivity of brightnesses which 

foilows directly from the present definition , 

, . . , . ■' • Wlien mixing two co- 

of briglitness. lours K, K' one finds 

The formulation given here is by no means the place of the mixture 
perfect eitlicr. For tlio sake of simplicity of K -)- K' liy vector ad- 
treatment we have added much more tlian dition of OK and OK'. 
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is necessary for the building up of colour 
metrics. For a rigorous treatment of this 
question see B o u m a *•*). 

Grassmann's laws have been extensively 
tested experimentally by Helmholtz and 
his followers [K o n i g *), B r o d h u n]. 

If we leave the domain of pure cone vision 
all three laws show important discrepan- 
cies. A theoretical attempt has been made 
[Bouma^'^)] to give simple laws in these 
circumstances as well, but the theory has 
been insufficiently tested. 

It appears in particular from fig, 13 
that K, K' and K K' lie in one 
plane with O. Hence the necessity of condition (c) of sect. 24 
again appears. If one of the primary colours could be reproduced 
from the other two. the three primary colours would lie in one plane 
with 0. But then any mixture of the three primary colours would 
also produce a colour lying in the same plane and we would therefore 
only be able to match a two-dimensional collection of colours by such 
a mixture! 

Further it follows from fig. 13 that K ■+ K' always falls within the 
angle KOK'. If we apply this rule to fig. 12 we see that in mixing 
two or more spectral Colours we always remain within the cone which 
is bounded by the spectral colburs and the plane rOv. Within this 
cone each point represents a definite colour; the points outside the 
cone do not. *) 

The plane rOv contains the saturated purple colours, namely the 
mixtures of the colours forming the red end of the spectrum fOr), 
and the colours occurring at the violet end of the spectrum (Ov). 

In fig. 14 we see the cone once more with the three coordinate axes 
Ol, 02 and 03 (which again repiesent the spectral colour species 
700 ; 646.1 and 435.8 mii.). 

It will be seen that a number of the points falling inside the cone fall 
also within the solid angle 0,123 (among others, those of the shaded 
part of the plane of transverse section) but the rest fall outside 
(among others most spectral colomrs)’. The first group of colours has 
therefore purely positive coordinated; the second group of 
colours contains one coordinate with a negative value. Thus, 
for example, for the saturated' purple colours is negative; they 
lie below plane 103; the distance to that plane must therefore 

*) It is therefore incorrect to call these points "unreal”, "virtual" or "imaginary" 
colours (sect. SO). > 



In the colour space of fig. 12 the 
colours at the inside of the trihedral 
angle 0,123 have positive coor- 
dinates. The other colours have one 
negative coordinate. 
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be considered as negative. Here we find requirement (b) of sect. 24 
confirmed. 

§ 27 The connection between colour space and the colour plane 

The attentive reader will have noticed many points of resemblance 
and a great many analogies with what was considered in chapter III. 
Although the use of colour space is almost indispensable for a satis- 
factory explanation, yet in practice we almost exclusively meet the 
much more easily handled two-dimensional representation — the 
colour plane or colour triangle. We shall now show that there is a 
very simple connection between these two methods of representation. 
In doing so we shall be able to apply our well-established knowledge 
of colour space in order to give a firmer basis to the theory of the 
colour triangle as well. 

In space we defined a colour by the quantities By, Bg. In sect. 25 
it appeared that the ratio of these quantities remained unchanged 
when we merely changed the brightness of the colour. Now if we 
return to the colour plane, in other words, if we once more represent 
all colours which only vary in brightness by one point, it is clear that 
a certain relation of By, Bg and Bg pertains to each point of the colour 
plane. 

We can now determine this point by the quantities: 

by = By\ {By -I- Bg -I- Bg); 6g = Bg : (B^ + Bg + Bg); 

6g = Bg ; {By + Bg + Bg) (7) 

The ratio of the quantities by, ig and 6g is apparently the same as 
that of By, Bg and Bg and their sum equals 1. Arising from this 
latter property, it is sufficient to give only two of the three b values 
(the third can then be directly calculated), so that we have indeed 
obtained a two-dimensional manifold, which can be represented in a 
plane, while all colours only differing in brightness (therefore having 
the same relation B^ : Bg : Bg) meet in one point. 

It is always important to make a sharp distinction between colour 
coordinates in colour space — often called for short trichromatic coor~ 
dinates — and the quantities defining the colour in the colour plane 
(often called trichromatic coefficients). Therefore we shall henceforth 
always indicate the first kind of coordinates by means of capital 
letters {ByB^B^XYZRGB etc.) and the second kind by means 
of small letters (ft^ b^b^xy zr gb etc.). 

There are various ways in which the representation in a plane can 
be effected. 


73 


COLOUR SPACE IN ITS SIMPLEST FORM 


CH. IV 


In the first place (fig. 15a) 
we can draw an equilateral 
triangle with height 1 and 
choose the point k for. the 
chromaticity having the dis- 
tances 62 and 63 from the 
sides of the triangle. Of course 
it will have to be proved that 
this is always possible, so 
that for each point k the sum 
of the distances to the three 



Plotting chromaticities in a plane using the 
quantities ij, 65 , 6 , ( 6 j : = Bi •. Bj ; Bj 

and 61 -1- 6 ... H- 6 .,. = 1). a) In an equilateral 
triangle, b) In a rectangular triangle. 


sides equals 1. This, however, is easily seen by noticing that the area 
of A 123 is the sum of the areas of A k23 A kl3 and A kl2. 
The equation is: 


i (13) = i (23) + i ^2 (13) ^ 63 (I2) 


As the sides 13, 23 and 12 are of equal length it follows by division 
that: 1 = 61 -l- 62 -t- 63 . 



In the second place (fig. 15b) we 
can take a rectangular set of axes 
and place along the axes two of 
the b quantities (for instance b^ 
and 63 ) ; b^ can then be calculated 
directly. Now the quantities 
Sg JBg are known by measurements 
for the spectral colours, so that 
we can also calculate directly the 
quantities b^ b 2 b^ (see table B). 
If we plot these quantities in the 
manner shown in fig. 16a we get 
fig. 16. As was to be expected, most 
spectral colours again fall outside 
the triangle. In sect. 26 we saw 
that the majority, of these colours 
had one negative B coordinate, 
and according to formula ( 1 ) this 
also leads to one negative b coor- 
dinate, therefore to a point out- 
side the triangle. 

The great similarity of fig, 16 with 
the section of fig. 14 now becomes 
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obvious, and this similarity is no 
coincidence. For we can prove that 
these two figures are completely 
correspondent. For this purpose we 
once more draw in fig. 17 the three 
coordinate axes and the plane 123. 

We would recall the fact that the 
individual angles between the three 
axes have been made equal and that 
the plane 123 cuts off equal parts of 
the axes, from which it follows directly that triangle 123 is equilateral. 
Further let K be the representation of a colour lying in the plane 123. 
It can be seen from the figure that: h^: ~ h : 02. If we represent 

the last ratio by q it appears from the symmetry of the pyramid 
0.123 that not only — q but in the same manner: : B^^ q 

and h^\ B^ — q. Hence it follows that : hy = B^ : B^ : B^. 

The distances from K to the sides of the equilateral triangle 123 are 
therefore proportional to the coordinates By, B^, of K in the colour 
space, in other words: the place of the point K in the triangle 123 is 
fixed in the same manner as the point K in 16a. Hence it follows that 
in the section 123 of fig. 17 the same representation of the colours does 
indeed occur as in fig. 16 (the only difference lies in the fact that the 
figures may still be drawn on different scales; this is, however, of no 
importance). 

We can also express this important result as follows : If O is a small 
light source, and a few colours K are represented by their points in 
colour space, then the shadows of those points thrown by the light 
source at 0 on the plane 123 will be the representations of the selected 
colours in the colour plane. 

In mathematical language : the colour triangle can be produced by 
projecting the points of colour space from 0 on to the plane 123. 
In fig. 12 this projection is portrayed for the spectral colours. 

§ 28 Conclusions from the connection between colour space and 
the colour plane 

The connection just discovered enables us to deduce the properties 
of the colour triangle from those of colour space. In the first place 
we are again interested in how the mixture of two colours K and K' 
takes place in the colour plane. Now we have already seen in sect. 26 
that in colour space the mixed colour K + K' was coplanar with 



Eig. 17 . 

Relation between colour space O, 
1.2.3 and the colour tria-nglc 12 3. 
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K, K' and O (fig. 13). This plane has been 
chosen in fig. 18 as the plane of diagram. 
Further AB represents the line of inter- 
section of this plane with the colour plane 
(plane 123 in fig. 17). The representations 
of the three colours in the colour plane are 
k, k' and k + k' — the shadowgraph of 
K. K' and K -(- K'. 

We see, therefore, that in the colour plane 
the mixture k -i- k' hes on the connecting 
hne of k. and k'. This important result, 
which we formerly fsect. 20) accepted 
without any scruples, is now proved beyond doubt by the simple 
properties of colour space. 

Plane 123 from fig. 17 possesses one more remarkable property: it is 
in fact a plane of constant brightness. A point K of that plane has the 
spacial coordinates and B^ and the triangular coordinates 

and 63, while according to sect. 24: =- qhy^, qb^ and 

B3 — qba. From this it follows that the brightness B = Bi + Bi + 
Ba = ? (^1 + *2 + ^a)- Now 5 is the same for each point of plane 
123, and the same obtains for 6^ -{- 63 -f- 63. Therefore the brightness 
B is constant too. 

There is, however, one small flaw in this argnment. It is undoubtedly 
true that the matching mixture of the three primary colours has a bright- 
ness B = flj -f- Bj -f- Bj (this follows from the definition of brightness 
sect. 17). 

But, does it follow that the colour reproduced also has brightness B ? In 
reproducing them we have made the two light spots indistinguishable. 
This implies that the apparent brightnesses are equal but 
not that the brightnesses are equal. For the international relative 
luminosity curve was derived from the difficult heterochromatic 
luminosity measurements, and hero we have a quite different and equally 
subjective measurement. For this measurement it is therefore not certain 
a priori that equality of apparent brightness implies also equality of bright- 
ness. If this should not appear to be the case for the average observer this 
would form a serious defect in the established curve and it would be 
advisable to revise that curve and thereby to take info account the hetero- 
chromatic luminosity measurements as well as the colorimetric adjust- 
ments. In practice it appears, however, that the defect mentioned does 
indeed exist to a certain degree hut that it leads to only the smallest 
deviations'in all colorimetric adjustments occurring in practice, so that we 
may' consider our argument as correct. It is clearly apparent from this 
example how cautious one must be as soon as one departs from the 
precept given by Schrddinger'; "keep all brightness measurements 
quite separate from colour measurements". In this connection one may 
perhaps wonder if it is not possible to establish a relative luminosity curve 
exclusively based on colorimetric adjustments, thereby avoiding all 



Ch. Ill follows from the 
mixing construction of 
fig. 13. 
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heterochromatic photometry. This appears, however, not to be possible. 
We can indeed in this manner restrict the use of heterochromatic adjust- 
ments to a minimum, namely to the determining of the relative luminosity 
for the three selected primary colours. See also G u i 1 d *> “), H. K 6 n i g <) 
and Richter®). 

We can now calculate where the mixture K -f K' has, to lie on the 
connecting line kk'. It can be proved quite easily by algebraic or 
geometrical means that (see fig. 18) : (k - k -f k'). : (k -f- k' - k') = 
B' : B*). This expressed in words means that the distances in the 
colour plane of the mixture k -1- k' to the two components k and k' 
are in the ratio of the brightnesses B" and B of the two components. 

Algebraically this property is proved as follows-: let the space coordinates 
of the two components and their mixture bo respectively (Bj B, B,) 
(Bj' Bj' Bj') and (Bi* By Bj"), their coordinates in the colour plane be 
(&j 2i, fig], (bi fig' fig') and (fi]' 6g' &,') and lastly their brightnesses be 
B, B', and B“. then: (k k -1- k') ; (k -1- k'->-k') = (fi'j — f>,) : (6,' — *>") 
(the three colours should be marked in the manner of fig. 15a in the 
colour triangle). If we fill in here in succession the equalities 5, = B, : 

(Bg -I- Bg -t- Bg) = B, 1 B ; 6,' = Bg' : B': 6,' = B,' : B'; Bg* = 

Bg -f Bg' and B' = B + B'. the relation sought for will be found by a 
simple calculation. 

Geometrically we derive the property by the aid of fig. 19 in which the 
letters have the same meaning as in fig. 17. Draw KKg parallel to AB. 
As AB is the section of the diagram with a plane of constant luminosity, 
k and k' (considered as points of colour space) represent colours of equal 
brightness. The same obtains for the points K and Kg, so that OKg : OK' 
not only represents the ratio of the brightnesses of Kg and K' but also the 
ratio of the brightnesses of K and K'; OKg : OK' = B : B'. 

But now: (k -r k + k') : (k k'^ k') = KC : CKg = 

(K-» K + K') : OKg = OK' : OKg = B' ; B. 

In the special case that the two brightnesses are equal the mixture 
lies exactly between the colours k and k'. As the "general rule” of 
sect. 20 now appears to hold in our 
new colour triangle worked out from 
the colour space, the conclusions 
drawn from this in chapter III are 
also vaUd without alteration. 

§ 29 Other colour spaces and colour 
triangles 

The colour triangle 123 found in fig. 

16 compared with the triangle XYZ 
• of fig. 6 has two great disadvantages. 

*) The- sign -*■ should not be confounded -with -t — »■ : k -► k k' simply means 
the distance between the' points k and k + k'. * . 



Derivation of formula (k-^k-f-k'): 
(k -(-k'-»-k') = B' : B. 
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In the first place several colours have negative coordinates. This 
property that the triangle has inherited from the colour space of 
fig. 14 appears in practice to be a great disadvantage ; calculating by 
means of these coordinates is greatly impeded by it. 

A second disadvantage appears when we determine the situation of 
the white point in fig. 16. When we know the position of the spectral 
colours this determination is made most easily by selecting two pairs 
of complementary spectral colours (sect. 23). The white point must 
then lie on both the connecting lines of the two pairs and is therefore 
found as the point of intersection of these two hnes. Now it turns 
out that the point W lies as shown in fig. 16, close to the yellow 
spectral colours. In other words, a very small contribution of blue is 
sufficient to pass from very saturated yellow to white. 

The consequence of this is that aU red, orange, yellow and a part of 
the green colours are compressed in the narrow triangle 1W2. The 
colour triangle of fig. 16 is therefore not particularly suited to giving 
a general picture of all colours. 

How can this be improved? That is to say, how can we arrive at 
another colour triangle not having the two disadvantages men- 
tioned? Is it possible to construct various colour triangles? If we take 
the standpoint of chapter III we can answer the latter question at 
once in the affirmative. In fig. 6 both the place of the colours R, G 
and B and the position and size of the triangle XYZ were chosen 
arbitrarily. Merely by selecting this triangle large enough, all spectral 
colours can find a place in it and the occurrence of negative coordi- 
nates is therefore avoided. In order to see the possibility of various 
types of colour triangles from the more exact standpoint adopted 
in chapter IV, in which colour triangles are derived from a colour 
space, we must seek in the formulation of the colour space (sections 
24, 25) for points where we have acted in any way arbitrarily. After 
choosing the system of axes, of fig. 10b we agreed to mark off the 
three coordinates Bj. and B, of any colour K along these axes. In 
other words, we have placed the spectral colours 700, 546.1 and 
435.8 mp (for which only one of the B’s differs from 0 'in each case) 
•along the axes and, moreover, we have placed. these primary colours 
at equal distances from O when they displayed the same brightness. 
This allotting of definite places to these spectral lights (Avith bright- 
ness 1) can be called arbitrary: they might just as well have been 
placed anywhere else in the space. 

If we choose another position all colours are then disposed differently 
over the space (and therefore also over the colour plane). If we keep 
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the primary colours on the coordinate axes but place the three 
colours possessing equal brightness at unequal distances from 0 (in 
other words, make the scale in which the colours of different bright- 
nesses are distributed along the axes different for the three primary 
colours), it would be possible in this way to get the white point right 
in the middle of the colour triangle. In order, however, to avoid 
negative coordinates in the colour space (and at the same time in the 
colour plane too) it has been found necessary to allot a place to the 
spectral colours 700, 546.1 and 435.8 not lying on the coordinate 
axes. Fig. 14 shows straightaway that these spectral colours have 
to be placed more to the middle of the shaded triangle if all spectral 
colours are to have a place inside this triangle. In the following 
chapter we shall see how to choose the position of the spec tral colours 
700, 546.1 and 435.8 to obtain a satisfactory colour space and 
colour triangle. 
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§ 30 Introduction of the XYZ system 

In 1931 the C.I.E. (see section 16), considering the possibilities men- 
tioned at the end of the previous chapter, recommended a new 
system of colour coordinates based on new measurements by 
Guild*) and W r i g h 1 2). 

Cf. the explanations of this system given by S ni i t h ‘), Judd “), li i- 

b a II d ^), Escher*-), Fleury*), R i c li t e r “) etc. 

The introduction of this new system, which has since been adopted 
internationally and is in general use, aimed at establishing unifor- 
mity in the specification of colours, for which hitherto various 
systems were in use, mostly based on the old measurements of 
K 6 n i g ®) (1892), sometimes supplemented by those of A b n e y ^), 
Ives®), E X n e r ®), and others [see also J u d d ^) and Tro- 
ian d ^)]. The introduction of this new system may therefore be 
compared with the introduction of the concept of brightness based 
on the international relative luminosity curve (sections 16 and 17). 
Here too a selection was made from the measurements hitherto 
effected and a standardised system based on those measurements was 
invented. The same law applies to colour measurements as to bright- 
ness m'easurements, i.e. a method is correct when its results corre- 
spond with the values arising from the standardised definitions. 

The new system, generally laiown as the "C.I.E. system 1931”, not 
only adopts the newer measurements but is moreover arranged so as 
to make practical calculations as simple as possible. In particular the 
objections summed up in sect. 29 have been eliminated. 

We again take three coordinate axes in space, named in this case the 
X axis, Y axis and Z axis, forming together equal angles. The coor- 
dinates, too, which define the place of a point in colour space are 
indicated by X, Y and Z. As in fig. 10b, the coordinate Y is again the 
distance of the point to the plane OXZ (measured in the direction 
parallel to the Y axis) etc. 

Further, in order to give the colour space (and at the same time the 
colour triangle derived from it) ail the properties desired, the following 
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places have been allotted to the spectrum colours 700, 546.1 and 
436.8 mp (with brightness '1) (fig. 20): 

700 miJL:X= 2.7689; Y=l; 0. 

546.1 nip ; X = 0.38159; Y == 1 ; Z = 0.012307, (8) 
435.8 mp ; X = 18.801; Y-- 1; Z - 93.066. 


We cannot here go further into 
the question of how this clever 
choice was made. 

How can the place of any given 
colour K be determined in the 
XYZ space? Let the colour K 
again be reproducible by the 
•mixture of the colours 700, 546.1 
and 433.8 mp with brightnesses 
Bi jBj and Bg. These three com- 
ponents lie on the three lines 
given in fig. 20. Their place in 
the XYZ space is given by their 
XYZ coordinates. These are, as 
follows directly from (81 : 


/ 



1931). The primanos 700, 546.1 and 
436.8 (each with' brightness 1) are 
allotted special places in XYZ space. 
• For ail three V = 1. 


red component 

(X = 700) : X = 2.7689 ; Y =t Bj,- Z 0, 

green component 

(X = 546.1) : X = 0.38169 B*; Y B^; Z 0.012307 B„, 
blue component 

(X = 435.8) : X = 18.801 Bg lY^^B^.Z^^ 93.066 Bg. 

Now the colour K is obtained by adding these three components. 
The X, Y and Z coordinates we find (sect. 26) by adding the 
corresponding coordinates of the separate components: so for the 
colour K we have : 


( X == 2.7689 Bi + 0.38159 Bg + 18.801 Bg 
I Y = B^ -f- Bg + Bg 
[ Z = 0.012307 Bg + 93.066 Bg 


( 9 ) 


These are therefore the coordinates which enable us to calculate the 
coordinates X, Y, Z of any given colour K when the coordinates 
Bj Bg and Bg are known. Or, to use a more mathematical term, 
these are the equations for transforming the B^, Bg and Bg system 
to the XYZ system. 

81 
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Now in order to obtain an insight into the distribution of the colours 
over the XYZ space we must repeat for the XYZ system in a few 
words all the considerations regarding the system given in 

chapter IV, With this end in view we shall sometimes use the formu- 
lae (9) and sometimes adopt more mathematical considerations, 
whichever best furthers our desire to keep the reasoning as simple as 
possible. In many ca.ses it will appear that we can transfer the pro- 
perties discovered in chapter IV without further ado to the XYZ 
system. In other cases the properties of the two systems seem to 
differ considerably. 

In the XYZ system each colour has its allotted point. The formulae 
(9) enable us to determine the coordinates of that point. As a descrip- 
tive method the XYZ system is therefore equivalent to the B^B^B^ 
system (cf. sect. 24). 

The property of seel . 26; "If we only alter the brightness of a colour, 
the colour point moves along a straight line through O”, is un- 
changed, for, when the brightness of the colour K is raised a factor 
n, Bi jBjj and B^ will also be increased by the same factor « (sect. 25) 
and according to (9) the same applies to the quantities XYZ. The 
quantities therefore increase proportionally, so that in the XYZ 
space we also proceed along a straight line through 0. 

In particular we shah now consider the straight lines each represen- 
ting a certain spectral colour which together form the surface of a 
cone. 

In sect. 26 we established the corresponding straight lines by esta- 
blishing experimentally the three brightnesses B^ B^ and Bg re- 
quired to match each spectral colour at one particular brightness. 
In table B (the tables denoted by a letter are at the end of this book) 
these experimental results have been reproduced: and Bg give 

therefore the space coordinates of the spectral colours, presupposing 
that the power (number of watts) is the same for each colour. 

The use of capitals signifies that we are concerned with space-coor- 
dinates (see the agreement made in sect. 27), the bar above the letter 
reminds us that the quantities are related to colours with equal 
power. 

All tbe tables at the end of the book are based on the measurements 
of Guild and Wright, mentioned before, adopted by the 
C.I.E. for the specification of colour. 

Of course all values By Bg and might have been multiplied by 
any given equal amount. 

If we set out the values of Bj Bg and Bg for each wavelength we 
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get three curves 
called by the not 

very happily chosen J^siO 

name of "istribu- V-soo 

tion curves” (of the \ 

spectrum of equal — ''l ^490 

energy) or tristim- \\ 

ulus values. -. zT^z : ' ' T " ' - ~]/ 

In addition the 
accessory trichro- 

matic coefficients / / 

(coordinates in the 
colour plane) 6, 6« 

I. • • Fig. 21 ^ «" 

“3 given in taoie colour space XYZ with cone of spectral colours and the 
B (see sect. 27 ). intersections of this cone with a number of parallel 

, '' planes. The lines OX. OY, OZ do not represent 

J. t can be seen that chromaticities. 

almost all spectral 

colours do indeed possess one negative coefficient. 

From the coordinates 'E^ given in table B we can now calculate 
the. corresponding coordinates Z Y and according to formula (9). 
Table .D gives the results, which of course again apply to spectral 
colours of equal powers. Besides 11Y2, the correspon^ng coefficients, 
x = lC;(X +Y +Z)] y^Y:(X +Y +7) 3.ndz~-Z :pC +Y +7) 
of the colour plane are given (table E). 

We see straightaway from table E that one of the objections to the 
old system has disappeared: there are no longer any negative coor- 
dinates. This also appears from fig. 21. Here the cone surface of the 
spectral colours -(analogous to fig. 12) as it follows from table D has 
been drawn, again with some sections with planes cutting off equal 
parts of the X, Y and Z axis. We see that the whole cone surface — 
in contradistinction to fig. 12 — lies within the pyramid: this is the 
necessary condition for the avoidance of negative coordinates. 

In figs. 11 and 12 the axes 01, 02 and 03 represented certain kinds of 
colour, namely those selected as primary colours. In fig. 21 on the 
other hand the axes OX, OY and OZ lie outside the colour cone and 
therefore represent no colours. These three directions only serve — 
just as the triangle XYZ in fig. 6 — to make it possible to give the 
position of the colour points in numbers. 
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§ 31 Further properties of the XYZ system 

Let us now mix two colours K (coord. and K' (coord. 

Bjj' Bg'). The mixture has. according to sect. 26, the coordinates 

+ Bl Bg + B^', Bg + Bg . 

The X crjordinate of K is therefore 

2.7689 Bj + 0.38159B2 4 18.801 Bg = X 
that of K': 2.7689 B/ 4- 0.38159Bg' 4- 18.80lBa' = Z' 
and that of K 4- K' ; 

2.7689{Bi 4- B^) 4- 0.38l69fB2 4- Bg') 4- IS.SOlCBg 4- Bg') 

From this it follows immediately tha^ the X coordinate of the mixture 
is equal to Z 4- Z'. If the same reasoning is applied to the Y coor- 
dinate and the Z coordinate we find that the thesis proved in sect. 26 : 
"the coordinates of the mixture are found by adding the correspon- 
ding coordinates of the two components” obtains here too. Geome- 
trically this means again that the addition of K and K' takes place 
by parallelogram construction (fig. 13). Hence it follows in sect. 26 
that mixtures of two or more spectral colours always remain within 
the cone which is bounded by the spectral colours and the plane 
rOv.- Within this cone each point represents a certain colour, while 
points outside the cone represent no colour. This proves at the same 
time that negative coordinates never occur even with composite 
colours. 

The quantities x X : (X + Y + Z)] y ~ Y : {X + Y 4- .^ and 
z = Z : {X + Y + Z) can again be plotted in the colour plane by 
the two methods of fig. 15a and 15b. Fig. 22a gives the colour 
triangle in the equilateral form. We have already met this method 
of representation in figures 6 and 7. As only two of the three coordi- 
nates are used for the rectangular triangle there ar^e three possibilities 
( fig. 22b-d) of fitting the colours into a rectangular triangle on the 
C.I.E. system. From practical considerations the use of the rectangu- 
lar triangles has lately become more and more usual. There is no 
international agreement regarding the choice of the three possibili- 
ties. In practice forms 22b' and 22d are met with more or less exclu- 
sively (the former particularly in the Netherlands and the latter in 
England, France, America and Germany). We shall choose for our 
further illustrations the form 22d. We shall not discuss further the 
minor advantages and disadvantages of each of the triangular 
shapes. As the shapes 22b and 22d are both met with in the literature 
on the subject it is desirable to become familiar with both representa- 
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tions. For this reason a few figures will be given according to both 
methods. When the rectangular forms are used the oblique side is 
usually omitted, as we are only interested in the distances from the 
colour points to the two sides of the rectangle (see for instance 
fig. 25). For the sake of convenience we shall continue to speak of 
a "colour triangle" although actually the expressions "colour dia- 



Cblour triangles or chromaticity diagrams derived from 
the XYZ system, a) equilateral form; b, c, d) rectangular 
forms. 


gram” and ".chromaticity diagram” or "chromaticity chart" and the 
more general "colour plane” are more correct in this case. 

Fig. 22a, the colour triangle in equilateral shape, corresponds with 
the figure occurring in the sections of fig. 21. 

By analogy with the corresponding proof of section 27 (fig. 17) we 
find hi : X q] h^-.Y — q and h^: Z — q] therefore hi : h^ ; 
Ag = X : Y : Z. The distances from K to the sides of the triangle 
are therefore in the same proportion as the space coordinates X, Y 
and Z. 

From this property it follows again (see fig. 18) that in the colour 
plane the mixture k + k' lies on the connecting line of k and k'. All 
conclusions drawn in chapter III from this property evidently 
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obtain also for the colour triangle of the C.I.E. system. 
We come now to a property in which the XYZ system 
deviates from the system, namely the 

A+ft' planes of the transverse section in fig. 21 are 
no longer planes of equal brightness. 

From the second example of the equations 
(9) of sect. 30, y = + jBa + jBg 

it follows that Y = B, so that we find 
for the planes with constant bright- 
ness the planes with constant Y, i.e. 
the planes parallel to the coordinate 
plane XOZ. Fig. 20 illustrates such a 
plane. For the planes of transverse 
section in fig. 21, however, X + Y + Z = constant and- we see also 
that they do not run patatlel to the plane XOZ, so that these planes 
are not planes of constant brightness. 

Directly connected with this deviating property of the XYZ space 
is the fact that the last property of sect. 28, the position of the 
mixture k + k' between k and k', does not remain unaltered for the 
XYZ triangle. 

In contrast to what was found previously (fig. 18) : (k -*■ k -f k') : 
(k + k' -<■ k') = B' : B we find for the new system the formula: 


Eif!. 2a 

Derivation of the lormula 
(k -* k -t- k') : (k + k' -* k') ■= 

III IL 

y' ' 


{k^k4.k'):(k^k'^k'>-y:|- 

or, verbally, in the new colour plane the distances of the mixed 

B 

colour k + k' to the two components k and k' stand as — : — , 

y y 

therefore as the quotients of the brightnesses and the Y-coordinates 
in the colour plane of the two components. 

The derivation of this formula is carried out in exactly the same way 
as that of the corresponding formula sect. 28. 

Algebraically: the space coordinates of the two components and 
their mixture are respectively (XYZ), (X'Y'Z') and(X''Y''Z"), their 
coordinates in the colour plane are (xyz), (x'y'z') and and 

their brightnesses Y, Y', Y'. Then (k-*k+k') : (k-|-k'-*k') = 
Cy'-y) ; (y'-y"). 

If the equations y == Y : (X + Y + Z); y' = Y' : (X' + Y' -i- Z'); 
y* = y* : (X' + Y* + Z'); X* = X + Z'; Y' = Y + Y' and 
Z" — Z -h Z' are substituted successively it can be calculated 
that 
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(k - k + k') : (k + k' - k') = {X‘ + Y' + Z') : (X + Y + Z) = 

Z. ’ • Z = 
y ' y ” y' ■ 7 ‘ 

Geometrically : In fig. 23 K and K' again represent the colours to be 
mixed and AB the intersecting line of the plane of drawing with a 
surface cutting off equal parts of the axes OX, OY and OZ, We now 
get for the brightnesses of k and k' (considered as points of space) : 

— Y ,5 ; Y^.. = (X H- Y + Z is the same for all 

points of AB). Likewise L’k : Bko= yk • yk' = y ■ V'- 
For the ratio OK' : OK^ we get therefore: 


OK' : OK„ = B' : Bko 


B y' 


IT 

y 


■ a 

‘ y 


But now: (k - k + k') : (k + k' - k') = KC : CK„ = 

= (K K + K') : OKo = OK' : OKq = 

y ■ y 

This property is more complicated than the corresponding property 
for the system which we derived in sect. 28, but this is an 

unavoidable consequence of our endeavour to bring the white point 
more into the centre of the coldur triangle. For, if we imagine the 
reproduction of white by a mixture of the complementary colours 
yellow and blue, this endeavour means that we wish to modify the 
position of white in respect to these two components, and it is clear 
that the simple property of sect. 28 is then lost. 

Finally it must be remarked that the theorem just proved for the 
position of a mixed colour obtains unaltered for the rectangular 
triangle. In fig, 24 the same mixture of a colour C from the compo- 
nents A and B is illustrated in the equilateral and rectangular 
triangle. Seeing that in both representations the distance from a 
colour point to the base is equal to y, the dotted lines are all parallel, 
so that 


A' C ' 

c'b"^ 


AC 

CB 




jii 

Vu' Va' 

We shall now return for a moment 
to the second example of equa- 
tions (9) namely: Y = -t- 

B^ + B^. 

From this formula we read 
that in the C.I.E.' system the 



The formula of fig. 23 also obtains in the 
rectangular diagram. 
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y coordinate is proportional to the brightness. In table D'the 
column y also represents the brightnesses of spectral colours which 
all radiate the same power. But these brightnesses are by definition 
proportional to the international relative luminosity _curve Fx (see 
sect. 17 ). We can rightly call this column therefore: Y = Fx. 

§ 32 General transformations of colour space 

Equations ( 0 ) of section 30 . which tranformed the system 

into the XYZ system, form a special case of a general homogeneous 
linear transformation : 

A" == a^^X' + a,.;jy' + «i3Z' 

y* - (10) 

A' =-- flaiA' + a^^Y' + a^^Z' 

transforming a coordinate system {X'Y'Z') into a system (A^Y^Z") 
in which the a's are anj' given constants. The only thing required of 

flji ai3 

these constants is that the determinant does not vanish. 

®31 ^32 ®S3 

If this condition is fulfilled we can find the inverse transformation 
by solving (10) which transforms (A-’y^’) into (A'Y’2’): 

A' = h.^X" + b^^Y" + b^.Z" 

Y' = 631A' + b^^Y" + b^.Z" (11) 

2 ' = b.^X" + b^^Y" + b.^Z" 

in which the b’s are connected with the a’s in the well-known manner. 
A point in the X’Y’Z’' space always corresponds with a point in 
the X'Y'Z' colour space and inversely. 

Straight lines and plane surfaces are still straight lines and plane 
surfaces after transformation and parallel lines remain parallel lines. 
The following properties, which we have already .proved for the 
ByB^B^ and A' Y Z systems, hold for all colour spaces connected 
with those systems by homogeneous linear transformations : 

"When the brightness is changed a colour moves along a straight line 
through O.” 

"The spectral colours, together with the saturated purple colours, 
form the outlines of a cone within which all colours lie." 

“Mixing of colours takes place by vector addition.’’ 

"We find the corresponding colour triangle in a colour space by cen- 
tral projection." 
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“In the colour triangle the mixture k + k' lies in one straight line 
with k and k'.” 

The simple proofs we can leave to the reader. 

As nine arbitrary constants occur in (10), the number of transfor- 
mations that can be applied to a given system is oo®. This number 0 
recurs in various ways. 

Geometrically we can consider (10) as a transition to another coordinate 
system. In'this case the number of parameters amounts to 6 (for the 
establishment of the new axes) plus 3 (choice of units along the three 
axes) = 9. 

Physically (10) may mean another choice of primary colours coupled 
with a different choice of brightness units for the three primary 
colours. As the three colours, which are to be placed at a distance 1 
from 0 on the three axes, can dlways be chosen from the three- 
dimensional colour manifold, the number of parameters is 3 x 3. 
This physical formulation is only correct when the coordinate axes 
both before and after the transformation actually represent colours 
(in the XYZ system this is not the case). In general, however, the 
physical formulation obtains which we have already found in sect. 29 
and 30; any given place in space can be assigned to the 3 fixed 
colours (for instance, the spectral colours 700, 546.1 and 435.8 with 
brightness 1). This is also the formula by which the C.I.E. established 
the XYZ system. Number of parameters 3x3=9. 

In practice we do not bother about whether a general constant in- 
creases aU the space coordinates by the same factor. We are therefore 
actually only interested in the ratios of the 9 coefficients of (10). In 
this way, for practical purposes, the number of parameters has been 
reduced to 8. 

If the system (SjBjBa) (chapter IV) has been chosen for {X'Y'Z') 
we find by adding the three equations (11) : 

B — Bi + B 2 + = {bii+b2ii+l>3j)X'' + ( 5 ia -i-6g2 -r 

+ (^13 +^23 'i'/^aa)^ . 

In general, therefore, we can ascertain that the brightness of a colour 
is always a linear function of its three coordinates. Ihe coefficients 
occurring in this linear form, which are called luminosity coejficie^its, 
can assume any given value. For the B^B^B^ and the XYZ 
system they assumed the values (1, 1, 1) and 0, 1, 0) respectively. 
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§ 33 General transformations of the colour plane 

If colour space ' is transformed the corresponding colour plane is 
automatically .transformed as well. 

Since the following holds for coordinates in the colour plane (tri- 
chromatic coefficients) ; 

X' - X' -.{X' + Y'+Z'); y = Y' :(X'+Y'+Z'y, 
z' = Z' : (X'-i-Y'+Z') 

(and analogously for xyz") it follows from (9) that the transforma- 
tion formulae for the colour plane must be; 

x’ = (flu*' + «iay' + fliaS') : S 

y" = (flaix' + fl 22 y' + « 2 s^') : S (12) 

z“ = (flajflf' + flgjy' H- a^z') : S 

in which 

S — (fl^i -!- fl^i -h a^^x' -r (rti2 -I- -1- fla2)y' + (®i3 + ®23 + ^sa)^' 

From (11) the inverse transformation can be deduced analogously. 
The transtormation (10) of colourspace was homogeneous and linear, 
in other words, it was an affine transformation. The transformation 
(12) of the corresponding colour plane is on the other hand a projec- 
tive transformation. 

In consequence of this the connection between the two colour triang- 
les is much less obvious than the connection between the two colour 
spaces. That is why in the foregoing all properties of the colour plane 
were deduced from the simpler properties of colour space. 

Some of the consequences of the difference between affine and pro- 
jective transformation are the following: 

a. Whereas in the transformation of colour space the plane at 
infinity passes over again into the plane at infinity, in the transfor- 
mation of the colour plane the straight line at infinity in general 
passes over into a finite straight line, while inversely in the 
x'y'z' plane a finite straight line can in general be indicated, 
which after transformation plays the part in the x’y’z" plane 
of the straight line at infinity. The latter we can represent as 
appears in (11), by 2 = 0. 

In the transformation of the system to the X Y Z 

system, dealt with previously, the straight line at infinity passed 
over into the straight line y = 0. 

b. Whereas in the transformation of colour space parallel lines re- 
main parallel, and therefore a parellelogram remains a parallelo- 
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gram, we can transpose a parallelogram in the colour plane into 
a quadrangle of any given shape. 

c. In the colour plane a projective series of points corresponds with 
a series of equidistant points in space (for instance, the colours 
K, 0.9K -i- O.IK', 0.8K +0.2K' K') which remains equidis- 

tant in any transformation. This fact explains why, in the colour 
triangle, in general the mixture of two colours of the same-lumino- 
sity is not situated half-way between the two components. 

In general we shall therefore have to determine anew the position of 
the mixture of two colours on the connecting line of the components. 
If the coordinates of the two components are Z'^.) and 

(X'jc, V'k. ^'k) we find, in the same way as in sect. 31 : (k - k -t- k') : 
(k -I- k' - k') = (X',,. -b V'k- -t Z’^.) : (ZV + + Z'k)- 

But now B = L^X' ■+ L^Y' L^Z' holds, wherein are 

the luminosity coefficients (sect. 32), so that we can also write; 

(k-k+k') : (k-fk'-k') = 



'h K' "t K ^^' k . 

For T.^ = Lj =; I 3 1 this property passes into that of sect. 28, 
forLi = l,X.a = 0 and L 3 == 1 into that of sect. 31. 

Finally we notice that the distance of k -t- k' to k and k' only stands 
as ; Bg- when k and k' lie on a straight line L^x' + L^y' -I- = 

constant. In the C.I.F.. system these are the straight lines y == con- 
stant. In the SjBjBj system all straight lines conform to the re- 
quirement that Ljb^ + L.J) 2 +L 3 b 3 — b 3 -\-b 3 +b 3 == 1 an’d the simple 
property with regard to the position of k k' therefore holds. 


§ 33a Quantity of a colour; trichromatic unit 

it In section 25 attention has been drawn to tlie fact ti\at two colours K. 
(coord. X', y, Z') ahd «K (coordinates n.\". wF', nZ’), belonging to the 
same colour species, are .sometimes said to represent different quantities of 
the same colour (or colour species), the quantities being in the proportion 
1 : n. 

As a "trichromatic unit" of the colour K (having the trichromatic coeffi- 
cients or coordinates in the colour plane y'jj; r'jj) one defines the colour 
whose coordinates in colour space are *'j. y'j^and Ihe quantity of a 
colour K {X'y'Z') is therefore expressed in trichromatic units by 

: ^'k= y'K ■ y'K' -^'k :-'k = (^"k+ ^'k+ ■ (’''k + t'K + 

s'k) = (-X'k 4- V'k + ^'k.) 1 = -*^'k + ^'k + * 

Denoting X'-^ -f Y'k + Z'‘jr by and X'k- + V'k' -t- Z’k' by 
Dig-' it is seen from section 33 that in the colour plane the colour point of 
the mixture k + k' is determined by 

(k k -t- kT : (k -J- k' -► k') = >»k' '• "‘K- 
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In words: in the colour plane the distances of the’ colour point of the 
mixture to the colour points of the components are inversely proportional 
to the (luantities of the colours K and. K' expressed in trichromatic units 
of each colour (see section 60). 

The relation of the unit colour (k) to the primaries of X'Y'Z' space may 
also be expressed by the colour equation 

(k) ■< — >■ (X') + y'x (Y') + I's. (2')i 

or in worfLs; one trichromatic unit (k) of the colour K matches the additive 
mixture of units of (X'). t'k units of (Y') and a' units of (Z'). The 
colour (X'), beiiiK one trichromatic unit of the X' primary, is represented 
by the coordinates X' = 1, Y' = 2' = 0 etc. 

The coefficients of the colour equation adding up to 1, such an equation is 
sometimes denoted as a "unit equation". Some authors prefer to build 
up the theory of tlie tran.sforniation of colour space by means of unit 
equations (see Wright *“) and section 36a]. 


§ 34 Requirements a transformation should fulfil 

Since the existence of the ideas of colour space and colour triangle 
all kinds of desires have been expressed regarding their properties. 
We can satisfy some of these requirements by passing over with the 
aid of a skilfully chosen transformation to a system possessing the 
desired properties. This “skilful choice" of the transformation con- 
sists always of a suitable selection of the 8 ratios of the coefficients 
of transformation (10). As we have not less than 8 arbitrary para- 
meters at our disposal the possibilities for fulfilling requirements 
are very great. This fact is continually being lost sight of by some 
authors, A striking example is the application, by Helmholtz*) 
of K o n i g's *) measurements of sensitmty to wavelength differences 
to a general theory, based on an extension of the Weber law 
(see sect. 77). In this application Helmholtz had so many 
parameters at his disposal, which he could vary ad lib., that every 
mathematician would have been astonished if this application (to a 
fairly simple experimental curve) had not succeeded with reasonable 
accuracy. And yet Peddie^) and Allen^) forty years later still 
spoke of the success of that application as “one of the strongest and 
most direct evidences for the establishment of the trichromatic 
theory of vision" (see also sections 80 and 81). All the same there are 
of course a great number of requirements that cannot possibly be 
fulfilled. 

a. Requirements in conflict with either the affine or the projective 
character of the transformation. Thus, for instance, it is impossible 
to transform the curve of the spectral colours to a circle and thus 
to imitate the colour circle of Newton^). This would only be 
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possible if this curve in the XYZ triangle was already a conic 
section. 

b. Requirements which are mutually conflicting. See the example 
mentioned in section 31. It is impossible to place the white point 
about equally distant from all spectral colours and for the pro- 
perty that the mixture of two colours of equal brightness always lies 
half way between the two components to obtain at the same time. 
According to sect. 33 the latter requirement is equivalent to the 
equality of the three luminosity coefficients. 

c. A combination of requirements representing more than 8 inde- 
pendent conditions. 

We shall now give two examples of combinations of requirements 
which can be fulfilled. In earlier systems [K 6 n i g *)] very special 
directions have been chosen as axes in colour space (the isochrome 
directions of the dichromats, see sect. 65) and moreover daylight was 
placed in the centre of gravity of the colour triangle. The fulfilment 
of the first requirement makes six independent demands on the 
parameters ; and the second requirement two. The 8 degrees of free- 
dom therefore exactly allow of the fulfilment of all these requirements 
[see also Schrodinger*)]. The combination of demands made 
on the XYZ system of the C.I.E. is a little more complicated. In 
the first place the equal energy spectrum must lie at the centre of 
gravity of the colour triangle. This amounts to two independent 
demands. 

In the second place we have the simplest possible luminosity formula 
B = Y (the possibility = Lg = was already ruled out by the 
first requirement!). Two requirements. 

In the third place the plane X = 0 must touch the cone surface of the 
spectral colours along the generator represented by X == 507 mp 
(see fig. 21). Two requirements. 

Finally the plane Z = 0 must touch the said cone as well, and that 
along the generator representing X = 700 mp. This makes another 
two requirements. 

The requirements regarding the contact with the planes X = 0 and 
Z == 0 were for the purpose of causing the colour triangle to enclose 
the curve of the spectral colours as closely as possible. In this second 
example also eight separate conditions , have been expressed. 
Another requirement sometimes asked of a projective transformation 
is the preservation of the shape of the curve of the spectral colours. 
If we require this curve to remain unaltered both as regards shape 
and dimension's, there only remain three degrees of freedom (one 


93 


THE C.f.E, COORDINATE SYSTEM XYZ 


CH. V 


rotation and two translations in the colour plane). This requirement 
appears therefore to have been five-fold. If we only require the shape 
to be preserved a four-fold demand has been made which we 'can 
formulate as follows: 

a. The triangle formed by any three spectral colours must keep its 
sliape (two-fold condition). 

b. The relative position of the white point with regard to this triangle 
remains unchanged (two-fold condition). 

The transformations of the colour plane conforming to these require- 
ments are affine (the straight line at infinity keeps its place) and 
form a sub-group of the group of general projective transformations, 
For literature regarding transformations of the colour plane and 
space see Ives®’®), S c h r 6 d i n g e r *• ’), Froehlich^), 
G u i 1 d 1), D z i o b e k ^), Judd®), M a c A d a m ®) etc. 

§ 3o The monochromatic system 

Besides the trichromatic system with which we have been chiefly 
occupied so far, and which is based on the possibility of matching 
each cqlour by mixing three primary colours, there is another 
system in use, namely the monochromatic system, based on the 
possibility of reproducing each colour by mixing a "white” colour and 
a spectral colour (see also sect. 22). 

Instead of the three coordinates XYZ of the trichromatic system we 
now have the three quantities: dominant wavelength (XJ, colori- 
metric purity (P) and luminosity (B). These conceptions have al- 
ready been defined in sect. 22. 

One may perhaps wonder why this system has also been maintained 
beside the entirely adequate XYZ system, and why it was considered 
worth while continually to translate the values of the one system 
into that of the other. 

In a certain sense tradition has played a part in this. Historically th'e 
monochromatic system can boast of the same respectable old age as 
the trichromatic system, and both systems have been maintained 
and developed side by side in the course of time. 

But ibis historic development would not have been possible if the 
monochromatic system had not possessed some advantages lacking 
in the other system. These advantages are as follows : 
a. For people not steeped in the subject the exact significance of the 
TUoaochtotnatic coordinates is much easier to ■understand than 
that of the trichromatic coordinates. This is the more so because 
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at the very beginning of the development of the trichromatic 
system coordinate axes were adopted which lay outside the 
cone-shaped area of the colours (see for example fig, 21), while a 
less happily chosen terminology made the subject still more 
inaccessible for the layman. 

b. The definition of the monochromatic coordinates is less arbitrary 
than that of the trichromatic coordinates. For a long time very 
different trichromatic systems were in use side by side and it 
was almost an impossible task to show adequate accurate 
relationships between the different systems. But in the use of 
the monochromatic system far greater unity existed ; the mutual 
differences consisted chiefly in a slightly divergent choice of 
white. Since, however, thanks to the C.I.E., by far the greater 
part of humanity makes use of the same XYZ system (or a system 
which can be directly calculated back into it), this advantage of 
the monochromatic system has practically disappeared. 

c. The most important advantage of -the monochromatic system is 
considered to be the fact that it is in practice easier to get a general 
picture from it than from the trichromatic system. Indeed if the 
trichromatic coefficients xyz of a colour are given it is practically 
impossible to form from this an approximate idea of the character 
of the colour. If, however, the monochromatic coordinates are 
given such an idea can easily be made from this, e.g. "saturated 
bluish green”, "pale orange” etc. 

The advantages are very obvious if two colours differing only slightly 
are to be compared. Yet this advantage is 
not so great as appears at first sight. We 
must bear in mind that the colour sensation 
depends very largely on the surroundings 
and the condition of the observer’s retina 
(influences which we eliminated as far as 
possible in the case of colour measure- 
ment). Thus the monochromatic coordi- 
nates under certain circumstances can even 
cause an incorrect representation of the 
colour impression. 

Fig. 25 illustrates such a case. E and A 
represent respectively the colour points of 
standard white E and incandescent lamp 
light, and K a colour situated between the 
two. If E is used for the white point for 



The chromaticity K may 
evoke the sensation of pale 
yellow Pd = S83m{ji) or of 
pale blue (la = 483 nip) ac- 
cording as the surroundings 
are illuminated by E or A. 
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the monochromatic system we find for the dominant wavelength of 
K the value X — 583 my. (yellow), so that it might be expected that 
K would make a pale yellow impression under all circum- 
stances. This is, however, not the case. There are circumstances in 
which K make.s quite a different impression. If, for instance, we 
look at a large white surface illuminated by incandescent light and 
allow a small object to appear in the field of vision, which with this 
illumination posscsse.s the colour coordinates of K, the object will 
then look pale b 1 u e. The idea evoked by the value of X appears 
therefore in this case to be incorrect. 

Such gross contradictions can only be disposed of by choosing another 
white point each time in accordance with the illumination used. If, 
in the case described above, we choose A as white point for the 
determination of the monochromatic coordinates, we find for K the 
value X == 483 mix (blue). This value evokes the correct idea that we 
have here a pale blue colour impression. 

Only when the surroundings have a colour whose coordinates do not 
deviate too strongly from those of E, and the observed colour 
sensation is not too unsaturated, the monochromatic coordinates 
(starting from white point E) can evoke a fairly correct idea of the 
nature of the sepsation. 

Here we see, therefore, the following disadvantage -of the mono- 
chromatic system emerging. If we wish to profit to the utmost from 
advantage (c) we must every time choose a new white point, so that 
one particular set of monochromatic coordinates no longer belongs 
to a particular point in the colour surface. The monochromatic 
coordinates no longer follow unambiguously from the trichromatic 
ones. 

A second disadvantage is that the monochromatic system does not 
lend it.self to making calculations. While we are able to give simple 
instructions about the mixing of colours and the calculation of a 
compound colour for the trichromatic system, this is not possible 
for the monochromatic system. The only way to calculate a mixed 
colour from its components given by X^, p and B is to calculate the 
trichromatic coordinates- for the various components, to apply the 
well-known mixture laws and finally to determine the X^, p and B 
again from the results. 

Opinions may differ, after considering the various advantages and 
disadvantages, as to whether it is desirable to maintain the mono- 
chromatic system, but everyone will agree that it is certainly not 
desirable to support two monochromatic systems. And yet this is, 
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we are sorry to say, a fact. Besides the conception colorimetric 
purity defined in sect. 22, there is ye't another conception of purity 
in use, indicated by o *). This is a ratio of .distances in the X Y Z 
colour triangle, namely (fig. 7) for purple colours the relation WK' : 
WA, for the other colours WK ; WS. 

As in the case of p, a also increases from 0 to 1 when the colour 
moves from the white point to the spectral curve, but in a different 
manner from p (see sect. 40). 

In the long run one of the two quantities /).and a will disappear, but 
it cannot yet be foretold which will survive. Personally I should 
prefer to drop a, as this magnitude has something artificial about it, 
and is, moreover, connected with the — more or less arbitrarily 
chosen — XYZ system. But in various countries the opposite 
tendency exists. For distinguishing between the two conceptions it 
will in many cases be sufficient to use the letters p and a. If it is 
desired to distinguish the conceptions by name, p should be called 
"colorimetric purity” and a "excitation purity”. 

*) a (pronounce sigma) is the Greek letter s. 
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§ !}() Calculation of the colour coordinates of a li^ht source 

Tlu“ infist frequcTitly roenrrinf' problem of calculation .is as follows: 
(lotei'miiu; tlie colour coordinates of a mixture when the components 
an.' given, liiis problem takes various shapes according to the way 
in which the components are given. Finally, however, the calculation 
is always based on the property mentioned in sect. 31, i.e. “the 
coordinates XYZ of a mixture are found by adding the correspon- 
ding coordinates of the components.” 

If the components in the X Y Z space possess the coordinates 
(X,Y,Z.^.(X,Y,Z,) .... 

then it follows that X = X^ + Xj + X 3 

r = + y* + ys .... (i3) 

Z = Zj +2,. + Z 3 .... 

The calculation is simplest, of course, when we are dealing with a 
line spectrum and the coordinates of the components are directly 
given. 

.'\s an example we take the light 
of a mercury lamp in which , the 
mercury vapour has a pressure of 
1 atmosphere [for instance the 
mercury lamps of the type MA 
manufactured by Philips.'See for fur- 
ther particulars U y t e r h o e v e n *)]. 

This light possesses the com{K)nents given in the above table, . 

If we add the contributions of the separate components according 
to formula (13) we get the following for mercury light.: 

X = 49.62; y 09.82; Z = 38.38'. 

As X 4- y 4 - Z 147,82 we find for the trichromatic coefficients 
(coordinates in the XYZ triangle): 

X = 49,62 •; 147.82 = 0.336 
>’ == r>9.S2 : 147.82 == 0.405 
== 38.38 : 147.82 == 0.2595 
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Jn fig. 26 (C.I.E. triangle in the shape of 
fig. 22d) this result has been included in the [ 
diagram : the point Hg represents the colour_ 
of this mercury light. 

As a second example let us calculate the 
colour point of the "equal energy spectrum" 
(white point E, see sect. 23). 

This is a continuous spectrum; therefore 
we must divide the spectrum (as in sect. 

14 and 17) into a large number of equal 
intervals and add the contributions from 
each interval. Now table D, mentioned al- 
ready in sect. 30, contains the XYZ values 
for the spectral colours when all have the 
same • power; exactly the contributions 
required here. We therefore find the XYZ of 
the white point E by adding the coordinates 



Calculattid colour points of 
a number of light .sources 
plotted in the XYZ triangle 
A, B, C, standard illumi- 
nants. E = equal energy 
white. Hg, Hg' two kinds 
of mercury light. M = 
Blended light (mixture of 
Hg' and A). . 


of table D. The result is as follows: X = 21.37, Y = 21.37, Z = 21.36. 


From this we find the coordinates in the colour triangle, as follows; 


X = 0.3334; y = 0.3334; z = 0.3332. 


The white point E therefore lies exactly at the centre of gravity of 
the triangle. This is of course no coincidence. The XYZ system was 
previously selected so as to comply with this condition. 

We can also check the results we have just found in the following 
way. By adding the space coordinates table B we find 

the space coordinates of the white point E in the system: 

= 1.891 Ba =; 8.681 Bg =--- 0.1136, 

Hence we calculate according to equation (9) of sect. 30: 

X = 10.685 y = 10.685 Z = 10.68 or 

i: = 0.3334 y 0.3334 s = 0.3332. 

Beside the XYZ system — intended for general use — the C.I.E. 
has introduced another system {RGB) for the special purpose of 
establishing any possible new measurements regarding colour coor- 
dinates of spectral colours. This coordinate system lies between the 
Bj^BgBa system and the X Y Z system. The same choice has been 
made as regards coordinate axes as in the B^BaBg system, namely 
the spectral colours 700, 546.1 and 435.8 m. but care has been taken 
chat the white point E (as in the.Z Y Z system) falls at the centre of 
gravity of the triangle. By these qualifications the system is com- 
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pletely established, as follows; 3 x 2 4 2 = 8 (see section 34). The 
relation between and (RGB) is simply: 

; G = 0.21783 ; B = 16.639 S 3 . 

The relation between (RGB) and (XYZ) is as follows: 

X = 2.7689 R 4 1.7618 G + 1.1302 B, 

Y R 4 4.5909 G 4 0.06012 B, 

Z ------ 0.06650 G 4 5.5944 B. 

Table C gives the spacial coordinates (RG^) of the spectral colours 
of equal power and the accessory trichromatic coefficients (rgb). 
Here again negative values occur. The addition of all ^ G and 
values of table C gives for the white point E: 

R = 1.891, G = 1.891, B = 1.889 and therefore 

y = 0.3334. g = 0.3334, b = 0.3332. 

From y = J? 4 4.5909G 4 0.06012B it follows directly that the 

luminosity coefficients of the RGB system are as follows : 

Lj = 1 , 1,3 = 4.591 . Ig = 0.0601. 


§ 36a The transformation of RGB into XYZ 


* As an example of what has been said in sections 32, 33 and 33a we shall 
derive the transformation equations connecting the C.I.E. systems (RGB) 
and {XVZ). 

The trichromatic coefficients of the primaries R, G, B are: 


X 

(R) (} 700 m{i) 0.73467 

(Cr) 0 540.1 mpi) 0.27376 

(B) (> « 435.8 nifi) 0.18668 


y- z 

0.26533 0 

0.71741 0.00883 

0.00880 0.82456 


(a) 


as may he derived from eq. (g). x, y and x representing the coordinates of 
one trichromatic unit of (R). (G) ahd (B) in the XYZ colour space. When, 
tile colour points represented by (a) are transformed to the RGB space 
the corresponding colour points lie on the K. G and B axis respectively, 
but they will not represent trichromatic units in the new system. The 
co<7rdinates in tlie RGB space therefore will be 


R 

(R) (> = 700 nip.) a 

(G) (■« .546.1 mp) 0 

(B) (>. == 435.8 mp) 0 


G B 

0 0 

0 0 

0 r 


(b) 


The transfornmtion between the two systems is given by eqs (10). where 
X'VZ’ and X'Y'Z' are to be replaced by XYZ and RGB respectively; 
substituting the values from (b) into (a) we find 


0.73467 = a„» 0.28533 

0.27376 =. a„(J 0.71741 

0.16658 a,j7 0.00886 

eqs (10) therefore become 


= 0 = aji* 

= ajal? 0.00883 = ajj/S 

= a.^,7 0.82466 = ajj/ 
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X = 0,73467 Ti + 0.27376 /3-‘ G + 0.10658 '/■* S 

V = 0.26533 li + 0.71741 /J-i G + 0.00886 '/-i B (c) 

2 = 0.00883 |9-‘ G + 0.82456 '/-i B 

To fix the constants a, /3 and '/ wo claim that in both systems tlio standard 
white E must have equal coordinates and that the colour point representing 
one trichromatic unit of E in the XVZ system will be transformed to the 
colour point representing one trichromatic unit of Ti in the RGB system. 
The coordinates of one trichromatic unit of li are therefore 

Y ~ ^ 2==J and 

K = J G = J an<I a - i 

and these two points should correspond. Suhstilulion of tliese viihicHinto 
(c) leads to throe linear equations for «-*, /3'^ and y*, from wiiich we find 

= 0.66604, /3-1 = 1.1324 = 1.2006 

With these values (c) becomes 
a: = 0.48980 R -I 0.31001 G -1- 0.20000 B 

y = 0.17696 R -I- 0.81240 G + 0.01064 B (d) 

Z = 0.01000 G + 0.98999 B 

The coefficients in each of the eqs (d) add up to I. as should bo the case, 

for substitution oi R = G ~ li = \ must give A' = V = Z = J. 

The transformation of the xyz colour plane to the rgh colour j)lane according 
to eq. (12) is 

_ O-'^SOSO r + 0.31001 g -b 0.20000 b 
^ ~ 0.66394 r + 1,13241 g + 1.20003 6 
_ 0.17690 r ■+ 0.81240 g + 0.01064 h 
“ 0.66394 f + 1.13241 g + 1.20063 6 

0.01000 g + 0.98090-fe 

^ " 0.66394 r + 1.13241 g + 1.20063 b 

Dividing all coefficients of (d) by the factor 0.17696 we have: 

X = 2.7080 R + 1.75189 G + 1.1302 B 

Y = l.onoo R + 4.5909 G + 0.06012 li (f) 

Z = 0.0565 G + 5.5944 B 

These equations again represent a transformation from X VZ to RGB but 
now one trichromatic unit of R in XYZ is no longer transformed into one 
trichrotnatic unit of E in RGB space, as may be seen from tiie substitution 
R = G ^ in (f). giving: 

A' = V' ^ . Z = 5.65921 : 3 == 1.8862. 

However, (f) is the most common form for tiiis transformation. I'rom (f) 
we see that the luminosity factors in the RGB system are 
7,, = 1. I..i 4..5909, E, = 0.06012 
which values agree with those given in section 36. 

I'rom (d) we may finally calculate the reverse transformation 
R=r- 2.3647 A — 0.89656 y— 0.46808 X 

G = —0.51515 A + 1.4264 Y + 0.08874 Z (g) 

B = 0.00520 A — 0.01441 1'+ 1.00921 Z 

whose coefficients again add up to I in each horixontal vow. 

The same problem may he solved by means of colour equations 
[Wright **)]. We denote one trichromatic unit of the R(1H primaries 
in the XYZ system by (R), (G) and (B) and in the RGB system by [R]. 
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[CfJ !uul [H,'. (K) dcnotusa (spectral) colour (>. = 700 mp) whose coordin- 
ates in WX space are Kiven by (a). On the other hand [R] denotes a differ- 
ent ‘'quantity" of tlie same colour, whose coordinates in JIGB space are 
(KMj), Eroin (li) it may he seen that (R) = «[R]. The colour (R)is matched 
by certain quantities of the "primaries” (X) (Y) (Z). It is true that, as 
has been stressed in sections 20and2(>, (X), (Y) and (Z) are not "real" 
colours, l)Ut for the moment this will be disregarded. The quantities of 

(Xj (V) and (Z) needed to match (R) are given by (a). So we- may write 

(It) [Ki -<--.-0.7:1407 (X) -t- 0.20533 (Y). 

(fl) fJ K’.J <-0-0,27:170 (X) -)- 0.71741 (Y) -|- 0.00883 (Z), (h) 

(H) y IH| ■« ->-0.10058 (X) -f 0.00880 (Y) + 0.82456 (Z). 

.\s belori', the problem is to fix the values of «, and y. This may be done 
using the equality of the colours (E) and [E], each representing one tri- 
chroiiratic unit of the standard white in the XYZ and RGB system respec- 
tivelv, where 

(E) -.-vO.:5333 (X) 0.3333 (V) + 0.3333 (/.). (il) 

whereas [E] will lulfil the requirement 

[El 0.3333 [R] + 0.3333 [G] -f 0.3333 [B]. (i2) 

Adding the coiour equations (h) after dividing them by a, l3 and y (this is 
allowed in consequence of O r a s s m a n n’s laws), the first member 
is [R] -f [G] + [Bj and the second member a linear form in (X) (Y) and 
(Z). From the equality of (il) and (i2) we see that this linear form must be 
identical with (X) -f (Y) (Z). This condition leads to three equations 

in a'*, and y-t, from which we find again 

0.06694, /3-‘ = 1,1324 and 5 - 1 = 1.2006. 

The transformations (h) (relations between the primary units of both 

systems) become therefore 

[R1 ->-> 0.48098 (X) -f 0.17696 (Y), 

[G'i ->-* O.niiKll (X] -f 0.81240 (Y) -f 0.01000 dZ). (i) 

[B] 0.20000 (X) -+- 0.01064 (Y) -f 0.08000 (Z). 

and the inverse transformations 

(X) -<->• 2.3647 [R] — 0.61515 [G] -f- 0.00620 .[B], 

(Y) - 0.80656 riG -f 1.4264 [G] - 0.01441 (B], (k) 

(Z) - .0,40,808 [R] 4 . 0.08874 [GJ + 1.00921 [B]. 

When comparing (j) and (k) with (d) hnd (g) we see directly how we can 
derive the colour etpintions from the corresponding algebraic equations by 
transposition of the coefficients. The difference between both types of 
equations proves the necessity of making a clear distinction between colour 
equations and algebraic equations. We have avoided the danger of con- 
founding them by using the symbol -< — *■ for the colour equations. That 
danger of confusion really exists is proved by Bourn a*®), from whose 

I-iaper this section lias been rewritten. In the opinion of B o u m a colour 

ei Illations should be used as little, as possible, e.g, only when deriving the 
properties of colour space from Grassma'nn's laws. 


§ 37 Calculation of the colour coordinates of a li^ht source 
(continued) 

The hypothetical case given in sect. 36, namely that in which the 
colour coordinates of the various components are all cut and dried, 
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seldom occurs in practice. Usually the coordinates have first to be 
calculated and only then can the colour of the mixed light be deter- 
mined by addition. 

The components of which the light consists may be given in various 
ways. 

a. If the components are the spectral colours of which a heterochro- 
matic source is built up, the.se are mostly given by the ‘power they 
emit. 

b. If the components are the lights from various sources that 
together form the composite illumination, wc usually know the 
colour points of the separate components and the ratios of the 
quantities of light radiated by the various sources. The colour of 
the blended light is the colour produced by additive mixing of the 
colours of the individual components in proportions corresponding 
to the intensity ratios of the two sources. 

c. When we deal with a light source otherwise unknown to us we 
must not only make a calculation to determine the colour, but 
also take measurements. 

In case (a) we make use of table D. This gives the colour coor- 
dinates of the spectral colours of equal power. Now, seeing that 
the coordinates increase proportionally as the power increases, we 
find the colour coordinates of the spectral components by multi- 
plying, for each wavelength occuring in the light species, the numbers 
of table D by the power with which the wavelength concerned occurs. 
The space coordinates of the heterochromatic colour we find by 
adding those of the spectral colours. 

As a first example let us calculate once more the colour point of the 
mercury lamp mentioned already in sect. 36, but we now imagine 
the composition of the light given by the ratio of the powers £j 
£ 3 . . . . which every wavelength contains. The value (first 
coordinate of the yellow component X — 578 mp) we calculate by 
multiplying E^ by the value 1^(578) which we find by interpolation 
from table D: 


X 

colour 





678 

yellow 

35-2 

31-20 

31-28 

006 

546-1 

green 

28-0 

10-74 

28-14 

0-36 

435-8 

blue 

22-0 

7-33 

0-.39 

3630 

407-8 

violet 

2-4 

0-08 

0-00 

0-40 

404-7 

violet 

11-8 

0-27 

0-01 

1-26 
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After addition we find: 

X = 49.62; Y = 59.82; Z = 38.38 
or j: = 0.336; y = 0.405; z = 0.2595. 

An analogous calculation for the light of another type of mercury 
lamp (the so-called super high pressure mercury lamp, viz. a lamp 
of the MP type, mercury pressure about 20 atmospheres, manufac- 
tured by Philips) gives: 

z; = 0.309; y = 0.367; z = 0.324 (Hg' in fig. 26). 

As a second example let us calculate the colour point of the standard 
white A (see sect. 23), of which the relative spectral distribution is 
given in table F, namely E^. Now for each wavelength must be 
multiplied by the respective X, Y and Z from table D. This calcula- 
tion has been worked out in table G. A series of numbers, as in 
table G (obtained by multiplying the radiated power of a given 
light source for each wavelength by the X given in table D) 
is called a trichromatic distribution curve. Thus, for example, tables 
G, H and I give respectively the trichromatic distribution curves of 
standard whites A, B and C, while the values of table D are them- 
selves to be taken as the trichromatic distribution curves or tristim- 
ulus values of the equal energy spectrum (see also sect. 30). 
Addition of the values of table G gives us coordinates of the normal 
white A; 

X = 1185; y = 1079; Z = 383.4, 
or the triangular coordinates: 

X = 0.4475; y = 0.4075; z = 0.145. 

The latter are plotted in fig. 26 (point A). 

In the same way tables H and I give the calculation of the colour 
points of standard illuminants B and C, the spectral distributions 
of which are also given in table F. We find 

for B: .V .= 0.3485; y =. 0.352; z = 0.2995, 
for C: z = 0.310; y = 0.3166; z 0.3736. 

The points in the colour triangle are again plotted in fig. 26. As an 
example of case (b) we shall blend the mercury light Hg' of fig. 26 
(mercury lamp of the ME type) with incandescent light, and that 
in the ratio of 1 : 2, as regards the light quantities. For the mercury 
light we found .t,, 0.309; y^ = 0.367; = 0.324 and for the 

incandescent light = 0.4475; y* = 0.4075; Zj = 0.146. But 
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for calculating the mixed colour we require the spacial coordinates 
X^Y^Z-^ and X^Yz^z- These are proportional to the triangular 
coordinates and are obtained from them by multiplying them by 
certain constants. Now, how must we determine these constants for 
the mercury light and for the incandescent light? If we remember 
that in the XYZ system the luminosity is proportional to the Y 
coordinate (sect. 30), we see at once that we must select the two 
constant factors in such a manner that : Yj = 1 : 2. This 
result can be attained, for instance, by selecting the constant 1 for 
the mercury light, and for the incandescent light (0.367 ; 0.4075) x 
2 = 1.801. 

We find therefore: 

Xi = 0.309; Yi =/0.367; Zi = 0.324, 

Xz = 0.806; Yj = 0.734; Zz = 0.261. 

Addition gives the coordinates of the blended light as follows; 

X = 1.117; Y = 1.101; Z = 0.585, 

X = 0.3985; y = 0.395; 2 = 0.2085 

(see point M in fig. 26). 

In case (c) two courses lie open to us. In the first place we can measure 
the spectral distribution of the light and then work out a calculation 
as described for case (a). In the second place we can ascertain experi- 
mentally in what proportion we must blend any three selected lights 
in order to match the given light. From these results we can calculate 
X Y Z in the same way as this was done in sect. 30, from B-JBzBz. 
The means of carrying out these measurements and the advantages 
and disadvantages of the two methods will be discussed in chapters 
VIII and IX. 

§ 38 Calculation of the colour coordinates of coloured surfaces 

So far we have only been concerned with calculations on light coming 
directly from a light source. As a result we have not had to bother 
much about the total quantity of light radiated and the cor- 
responding brightness of coloured surfaces. By bringing the source of 
light closer, for example, the brightness of a light spot thrown on a 
screen cpuld be altered at will. The only things that remained un- 
changed were ; the relative spectral distribution of the light 
penetrating the eye and the colour point in the colour triangle. 

Now when we begin to calculate the colour of a coloured surface, or, 
more accurately, the colour coordinates of the light which the 
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surface transmits iti the direction of the eye under a certain illumi- 
nation, the same is true, up to a certain point. But if we consider 
that two differently coloured surfaces, if they are illuminated by the 
same light source, generally display different brightnesses, 
and that the relation of those two brightnesses remains unchanged 
if we vary the quantity of light radiated by the light source, we see 
that in this case the brightnesses are certainly a matter of greater 
concern to us. 

We can e.v press the matter thus: when we alter the quantity of light 
radiated h}' the liglit source, two quantities now remain constant; 
firstly the colour points (in the colour triangle) of the light reflected 
by the coh.mred surfaces, and secondly the brightness ratio 
of tlje surfaces. 

Let us take for one of these surfaces the so-called "standard white 
surface”, that is a screen covered with a thick layer of magnesium 
oxide (MgO) applied by holding a plate in the smoke of burning 
magnesium. This material is the best approach to "ideal white". By 
a good approximation we mean that it satisfies two requirements, 
namely: 

1. All the light is completely reflected whatever the colour of the 
incident light may be : there is therefore no absorption. 

2. However the surface is illuminated it always assumes the same 

brightness from whatever direction 
it is observed (perfect diffuser, ab- 
sence of gloss or glitter). 

Now if we wish to determine the 
colour of any given surface numeri- 
cally, we must first agree on the kind 
of light w'ith which to illuminate it. 
In many cases this will be one of the 
normal lights mentioned in section 23. 
In other cases we shall be concerned 
specifically with the colour when 
illuminated by another light source 
(for example, mercury light). In the 
second place we must define the di- 
rection from which we shall illuminate 
it and the direction in which we shall 
observe it or measure it. This is ne- 
cessary because, if one of these direc- 
tions is changed not only may an im- 





X /■ 

FiK. 27 

llliiinin.'itii'm aail measuring di- 
rcctioni when mei-isitring the co- 
lour of a surf.'icc K. G incan- 
descent lamp, [■' -- filter (to form 
illuniinant B or CJ, O place at 
measuring instrument or observ- 
ing eye. 
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portant modification in brightness take place (glitter), but in certain 
cases a change in the character of the colour can also be observed 
(as ■with textiles and some kinds of ink). As a rule illumination 
takes place at an angle of 45° and the observation or measurement 
from a direction perpendicular to the surface (see fig. 27). In cer- 
tain cases, of course, other directions may be more desirable; they 
must then be mentioned specifically. 

The data from which wc start to calculate a colour are of two kinds; 
in the first place, of course, the relative spectral composition of the 
light with which we illuminate the surface; in the second place the 
reflecting properties of the surface. The.sc properties are fi.xed by 
giving for each spectral colour the spectral reflection factor. By this 
term we understand the ratio of the brightness which the surface to 
be studied assumes when illuminated by the spectral colour, to the 
brightness which the normal white surface would display under the 
same circumstances. 

We represent the spectral reflection factor by the symbol e^^.*) As a 
rule is smaller than 1 : the normal white surface throws back more 
light than any other surface. Under, special circumstances (highly 
glossy surfaces, under a special choice of illumination and measuring 
direction) can, however, be greater than 1. From these data we 
can calculate: 

a. The colour point of the light radiated by the surface in the 
direction of the eye. . 

b. The reflection factor c of 'the surface, that is the ratio of the 
brightness assumed by the surface when illuminated by the 
heterochromatic light to the brightness assumed by the normal 
white surface under the same circumstances. 

A knowledge of s enables us to determine the constant ratio of the 
brightness of two differently coloured surfaces when illuminated by 
the same kind of light. 

Now that these conceptions have been established the calculation 
appears simple. For, if the light falls on the normal white surface, 
it will have the same spectral composition after reflection and we 
would have to determine the coordinates X Y Z as in sect. 37, by 
multiplying for each X occuring in the light the power E by the 
values "Xy and 2 (table D), and afterwards to add the results for 
the various wavelengths. 

If we now replace the normal white surface by the coloured 
'*) e (epsilou) is the Greek letter e. 

107 




CH. VI 


COLOUR CAI.CULATKLN'S l.\ TUJi C.I.K. SYSTEM 


I surface to be meas- 
ured, this means that 
the contribution given 
by a certain wave- 
length X to that ad- 
dition must also be 
multiplied by e^. 
Instead of ElC, EY 
and we must then 
calculate for each X 
the quantities 
t^EY and £^E^. Ad- 
dition then gives the 
values X Y Z for the 
heterochromatic light. 
The reflection factor 
e is calculated by 
making the same calculation for the normal white surface (here 
all are equal to one) and dividing the Y values of the first 
calculation by that of the second (these being of course proportional 
to the brightnesses). 

§ 39 Calculations on coloured surfaces (examples) 

As an illustration of the considerations laid down in sect. 38 we shall 
calculate the colour of a green slip of paper (from the well-known 
Ostwald colour atlas, in which it is registered as nc 79) under various 
illuminations. Fig. 2fi (curve 1) gives the spectral reflection factor 
for the various wavelengths. If we illuminate this piece of paper with 
the mercury light described in sections 36 and 37 (Hg in fig. 26) the 
calculation appears as follows: 


A 


j 






57 a 

31-20 

31-28 

one 

0165 

6-16 

6-16 

O-Ol 

.54 G1 

10-74 

28 14 , 

036 

0-.30I 

3 23 

8-47 

0-11 

43.5' ft 

733 

0 39 ' 

36-30 

0204 

1495 

0-08 

7-403 

407 8 

008 

0 00, 

010 

0 135 

0-01 

0-00 

0-05 

404-7 

0 27 

0 01 i 

1 26 

0 134 

004 

0-00 

0-17 


(M’t.'tfniint; to 
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Addition gives for the green colour of the paper: X ~ 9.93; 
toil 



Spectral reflection factor of the coloured papers used 
in the ciilculaticn 1) green paper; 2) purple paper. 
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y = 13.71; Z = 7.74 or a: = 
0.3165; y = 0.437; z = 0^47. 
Addition of the column EY shows 
59.82. Therefore we find for the 
reflection factor: 

e = 13.71 ; 59.82 - 0.229 
If the calculation is repeated for 
the second kind of mercury light 
mentioned in section 37 (Hg' in fig. 
26) Ave find the following: 

X = 0.286; y = 0.402; 
z 0.312; e = 0.240. 

Now we shall calculate the colour 
of the same piece of paper illumi- 
nated by incandescent light (Stan- 
dard illuminant A as light source). 
The value of Ell, EY and EZ v/e 
find in table G. These values must 
now be multiplied by the spectral 
reflection factor e^, as has been 
done in the annexed table. 
Addition for the green colour gives ; 

X = 169.2 Y = 238.9 Z = 121.3 
* =0.3195 y =0.461 z =0.229 

Addition of the column EY from 
table G shows Y = 1079.0, so that 
we find for the reflection factor: 

e = 338.9 : 1079 = 0.2215 


Finally we shall carry 
out this same calcula- 
tion for illumination 
by daylight. Ths spec- 
tral distribution used 
is given in fig. 29 and 

Fig. 29 

Relative spectral distribu- 
tion of the daylight used in 
the calculation. 
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represents about the average colour of daylight in 
N.W. Europe with a completely overcast sky 
in the month of December. We find for the 
colour of this daylight itself: x = 
0.3175 ; y = 0.332 ; z = 0.351 and for 
the colour of the green card; 

X = 0.2235 ; y = 0.3575 ; z = 0.265 
In fig. 30 we have plotted the 
various calculated green co- 
lour points. Hg and Hg' — 
mercury light, C = day- 
light, A = incandescent light. 
It strikes us that the points 
Hg and A almost coincide. 
In spite of the enormous 
difference in the spectral 
composition of the mer- 
cury light and the incan- 
descent light and in spite 
of the fact that the colour 
points of the two lights also 
lie far apart (fig. 26), they both lend almost the same colour to this 
green card. This example shows how careful one should be in making 
rough predictions about the colours under differently coloured il- 
luminations. Only careful calculation can show the correct results. 
Of course the great similarity between Hg and A in fig. 30 is the 
result of the choice of the coloured paper. For other colours this 
similarity does not exist at all. If we take, for example, a purple 
coloured paper (from the same colour atlas, marked nc 42) of which 
the spectral reflection factors are given in curve 2 of fig. 28, by 
exactly similar calculations we find the following colour points: 
For mercury light (Hg) 


X = 0.260; 

y = 0.201; 

z = 0.639 ; 

s = 0.114, 

for mercury light (Hg') 

0.243; 

y = 0.166; 

2 = 0.691; 

e = 0.1166, 

for incandescent light 

.■¥ = 0,4696; 

y = 0.302; 

2 = 0.2286; 

s = 0.171, 

for daylight x = 0.295; 

y = 0.191; 

2 = 0.614: 

s = 0.271. 



Fig. 30 

Calculated colour points of the green paper 
(■] and of the purplish paper (o) illuminated 
by various light sources. A = incandescent 
filament, Hg.Hg' = two kinds of mercury 
light, C = daylight, M = blended light. 


These results ate indicated by circles in fig. 30. We see' that the acci- 
dental similarity between Hg and A no longer exists. 


no 


§ 39 CALCULATIONS ON COLOURED SURFACES (EXAMPLES) 


As a final example we shall calculate the colour assumed by the 
purple paper when illuminated by the blended light we 
mentioned in sect. 37, i.e. mercury light Hg 'plus incandescent light 
in the ratio of 1 : 2. 

The triangular coordinates of the paper when illuminated successively 
by mercury light and incandescent light are already at hand. In 
order to discover the spacial coordinates which after addition give 
the colour of the paper illuminated by blended light, we must again 
multiply each set of triangular coordinates by a certain constant 
factor. If this had been a normal white surface these two constants 
would have had to be chosen so that the brightnesses of the compo- 
nents — i.e, the Y’s — stood to each other as 1 : 2. After taking 
into account the difference in the reflection factor when illuminating 
the purple paper by mercury light and incandescent light, the ratio 
of the two brightnesses (and therefore of the Y’s) becomes as follows : 

(1 X 0.1155) : (2 X 0.171) = 1 : 2.96. 

This is obtained by multiplying x, y and z for the incandescent light 
by 1.628. We therefore find for the mercury light contribution 
Xi — 0.243; Yj = 0.166; = (J.591 and for the contribution of the 

incandescent lamp Xg = 0.764; Yg = 0.4915; Z^ 0.372. 

If we add these contributions we find for the paper illuminated by 
blended light: 

X = 1.007; Y = 0.0575;' Z = 0.963 or 

a- = 0.383; y 0.250; z ^ 0.367 

The colour point (M) is included in fig. 30 and lies as it should on 
the line AHg'. What figure do we find in this case for the reflection 
factor? 

When we replace the purple paper by the normal white surface we 
find for Yj and Yj the values 0.166 : 0.1155 = 1.438 and 0.4915 : 
0.171 = 2.875 and therefore Y = 4.313. The reflection factor we 
wished to find is therefore 0.6575 : 4.313 0.1525. We obtain this 

same result in a slightly simpler way if wc realize that the blended 
light consists of one part mercury light to two parts incandescent 
light; therefore 

e = J Si 4- § eg = 0.0385 + 0.114 0.1525 

For another method of colour calculation see sections 51 and 52. 
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CH. V 


§ 40 Relation between the monochromatic and the trichromatic 
coordinates 

III continuiinci; of sect, .'.in we shall now set out to calculate the 
montichromatic coordinates oC a colour Irom its trichromatic coordi- 
nates !ukI vice versa. We can find the colorimetric purity f and the 
dominant wavelength X of a colour when its point in the colour 
triangle is known very easily, tliough with no very great accuracy, 
with the aid of /fg. ill, in which the XYZ triangle lines of constant 
X,i (lines through the point x -■ z — i) and lines of constant p are 
drawn. If we inscribe in this figure the colour given by its x and z 
value, we can at once read off p and X^. In fig. 32 the same diagram 
has been drawn again, proceeding from the rectangular x, y represen- 
tation (see fig. 2Ud). 

y ,—r-— Suppo.sing we have not got figures such as 
t - fig- 31 or 32 at our disposal (or supposing 

\ \^ I from another white 

\ \ — point than the E employed there), we 

determine the dominant 
K Y \ \ \ ^ wavelength graphically by 

^ \\. Vi 'irawing a sufficiently large 
lis^ \ /\ /(\\ \ \\ triangle (with the aid of 

■ so f \ 7\ Yv colour table E) in which 

iV'/. Ps we indicate the various 

SB I 'W X — wavelengths on the 

rC/OyNAUps. curve, of the 

ijoa/ 





(.liroiiiiiticity UiaKrani with lint's nf constant colorimetric purity p ami lines oft 
stant tlominant wavelength (r,i tliatjrani). 
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Now we join the colour point K to the white point; the connecting 
line intersects — on extension — the curve of the spectral colours at 
a certain point. The wavelength inscribed at this point is the dom- 
inant wavelength we wished to find. In jig. 33 this construction 
has been given. In this E (x = y — z — J) has been chosen as white. 
This simple graphical method, if carried out with care, enables us to 
determine the value of X^ for nearly all, colours with an accuracy of 
about 1 mp (for colours in the neighbourhood of the lines E -*■ 780 
and E -> 380 (fig. 33) the accuracy is not so great). If we wish to 
determine X,i with greater accuracy we must use a different method. 
We see from fig. 33 that all points on the line EK possess the same 
X, 2 . The dominant wavelength depends therefore solely on the slope 
of the line EK. This slope we can determine in its turn by the ratio 
(y — J) ; {x — ^). For we can easily see that this 

■ lints of the 

3) : 

V calculated 
efficients of 
, therefore, 
in order to 
:curately, is 
table giving 
on between 
io (y — ^) : 
- -J) and the 
o m i n a n t 



0 , 1 ' ■ ~~os ■ X 

l ig. 32 

The same as in liff. 31 Imt acconlinf; to fig, 22d (.r.y diagram). 
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In table J we find the required data. In order to 
avoid the occurrence of very large values of the 
ratio (this would make the estimation of inter- 
mediate values difficult) in all cases in which 
?60 the ratio would become greater than 1, the 
inverse value, namely (x — : (y — J) 

has been given. Table J enables us to 
determine the values of for almost 
all colours (provided their tri- 
chromatic coordinates have 
been sufficiently accurately 
given) with an accuracy 
of 0.1. 

Analogous tables lor 
other white points (A, 
B, C) are given by 
Judd"). 


-730 


330-410 

Fig. 33 

Graphical determination ol the dominant wave- 
length of a colour K. only depends on the 
slope of EK, i.e. on the ratio (y — J) : {x — J) 


Finally we wish to draw 
attention to the fact that 
to a colour K' on the 
extension of KE (fig. 33) 
the same slope, the same ratio (y — 4) : (* — J) and therefore, 
according to table J, the same pertains as to colour K. This is in 
agreement with the previous convention regarding the dominant 
wavelength of a purple colour (section 22). 

We shall now calculate the colorimetric purity f of the colour K. 
A rough estimate is again possible with the aid of fig. 31 or 32. In 
order to determine p accurately, we deduce a formula enabling us to 
determine p from the values x, y and z. If we call the coordinates of 
the spectral colour possessing the wavelength X,i, x^y^z^ and if we 
recollect the definition of ^ — we can match the colour K (brightness 
B) by mixing X (brightness pB) and E (brightness {p — 1) B) — 
we see (section 31) that the following holds in fig. 33: 

KXj : EK = = i- 

i Vb 

But geometrically we find 

KX4 : EK = (y, — y) : (y — J) 

From these two equalities it follows: 

1-^ p 

~I~ '7s "" : (y - i) 
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If we solve p from this we find the equation : 

ya (y-i) 
y (ya-i) 

In the same manner we can deduce the equivalent relations 


p = 


P 


_ Vb (x - 


(16) 


and p = 


ys - -3) 


(14) 


( 16 ) 


y('»a-'J) ' y ih-\) 

In practice we choose from the equations (14) (16) and (16) that which 
allows of the most accurate calculation. For instance if is very 
little different from J we do not employ equation (14), as in this both 
the numerator and the denominator are very small and inaccurately 
known. If we use, exceptionally, another white point instead of E, 
namely equations (14), (15) and (16) become 

(x-xj y, (y- yw) y* (« - ^w) 


p = 


(17) 


y (x, - x„) y iy,- y„) y (z, - zj 
If we are dealing with a purple colour (for instance K' in fig. 33) we 
must substitute in equations (14)-(17) for Xg % Zg the coordinates of 
the saturated purple in question (P in fig. 33). We can find the 
coordinates of P by extending the line EK' in the colour 
triangle and reading off the x and y of the point 
of intersection with the purple line. We can 
also, starting from the ratio (y — ^) : 

: (* — J), calculate the coordinates of ' 
P. If we represent this ratio by t 
then the following equations 
hold for the x aiidv of the 
point P: 

t — 1.22755 



y =■ 


3 i — 1.4169G 
0.24677^ — 0.47332 


3/— 1.41996 


(18) 

In order to deduce equations 
(18) we need only calculate 
the point of intersection of Elv' 
and the purple line. The equa- 
tions of these two straight 
lines are: 


Fig. 34 

Chromaticity diagram with lines of constant excitation 
purity a and lines of constant dominant wavelenght 


y = —0.07585 +0.47332 »; 

'y = i (1 — 0 + 
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If, instead of the colorimetric purity ip), we wish to determine the 
excitation purity (a) we have at our disposal entirely analogous 
methods. Fi(>. 34 enables us to make a quick but rough deter- 
mination. From fig, 33 we see that a = EK : EX^ = (v — i) : (yg — -J), 
so that we obtain the following equations for a: 

: (.t J) : (A, - 1) (y - : (y^ _ J) : {z, - J) (1 9) 

If we compare this equation with equations (14) — (16) we see straight- 
away that the values of p and a aie only equal if y^ == y, therefore 
(fig. 33) on the horizontal straight line through the white point. In 
(19) ton, in the case of purple colours, we have to fill in the trichro- 
matic coefficients of the saturated purples (according to equation) 
(18) for 

The inverse problem — the determination of the trichromatic from 
the monochromatic data — occurs far less frequently. This is a 
simple mixture problem. For colour K has the same x and y as the 
mixture of the colour X (brightness p) and colour E (brightness 
1 — p). We have already solved a similar mixture problem in sect. 37 
(case b), so that we need not here go any further into this. 


§ 41 Calculation of p and Xa (examples) 

We should like to illustrate the considerations of sect. 40 with a few 
examples. First we shall calculate X and p for the standard white A 
(see fig. 26). For this we found (sect. 37); 

X = 0.4476; y = 0.4076 and (y — 1) : (* — ^) = 0.649 
According to table J we then find that X^ = 583.46. 

For the determination of p we use formula (16) of section 40: 

^ = 1 >8 (* ■— i) h I y (^^8 — i) J = (0.4640 X 0.1143) : (0.4075 

X 0.2016) = 0.644 

We deduce from the values of X^ and p that standard illuminant 
A has a decided yellow hue (verging on orange). This is again 
a case of an apparent contradiction caused by the influence of 
the environment. In the evening the light in a room illuminated by 
incandescent light appears to us practically white. If, however, we 
burn an incandescent lamp (with frosted glass bulb) in clear daylight 
the colour impression is about what we predicted from the calculated 
monochromatic coordinates. We see here once more how careful we 
must be in interpreting such data; they can only give a fairly reliable 
prediction when the environment in which the object is seen in 
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practice corresponds roughly in colour with the white used for the 
calculation of X,i. 

The calculation of X^ and -p for coloured surfaces is carried out in a 
similar manner. As a first example we shall again take the green 
piece of paper described in section 39, the spectral reflection factors 
of which we find in fig. 28 (curve 1). 

When illuminated by daylight (see fig. 29) this had the coordinates : 

X = 0.2235; y = 0.3575; 2 = 0.419. 

We therefore find (y — ^■) : (x — = 0.2204 and from table J: 
X,i = 494.50. The value of p we find from (16) of .sect. 40: 

f ^-\y, (^— : \y(x, — J)| = (0.4005 X 0.1098) : (0.3575 

X 0.3079) = 0.400 or from (l(i) 

P -\ysi^-B\- jyk - ^) I = (0.4006 x 0.0857) : (0.3575 x ' 

0.2408) = 0.400 

As a second example we shall consider the purple piece if paper of 
section 39 (fig. 28 curve 2) for which we found, when illuminated by 
incandescent light : 

X = 0.4695; y = 0.302; z = 0.2286 

We find (y — |) : {x — ^) = — 0.23 and from table J : = — 494.63. 

The minus sign signifies that we have here a purple colour to deal with. 
From equation (18) we calculate the x and y of the corresponding 
saturated purple (< = — 0.23). We find = 0.249 and = 0.700. 
Finally we find p from equation (15) of section 40 : 

p = jyp (*-i)| : |y (Xp - ^)i = (0.249 x 0.1362) : (0.302 x 0.367) 

= 0.306 or from (16); 

P: = !yp(2-^)j : \y(h — ^){ = (0-249 X 0.1048) : (0.302 X 

0.2823) = 0.306 

The correspondence of the two p values is a check on the correctness 
of the determination of P (in the previous example of X^,). The result 
means that we can match the purple colour by mixing the saturated 
red purple colour P (brightness 0.306) and the white E (brightness 
0.694). 

The character of the colour sensation is again different from what one 
would expect. The colour P lies on the purple line very close to the 
red, while the colour of the paper makes the impres.sion of l 3 dng 
about as far from the red as from the purple. The reason lies of course 
again in the fact that we illuminate the surroundings with incandes- 
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cent lamps whose colour deviates greatly from the standard white E. 
A better correspondence can therefore be expected if we choose, this 
time too, standard illuminaiit A {incandescent lamp) for the white 
point. 

Then we find (for instance by the graphical method) = — 666 and 

for the saturated purple P: yp = 0.155 and = 0.501, 

Finally we find p from (17) of section 40 : 

p = jyp(y — 0.4075) j : {y(yp — 0.4076 j = (0.165 x 0.1055) ; 

(0.302 X 0.2625) = 0.2146 or 

p =. }yp (2 — 0.1440) { : {y( 2 p — 0.1149) j = (0.165 x 0.0836) ; 

(0.302 X 0.1991) = 0.2145. 

In fact the point P lies now about half-way between the two extrem- 
ities of the spectrum. 
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A few special light sources and colours 


§ 42 Temperature radiation, black body radiation 

One of the most important radiations for practical purposes is 
tem'perature radiation, by which we understand the radiation of bodies 
brought to a very high temperature. To this group, of course, belong 
electric incandescent lamps, but candle-hght must also be classified 
as temperature radiation, the Ught in this case originating from hot 
particles of carbon floating in the flame. 

The spectral composition of temperature radiation is important to 
us for the calculation of colours. In order to investigate this we must 
first take into account another kind of radiation closely connected 
with temperature radiation, namely “black body radiation". By a 
black body or total radiator we understand a body that absorbs 
completely all radiation falling on it whatever the wavelength. It 
may perhaps appear strange that a “radiator" is defined by a 
property which at first sight has no connection at all with radiation, 
namely the power of absorption. Kirchhoff (1860) was the 
first to see that there is a connection between the two properties. 
If on the one hand we define as rAX*) the power which any given 
body raised to a high temperature T radiates per cm® in a small 
wavelength interval X to X + AX and if, on the other hand, we 
call a the fraction that the same body, at temperature T, absorbs 
of a radiation of wavelength X falling on its surface, then, according 
to Kirchhoff ’s law, the ratio of the “spectral emissivity" r 
to the absorbing power a is independent of the nature of the body 
and therefore for all bodies depends in the same way on the quan- 
tities X and T. 

Now if we had a good general idea of the way in which this ratio 
depends on X and T, we should be able to calculate the spectral radia- 
tion directly from measurements of the absorbing power and hehce 
also the spectral distribution of the light radiated at a certain 
temperature. 

») A (pronounce delta), the Greek capital D, is generally used to indicate a very 
slight increase. Al means therefore a very slight increase of the wavelength X. 
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Realisation of the black 
body. 


The importance of the black body at once 
becomes obvious here. For in this case a ^ 1 
(for each T and X) so that for the black body 
the ratio rja becomes Therefore if we know 
the spectral radiative power of the black 
body as a function of X and T, by the same 
token we know the ratio rja for all temper- 
ature radiators. 

For the spectral radiative power of black 


bodies Planck in 1900 gave his famous formula: 


( 20 ) 


in which the letters have the following significance : 

£(X,7^AX = the power radiated per cm^ in the wavelength interval 
between X and X + AX at a temperature T (this power 
is of course proportional to AX). 

e = 2.71828 (a constant that plays an important part 

in higher mathematics). 

Cl, c 2 = the so-called radiation constants; for the relative 

spectral distribution of light only Cg is of importance. 
If we express X in cm, = 1.438. 

T . — the absolute temperature (measured from the absolute 

zero at which J = — 273° C) ; the absolute temperature 
is therefore the temperature in ° C plus 273 (degree 
Kelvin or ° K). 

P 1 a n c k’s formula appears to tally with all experimental data. 
In order to realize a black body, it is not sufficient to blacken a 
surface with paint or soot. Such surfaces do not appear to absorb 
all radiation. We must have recourse to an artifice (fig. 35). We 
take a hollow opaque body with a very small aperture. Now if we let 
a beam 1 penetrate the aperture it is reflected several times in the 
cavity. At each reflection a part will be absorbed. If we make the 
aperture small enough practically none of the radiation caused by 1 
will emerge again finally : all radiation is absorbed, giving us a black 
body. Then, if we raise the hollow body to a high temperature (for 
instance by dipping it into a bath of molten platinum) light will 
radiate from the aperture, the spectral distribution of which is 
given by formula (20). The standard illuminant mentioned in sect. 17 
was realized in the same fashion [see Heller^), Dresler®)]. 
Since most ‘‘temperature radiators" — especially in the range of 
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visible radiation — behave more or less like black bodies, we can 
learn a great deal from P 1 a n c k’s formula about the spectral 
distributions of our light sources and especially of incandescent 
lamps. 

Fig. 36 illustrates formula (20). The variation of E with the wave- 
length (in the visible range) for temperatures between 1000“ and 
5000° is reproduced. In order to reproduce the very divergent values 
in one figure we have chosen a logarithmic scale for £. The correspond- 
ing values of E (right) increase by a factor of 10 every time 
we pass from one horizontal line to the next. We see from this 
figure how astonishingly fast E increases as we raise the tempe- 
rature. When we pass from 1000 to 2000“ the power rises at 520miJL 
by a factor of one million ! At higher temperatures E increases less 
quickly with the temperature. This increase of E has two reasons. 
In the first place the total energy radiated over all wavelengths in- 
creases very rapidly with the temperature. From formula (20) we 
can calculate that this 


total amount of energy 
increases with T* (Ste- 
f an-Boltzmann law) 
and is therefore 16 times 
as large for T == 2000° as 
for T = 1000°. But the 
chief reason is a different 
one. Fig, 36 only shows 
the visible range. If we 
extended the figure to 
the right, i.e. in the infra- 
red region, we should 
see that all the curves 
have a maximum. For 
T = 5000° this maximum 
lies right in the visible 
range. For lower temper- 
atures it passes more 
and more to longer wave- 
lengths, thus deeper and 
deeper into the infra-red. 
For this maximum we 



can deduce the following „ 

. ° Radiation of the black body at different wave- 
two laws from eq. (1) : lengths and temperatures. 
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1. For the wavelength at which the maximum occurs, the following 
holds: 

XT' = C (C = 2,897,000) 
when we express the wavelengths in mfi. 

2. The height of the maximum is proportional to T®. 

It follows from the first law that the maximum only falls in the visible 
range for temperatures between 3700 and 7600°; when T = 2000° it 
lies at 1449 mix, for T = 1000° at 2897 m(JL. 

The lower the temperature the further is the visible range from the 
maximum and the greater is the part lost in the infra-red. This is the 
chief reason for the rapid fall of E with the lowering of T. 

§ 43 Calculation of the colour point of a black body, colour tem- 
perature 

In the calculation of colours we are chiefly interested in the relative 
spectral distribution. This can be better seen fiom fig. 37, where E 

is arbitrarily put equal 
to 100 at 690 mix. The 
shifting of the maxi- 
mum is again clear: 
at r = 2000° it lies 
in the infra-red, at 
T = 6000 in the visible 
and at r = 10,000° 
in the ultra-violet part 
of the spectrum. 
Below 5000° the red 
rays predominate in 
the visible spectrum, 
.above 6000° the blue 
' and violet rays. All 
this is true for black 
bodies. 

The importance of all 
this for the study of 
temperature radiators 
lies in the fact that 

Relative epectral distribution® If black body radiations temperature 

at temperatures between 1000 and 10,000 °K. radiator (for which a is 
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always smaller than 1 and moreover not exactly the same for each X) 
a certain temperature value — the colour temperature Tg — can be 
given, which has the following property; in the visible range the 
relative spectral distribution of the temperature radiator, as a good 
approximation, is equal to that of a black body at a temperature T^. 
This colour temperature Tg is not equal to the true temperature T 
of the temperature radiator. For instance, Tg of the present incandes- 
cent lamps is about 80“ higher than T. 

Fig. 37 and equation (20) can therefore be used for temperature radia- 
tors as well, provided we fill in the values Tg for the temperature. 
Table 2 lists the colour temperatures of the most common light 
sources. The Hefner candle is the former German light standard, the 
"new candle” is the present, internationally accepted light standard, 
i.e. a black body at the temperature of melting platinum (see also 
section 17) . 

For incandescent lamps the colour temperature is given for the types 
intended for a voltage of 220 volt. The colour temperature of the 
corresponding 110 volt lamps lies about 80-100° higher. As a rule the 
higher of the values given hold for the lamps with the greater power 
input. 

Incandescent gas light has such a peculiar type of radiation that no 
colour temperature can be attributed to it. 


TABLE 2 


Light species 

T 

Ordinary candle 

1900—1960 

Hefner lamp 

Kerosene' (paraffin oil) 

1880 

1920—2060 

Incandescent gas light 

— 

New candle : 

2040 . 

Acetylene 

2360—2450 

Incandescent electric lamps 


Carbon filament 

2100—2200 

Tungsten filament: 



2400—2500 

Gas-filled (60 W) 

2700 

ditto (160—500 W) 

2800—2900 

ditto coiled coil 

2700—2760 

Cinema and projection 

2^60—3200 

Carbon arc 

3700—3800 

Moonlight 

and higher 
4100 

. Sunlight 

5300—6800 

Daylight (sun clear sky) 

6800—0500 

-ditto (overcast sky) 

0300—7200 

Clear blue, sky ■ 

14000—50000 
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^ mo The spectral distributions of sunlight and daylight 

0,8- — 7 ^”^ 1 3.1SO deviate fairly strongly from that of the 

^ f black body, but in this case the colour agrees 

\ fairly closely with that of a black body, 

Ci6— — so that a colour temperature can be 

assigned. The figures are valid for 

^ t' a S. the middle of the day (9 a.m. — 

^ normal 

aoo’ ^ \.j ag atmospheric conditions 

[Taylor^)]. In the early 

3^ morning and in the 

evening there are often 

much lower values (the 

^ Ql 0^ 0;3 (X4 (Xs 0,6 0^7 0,8 red of sunrise and sunset). 

Fig. 38 *"* ^ *’*” Finally we must point 

Black body locus in they, xchromaticity diagram out that with artificial 

for temperatures above 800® K. , 

light soyrces a higher 

colour temperature generally also indicates a higher true temper- 
ature. For sunlight, daylight and moonlight this is not the case. 
Here the spectral distribution (from which the colour temperature 
is determined) is influenced by quite different causes, such as light 
dispersion in the atmosphere, the reflection of the moon’s surface, etc. 
The measurement of high temperatures is also based, in the last 
resort, on the Planck formula. Hence the uncertainty in the 
value of Cj (see section 17) also involves a slight uncertainty in the 


freezing point of platinum. The value given in table 2 is based on 
Cj = 1.432. If we take Cj = 1 .438 we find 2042° for the freezing point. 
We have just seen that we can even speak of a colour temperature for 
light sources whose colour point coincides with that of a black body, 
although the spectral distribution differs (daylight, sunlight). 'It is 
inadvisable, however, to apply the conception thus extended to 
spectral distributions which differ greatly from that of a black body. 
In the literature on the subject various methods have been given for 
fixing a colour temperature to a light source whose colour point does 
not quite coipcide with that of ablackbody [Davis Judd®*!")]. 
These should only be applied to slight deviations too. 

The calculation of the colour coordinates of the light from a black 
body of a given temperature, or of a temperature radiator of given 
colour temperature takes place as described in section 37 (case a). 
The figures of table D are multiplied by the E values derived from 
equation (20), then added and (in order to find the trichromatic 
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coefficients) the' three resulting figures are divided by their sum. In 
table K the results of such a calculation are given for various colour 
temperatures and in fig. 38 they are plotted in the colour triangle. 
Fig. 39 gives the same results in the rectangular x,y representation 
[fsee Har ding’^* ®)]. 

In table K the dominant wavelengths of the calculated colours are 
also given. There is no sense in giving values between-6000 and 6600°, 
since the curve of the black bodies passes the white point E so closely 
that the colours look practically white. We see from fig. 38 and the X 
values that the lower the temperature (below 6000®) the more 
saturated a yellow colour we obtain. At about 2000° the yellow 
passes over into a saturated orange and finally becomes red at a 
colour temperature of about OOO®. Above 7000° the light assumes an 
increasingly pronounced blue colour. At extremely high colour 
temperatures we approach closer and closer the point indicated in 
fig. 38 by 00 . These colours can again only be clearly observed when 
the environment has a colour approximately corresponding to the 
white point E (see fig. 35). If the whole environment is illuminated 
by the black body under consideration we shall certainly have to go 
below about 3000° or above 10,000° to be able to observe a noticeable 
colour in the light. Between these two rough limits we always call 
the light white or colourless. 

Under different conditions than those mentioned the limits may lie much 

Closer together [see P r i e .s t *), who places the limits at 4100 and 6200°!] 

The light sources mentioned in table 2 we can find for ourselves in 
fig. 38. Note that in the course of time black bodies of increasing 
colour temperature have 
been employed (from 
candle to "coiled coil” a 
difference of about 800°). 

From what has been said 
in connection with fig. 36 
it will surprise no one that 
during that development 
the luminous efficiency (the 
quantity of light divided 
by the power input to the 
light source) increased to 
a great degree. The gas-filled 
incandescent lamp certainly 
does not form the end of 
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this rising curve, but from 
this point no extraordinary 
improvements are to be ex- 
pected from the temperature 
radiators. Here the curve is 
continued by gaseous dis- 
charge lamps, the discussion 
of which falls outside this 
chapter. 

The colour of the incandes- 
cent gaslight is given in fig. 

.38 by GG. As it does not 
fall on the line of the black 
bodies we cannot very well 
speak of a colour tempera- 
ture here.' The same is true for the white point E. 

§ 44 Boundary colours 

We shall now discuss a group of spectral distributions occasionally 
met with in practice, which moreover show la number of interesting 
properties causing the corresponding colours to play a great part in 
the history of colour science (see chapter XI). We refer to the boun- 
dary colours which often appear as coloured bands or fringes along 
the dividing lines of light and shade, as when sunlight plays on cut- 
glass. The coloured fringes we observe in imperfect optical instru- 
ments also belong to this same category. We see these colours most 
plainly when we look through a prism (p) at a dividing line (s) between 

a light and dark part of the field of ■vision ; 
in /ig. 40a (s) represents the .vertical 
dividing line between a white strip (1) 
and its dark surroundings. 

The rays proceeding from (s) change their 
direction on the way to the eye as a 
result of refraction, at the two glass 
surfaces, so that the observer thinks he 
sees the strip (1) with the dividing line 
(s) in the position (1') and (s'). Fig. 40b 
shows the plan of the experiment. 

But we have already seen that the 
various spectral colours undergo different 



for a number ol spectral col- 
ours between A and B; col- 
ours arc seen because only a 
part of the spectral colours 
contributes to the forming of 
an image. 



The eye O looks through a prism (p) at the 
dividing line (s) between a light strip (I) and its 
dark surroundings. The observer supposes (I) 
and (s) to be in the position {!') and (s'), 
a) in perspective; b) in projection on hori- 
zontal plane. 
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degrees of refraction (section 2). The conse- 
quence is that the apparent displacement 
[from (s) to (s')] will also be greater for one 
spectral colour than for another. In fig. 41 the 
positions in which we observe (1) and (s) for some 
spectral colours have been drawn one beneath 
the other. The wavelengths have been chosen 
so that each image has been shifted an equal 
amount relative to the previous one (in a 
horizontal direction the scale of fig. 41 is 
about 10 X as large as in fig. 40). What im- 
pression does the eye receive on observing 
all the bands formed by the spectral colours at the same time? 
To the left of the line A it is dark; no spectral colour penetrates 
to the left of A. To the right of B it is light and the colour is 
that which we would observe if we saw band (1) without a prism. 
In fact all wavelengths are present. 

Between the lines A and B lies the transition region from light to 
darkness, in which not only does the brightness steadily decrease from 
B to A, but we can also observe colour phenomena. All this is the 
immediate consequence of the fact that at each point between A and 
B only a part of the spectral colours is represented. Thus the light we 
receive from C consists entirely of wavelengths shorter than 534 mp.. 
We may therefore conclude that all "boundary colours” appearing in 
the transition region between darkness and light can be considered 
a.s the original colour emitted by (1), from which all spectral compo- 
nents above a certain wavelength have been removed. 

But in this, way we have only niet half the number of possible bound- 
ary colours. The other half comes into existence when we exchange 
the roles of light and darkness in fig. 40. Expressed differently: we 
leave the position of the dividing line unaltered but now place the 
white strip (1) to the left of (s). This has the result that in fig. 41 the 
roles of light and darkness have been interchanged, so that we obtain 
the scheme of spectral components shown in fig. 42. 

In this case the light proceeding from C consists exclusively of wave- 
lengths greater than 634 mp or, more generally, the boundary 
colours are produced from the original light by the omission of all 
the spectral components below a certain wavelength. 

Now when we know the spectral composition of the light emitted by (s) 
(fig. 40), it is not difficult to determine the colour points of all the 
boundary colours to be met with. If we choose,, for example, the 
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Fig. 42 

Schematic representa- 
tion of 'boundary col- 
ours originating when 
the light strip of fig. 40 
is brought to the left 
of (1), the position of (-) 
being unchanged. 
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spectral composition of standard illuminant B (see section 23) to 
determine the colour, we need only take the distribution curve for 
illuminant B (see table H) and add the values for the wavelengths 
smaller than 534 m[jL [compare sect. 37 case (a)]. In the same way, for 
the light we observe in C in the case of fig. 42 we must add up table H 
from 534 to 780 m.u and calculate the trichromatic coefficients from 
the three results by dividing by the sum of the three results. 

We have divided the distance AB (in figs. 41 and 42) into ten equal 
parts and determined the colour we observe at the position of the 
boundary line by the above method. The results are given in table 3. 
Besides the number of the subdivision the following data are given ; 
the wavelength range present in the particular colour, the x and y of 
the colour, its reflection factor e and its dominant wavelength \ 
(this time calculated with respect to the white point B). 

TABLE 3 


No. 


Scheme fig. 41 

Scheme fig. 42 

•/. (m(i) 

a 

B 

e 

>d 

1 {m(A) 


B 

e 

Id 

0 

380—404 

0'173 

M 

0.00002 

400 

404—780 


0-362 

1.000 

670^ 

1 

380—419 



0.00016 

416 

419—780 


0-366 


671 

2 

380—436 

0169 


0.0013 

427 

436—780 

0-362 

0 377 

0.999 

671 

3 

380-456 

0-163 

0-012 

0.0066 

442 

466—780 


0-431 

0.994 

671‘ 

4 

380—478 

0-160 

0-026 

0.0226 

46b 

478—780 

0-436 

0-493 

0,977 

673 

6 

380—602 

0-133 

0-069 

0.0706 

470 

602—780 

0-470 

0-611 

0.930 

676 

6 

380—634 

0-126 

PKIUM 

0.262 

483 

634—780 

0-626 

0-472 

0.748 

682 


380—671 

0-186 

0 336 

0.699 

491 

671—780 

0 622 

0-378 

0.401 

699 


380—616 

0-300 

0-360 

0.902 

496 

616—780 

0-710 

0-290 

0.098 

632 


380—674 

0 347 

0-362 

0.997 

496 

674—780 

0-784 

0-266 

0.0036 

689 


380—760 

0 348 

0.352 

1.000 

496® 

760—780 

0-786 

0-266 

0.00002 

700 


The wavelength ranges in table 3 are to some extent dependent on the 
nature of the prism glass. In calculating table 3 normal crown glass was 
used with the following refractive indices; 

I 768.2 656.3 589.3 488.2 434.1 

« 1.5116 1.6146 1.5171 1.6233 1.6282 

In fig. 43 the boundary colours appearing under these circumstances 
have been plotted in the usual manner. The curve VB contains the 
boundary colours of the scheme of fig. 41 (left of table 3), the curve 
BR those of fig. 42 (right of table 3). The figures of the subdivisions 
are also shown in the figure. W'ith the assistance of fig. 43 and the 
calculated values of e and we can get a good idea of the boundary 
colours usually to be met. Passing from V to B we first get violet 
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tints with a very low brightness (1— 3) ; then the 
colour gradually passes over into pure blue 
with increasing brightness (4 — 6); then 
greenish blue colours appear (7 — 9) 
with ever increasing brightness but 
continually smaller saturation, 
and finally the colour passes 
into tvhite. This, therefore, 
is the colour sequence which 
appears in the coloured 
fringe AB of fig. 41 . If we 
pass from B to R ffig. 43) 
the sequence is as follows : 
greenish yellow with in- 
creasing saturation and 
slowly decreasing bright- 
ness (1-4) ; saturated yel- 
3 0.4 0,5 0.6 0.7 low (6-6) ; then, with gra- 

Fig, 43 — *■* ’““duallydecreasingbright- 

Boundary colours in the ohromaticity diagram (illu- UCSS, orange (7) orange 
minant B). The colours on VB denoted by 4-9 rm ar>rl re>rl Thecp 

correspond to the left half of table 3 (see fig. 41), ^ 

those on BR to the right half (see fig. 42). Colours appear in the col- 

our fringe AB of fig. 42. 
Because the brightnesses in the blue-violet band (B — V) decrease 
much faster than in the yellow-red band (E^ — R), on looking through 
the prism we get the impression that the first band is narrower than 
the second (in the blue band the brightness has already sunk to 7 % 
oi the maximum in the middle, subdivision 5, while in the other 
band an equally low brightness only occurs after point 8). 

As fig. 42 is produced from fig. 41 “by interchanging light and 
darkness", a colour in the fringe of fig. 43 contains exactly those 
spectral colours which are missing in the corresponding colour of the 
fringe of fig. 41 (table 3 also shows this at once). If we mix these 
corresponding colours additively they will yield the complete illu- 
minant B precisely. In other words, the two corresponding colours 
are complementary. We can ascertain this fact in fig. 43. The two 
colours marked 6 lie on a line with B. 

According to what we have just said, a colour situated on the 
branch BV in fig. 43 but close to B lies on the straight line connect- 
ing B with a colour l3nng close to R. Hence it follows that the curve 
VB touches the straight line BR at B. Similarly the line BV is the 
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Fig, 45 

Boundary colours of a light 
strip limited on both sides 
(case l>y). On the left the 
colours of fig. 41 appear, on 
the right those of fig. 42. 


colours and how, with the aid of such com- 
binations, we shall even be able to produce 
a complete transition from boundary col- 
our to spectral colour. In figs. 40-41 we 
only studied the colour phenomena ap- 
pearing on the left border of the strip (1). If 
we now take into account the coloured 
edge appearing on the right border of (1) 
we shall see that in certain cases more 
complicated colours can appear. This 
depends on whether the length of the 
strip (call it 1) is greater or less than the distance over which the 
boundary colours proceeding from one dividing line (AB in figs. 41 
and 42) extend. This latter distance we call r. The simplest case 
occurs when I is greater than r. If we then draw the displacement 
of (1) for the various wavelengths (analogous to figs. 41 and 42) 
we get the scheme of fig. 45. To the left we see the phenomenon 
of fig. 41 over a distance r (violet and blue boundary colours). 
Then follows the unchanged spectrum over a distance I — r. 
Finally we see, to the right over a distance r the phenomenon of 
fig. 42 (yellow, orange and red boundary colours). We therefore see 
that the original white strip has shrunk to a length I — r and has a 
coloured edge on both sides. Now iil = r the white part entirely dis- 
appears and the two coloured edges join each other. 

Now what shall we see if I is smaller than r? It is clear that the two 
coloured edges then overlap each other in one way or another. As an 
example in fig. 46 the positions of the strip are drawn (or various 
wavelengths on the supposition that I = 0.6 r. From the figure we 
read the following: from A to C some of the 
boundary colours of fig. 4.1 are found. At C the 
light contains all wavelengths smaller than 634 miA. 

But from C to E a new phenomenon arises. Wave- 
lengths are now absent from the light both on the 
long- wave, and the short-wave side of the spectrum. 

Thus the light we observe at D contains only the 
wavelengths between 436 and 616 mir. Finally 
between E and F the only spectral colours missing 
are on the short-wave side of the spectrum, so that 
we see part of the boundary colours of fig. 42. 

Outside the range AF no light is to be observed. 

From the diagram of fig. 46 the trichromatic 



Fig. 4(5 

Boundary colours of 
a light strip limited 
on both sides (case 
(<>'). Between C 
and E combinations 
of Soundary colours 
occur. 
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Fig. 48 

Boundary colours of a dark 
strip, limited on both sides, 
on a bright background (case 
I <.r). Between C andF new 
combinations of boundary 
colours appear. 


the left). lil = r then the dark piece between 
has vanished and the coloured edges meet. 
If f is smaller than r the circumstances 
sketched in fig, 48 arise (in which the shaded 
part represents darkness), which was pro- 
duced from fig. 46 by again interchanging 
light and darkness. The figure indicates 
that, from A to C and from E to F, there 
are again parts of the boundary colour 
systems of figs. 42 and 41, but from C to E 
there is again a new phenomenon. Here a 
wavelength range is missing from the middle 
of the spectum; at D, for example, the wavelengths between 436 and 
616 mji are missing. On calculating the trichromatic coefficients of the 
colours displayed we obtain fig. 49 ; from B to C on the curve found 
previously (fig. 43), from C via D to E the new types of colour, and 
thence from E to F back to the white point. 

If we gradually decrease the len^h of I in figs. 46 and 47 we shall 
diverge increasingly from the original curve of fig. 43. The central 
section will rise continuously and for very small I approach closer 
and closer to the curve of the spectral colours. This latter was to be 
expected, for if we 
look through a prism 
at a very narrow strip 
of light we see an or- 
dinary spectrum. 

If, in the case of the 
dark strip on a light 
background, we de- 
crease the value of I 
we first pass along the 
original curve of fig. 43 
(for 1 = 1'); for smaller 
I we traverse an ever 
narrowing loop (illus- 
trated in fig. 49), until 
finally, for very small!, 
the loop shrinks to the 
white point. Thislatter 
phenomenon was also 
to be expected. A very 
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narrow dark strip cannot exert any influence worth mentioning, either 
as regards colour or brightness, on the large, bright surrounding field. 
Fig. SO shows the form of these curves for various values of the ratio 
I : r. The upper part of the figure contains the colours seen when observ- 
ing a w'hite strip against a dark background,* the lower those of 
the opposite case. 

We also see at once from fig. 50 that when combining boun- 
dary colours there can be no question of additive mixing. With 
additive mixing the saturated green W'ould never be produced, as 
there are no two boundary colours that lie on one line with satur- 
ated green (green lying between them). We see therefore the con- 
firmation of our earlier observation that the simple mixing laws 
we deduced for additive mixing do not hold for subtractive mixing. 


§ 46 "Ideal" and "optimal" colours 

All the colours plotted in fig. 50 were produced by omitting certain 
parts from the continuous spectrum of a particular light source (here 
illuminant B). We can clearly also produce colours 
I I possessing similar spectral distributions by 

causing the original light to be reflected 
by a coloured surface with a suitable 
spectral reflection curve (see sect. 38), 
such as one of the shapes sketched 
in A&- 5^- Reflection curves of 
type c only reflect the spec- 
tral colours below a certain 
wavelength and there- 
fore produce the colours 
we knew in fig. 43 
(branch VB) as bound- 
ary colours. In the same 
way type d corresponds 
with the boundary col- 
ours on the branch BR 
of fig. 43 (yellow- 
orange-red). 

Pig 30 A surface with a reflec- 

The complete system of boundary colours and tion CUrve of type « re- 

combinations of boundary colours occurring when fleets onlv the snectml 
f/r m figs. 413 and 48 is made to take on all values °niy me Spectral 

between 0 and 1 colours between two 
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particular wavelengths, and therefore produces 
the same colours which appeared in the com- 
bination. of boundary colours when we looked 
at a white strip on a dark background. These 
colours lie above the two curves of boundary 
colours in fig. 50. In the same way type h 
corresponds with the colours which lie below 
the two curves of boundary colours (combi- 
nations of boundary colours seen when looking 
at a dark strip on a white background). 

It will be clear that the excision of certain 
parts of the spectrum illustrated in fig. 51 
can also be brought about by passing the light through a filter the 
transmission curve of which possesses one of the shapes a-d. We say 
of coloured surfaces with reflection curves of these types and of the 
corresponding filters that they display “ideal'' colours, 

although, properly speaking, there is nothing "ideal” about these colours. 

It is the reflection or transmission curves and therefore the spectral 

distributions that are "ideal”. 

In practice “ideal colours” do not of course occur. The reflection 
curves will never jump so abruptly from the value 0 to the value 1. 
But there are, as a matter of fact, coloured objects whose reflection 
curves approach those of the ideal colours fairly closely. 

We shall now discuss an important and remarkable property of the 
ideal colours. We start from a certain kind of light with a continuous 
spectrum (e. g. illuminant B) and illuminate any selected colour- 
ed surface with it. The reflected light will have a certain spectral 
composition corresponding to a certain point k in the colour triangle. 
The same point k can also be attained, according to fig. 60, by the 
combination of two boundary colours, and, as we have seen above, 
a coloured surface can also be indicated having one of the reflection 
curves of fig. 51, which, illuminated by the chosen light source, 
will produce point k. Hence we see that quite different reflection 
curves can correspond with the same point in the colour triangle. 
This is not surprising if we remember the fact that the collection of 
spectral distributions is much more extensive than that of the colour 
points. 

If we consider all reflection curves leading to point k in combination 
with the selected light source, we see that the colours produced, 
can only differ in brightness. We can now ask the question, which 
of all these reflection curves produces the colour with the greatest 
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Fig. 6l 

The four type.s of spec- 
tral reflection curves 
belonging to the so- 
called ideal colours. 
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brightness. We say of the surface with this re- I" ^ i 
flection curve that it possesses an “optimal” I A\ |t ^ 
colour. Now the answer to the question is sur- 
prisingly simple. The greatest brightness is Fig- 52 

attained when the reflection curve is one of clrta°n 

the types of fig. 51. In a word, “ideal” colours wavelength range is 
are at the same time "optimal” colours. 

This remarkable property holds for any selected 
light source with a continuous spectrum and for any point k. 
The e.xistence of this general property was first proved completely 
by Schrodinger i). Wc shall give a short account of the principles 
on which this proof is based. If we wish to show. that an “optimal” 
colour can only be attained by a reflection curve of one of the types 
of fig. 51 we must prove two things: 

1. A reflection curve of the type of jig. 52 — where in a certain 
wavelength range, is neither 1 nor 0 — can produce no optimal 
colour. This is shown by selecting in this wavelength range three 
smaller intervals (shown black in the figure). The chromaticities 
represented by each of the intervals could be mixed in such a 
proportion that the chromaticity of k was matched (Grass- 


m a n n's first law, see section 24). Hence it follows that by alter- 
ing in these three ranges in the right manner we can add a 
certain quantity of the colour species k. We can, therefore, by 
altering the curve of fig. 52, increase the brightness of the colour 
species k. This curve is therefore not yet optimal. An optimal 
colour can therefore contain no ranges in which is neither 1 nor 0. 
But then the reflection curve must be of the type of fig. 53. . 

2. A reflection curve of the type of fig. 53 cannot produce an op- 
timal colour as long as there are at least 3 wavelengths at which 
jumps from 0 to 1 or from 1 to 0. 

This again follows from Grassman n’s first law. The chro- 


maticity k can be reproduced by a suitable mixture of the wave- 



Fig. 53 

A reflection curve 
with either 0 or 1, 
hut jumping at more 
than twoplacescannot 
give an optimal colour. 


lengths Xj, Xg, Xj. Hence, by shifting the places 
where "jumps” a little in the right direction 
(for instance, towards the positions given by 
dotted lines) we can add a certain quantity of 
the chromaticity k. We can, therefore, by chang- 
ing the curve of fig. 53, increase the brightness 
of the chromaticity k. Therefore this curve does 
not produce an optimal colour either. 

We therefore come to the conclusion that the 
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reflection curve producing an optimal colour must everywhere have 
the value = 1 or = 0, and that must “jump” at no more 
than two places. But only the 4 types given in fig. 51 comply with 
these demands. 

The proof of the thesis on the ideal and optimal colours is only given 
sketchily above, chiefly with the aim of giving an idea of a method of proof 
that can be applied to various colour problems. If we e.xamine the proof 
more closely we see that in some cases it does not apply, for instance, if the 
colour points of the three small wavelength ranges in figs. 52 or 53 lie on 
one straight line and k does not lie on that straight line. Such cases cause 
the statements "each ideal colour is an optimal colour" and "each optimal 
colour is an ideal colour" to be not without exceptions. It happens that a 
colour point k can be attained by several ideal colours which are not 
always all of them optimal colours. And sometimes by way of exception a 
non-ideal colour may happen to be an optimal colour. When, however, the 
thesis is formulated thus; "among the one or more optimal colours having 
their colour point in k at least one ideal colour occurs”, it holds quite gener- 
ally. 

Further it is tacitly understood in the prfiol that values greater tlian 1 do 
not occur. The proof therefore only holds for diffusely reflecting surfaces. 


§ 47 Applications of the theory of ideal and optimal colours. 

When considering the ideal and optimal colours in section 46 we 
were chiefly occupied with the reflecting .properties of coloured 
surfaces. It is, however, clear that quite analogous considerations 
are valid for the transmitting qualities of filters. In both cases part 
of the light is lost and the only difference between the filter and the 
coloured surface lies in the different directions in which the remaining 
part of the light is propagated. We can therefore draw important 
conclusions from what has been said above both for filters and for 
coloured surfaces. In manufacturing and studying pigments one of 
the problems most frequently 'occurring is how to make a pig- 
ment which, when a certain light source is used, produces a given 
chromaticity with as great a brightness as possible, therefore with 
the greatest possible, e. And what are the limits above which e 
cannot possibly be varied? The answer to the first question is clear. 
Try to find a pigment whose reflection curve resembles as much as 
possible one of the curves given in fig. 51. As in practice such curves 
can never be completely realised it is of importance to find out how 
far an existing pigment is removed from the theoretical ideal. Here 
the second question asserts itself, to which the answer is : Find the 
accessory ideal colour for the given chromaticities and calculate 
the reflection factor. This factor forms the theoretical maximum 
that can never be exceeded with actual pigments. In fig. 54 these 
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maximum values are 
given for illumination 
with incandescent light 
(illuminant A) and for 
illumination by sun- 
light (illuminant B) in 

fig. 55. 

Analogous figures 
forthestandard light 
sources C and the 
Clertnaa E are to be 
found in Mac 
Adam *) and 


Fig. 54 

Maximum reflection anfl 
transmission obtainable 

with incandescent 

electric light (il- 
luminant A). 
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Fig. 66 

The region of avia- 
tion red in the y, z 
chroniaticity dia- 
gram with the max- 
imum obtainable 
transmission of col- 
oured filters (illu- 
minant A). Ne = 
colour point of neon 
light. 


appear when illuminating all imaginable coloured, 
diffusely reflecting surfaces with tlie same kind of 
light and the same illuminating strength. As any 
colour can be produced but in this case a certain 
brightness may not bo exceeded, this set is called 
a "colour solid", having as boundary surfaces the 
cone of the spectral colours (extended by the purple 
surface) and a curved plane containing the colour 
points of all optimal colours. 

We repeatedly come across such colour solids, 
especially in German publications [see L u t h e r i)], 
Nyberg*), Richter”), Fricser”), Neu- 
gebauer*) etc.] As a rule the XYZ space is not 
used but a linear transformation of this which, in 
many cases, displays the unplea.sant attribute tliat 
the curve of the spectral colours cuts tlie straight 
line at infinity at one or two points in the accessory 
colour surface [Richter”), F r i e s e r *)]. The 
consequence of this is that the surface representing 
ideal colours consists of two parts which only meet 
at infinity! 

When studying coloured [iliers — especially 
traffic signals for land, sea and air — the anal- 
ogous problem is of still greater importance. 
Consider again a particular light source (usually 
an incandescent lamp) and a particular required 
chromaticity. For eco- 


nomic reasons it is very 
desirable that the col- 
oured filter used allows the transmission of 
as great a portion of the light as possible. 
In other words its transmission factor should 
be, as high as possible. Fig. 54 shows im- 
mediately how great the theoretically at- 
tainable maximum is for each chromaticity. 
Figs. 56 and 57 will serve as illustrations. 
Here two ranges of the colour triangle are 
shown within which — by international 
agreement — the colour points of the lights 
used for aerial traffic as red and as yellow 
signals must lie. 

The red range is limited by tlie conditions 
>><0.336. z<0,002, the yellow range by 
0.402 < y <0.460, « <0.007. In both 
ranges the maximum transmission factor 
is given for the various colours (see also 
fig. 110). 



yellow in the y, r diagram, 
with maximum transmts- 
sionof filters (illuminant A] 
Na = colour point of yet 
low sodium lines (the so- 
dium lamp proper is out- 
side the diagram z = 
0.020). 
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In practice this maximum is never reached. In 
the yellow range the best existing filters 
reach about 85 % of the theoretical 
maximum, while the red filters 
seldom attain to more than 
75 % of the theoretical trans- 
mission. In the case of 
green filters conditions 
are much less favourable. 
A filter having 30 % of 
the theoretical value 
must be counted as a 
good one. This difference 
in the practical attain- 
ment of ideal filters for 
various colours can be 
explained. The red and 
yellow filters require an 
approximate imitation of 
the type of transmission 
curve sketched in fig. 51d ; 
for the green filters, how- 
ever, we have to try to 
reproduce fig. 51a. Now 
it is much easier to find pigments which cut off all wavelengths 
below a certain limit fairly sharply than pigments showing a more or 
less sharply defined transmission range on both sides. 

Finally we wish to draw attention to the fact that for signalling 
purposes discharge lamps are coming more and more into use beside 
incandescent lamps with filters. Thus, for instance, the colour point 
of the neon-lamp (Ne) lies in the red range and that of the sodium 
lines (Na) in the yellow range. Both neon-lamps and sodium-lamps 
have the advantage of having a much greater luminous efficiency 
than the combination of incandescent lamp and filter. 


Fig. 58 

The situation of the characteristic colour on the 
line SB. An ideal colour having its point on SB 
may be matched by a mixture of illuminant B 
ihrightness Bb) and the spectral colour S jbright- 
ncss Bg)' The quantity 3s has its maximum 
value in 3. Thereore 3 is the C-colour. The limiting 
■wavelength^ ^3 and ^'3 are complementary. 


§ 48 Tlie C-colours. ' 'Characteristic colours" or full colours 

Among the set of “ideal'' colours we find another group of examples 
distinguished from the rest by their special properties. In the German 
language these colours are designated by the word "VoUfarben” 
(full colours). The best formulation seems to me to be “the most 
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colourful examples among the ideal colours”, while perhaps the term 
“characteristic” colours might serve. We shall call them C-colours. 
When moving ( fig. 58) from the white point (in this case standard 
illuminant B) along a straight, line to a point S on 'the curve of the 
spectral colours we find that the colorimetric purity steadily in- 
creases. If we now examine the ideal colours whose colour points lie on 
BS in surroundings illuminated by the light B, we may wonder which 
example of this series of colours makes the most colourful impres- 
sion, or, in other words, which example has the most pronounced 
characteristic property of the whole series, that is, the “greenest”. 
The characteristic colour does not lie close to B (the colours are not 
pure enough there) nor close to S (even the ideal colours have too low 
a brightness there) . The colour sought must therefore lie somewhere 
about halfway between W and S and form a compromise between 
the contradictory demands of high brightness and high purity. 

The question as to the position of the characteristic colours is ac- 
tually far removed from the sphere of the problems hitherto dealt 
with. Such questions lie entirely in the realm of colour sensations. The 
oft-mentioned limit to the study of colour has clearly been over- 
stepped here in the direction of psychology. Still an obvious effort 
has been made to bring this psychological problem into relationship 
with the other properties of colours which can be fixed exactly on the 
basis of the known mixture laws. 

If we consider that — at a certain illumination strength — each of 
these ideal colours can be matched by a mixture of a brightness B 
of the “colourless” standard white B and a brightness Bg of the 
“pure” colour S it is more or less self-evident to suppose that the 
characteristic colour requires the greatest* brightness Bg for its 
reproduction. It has not yet been sufficiently investigated whether 
this supposition is quite correct. Probably the greatest divergences 
will be in the red. Here the colour with the maximum Bg gives the 
impression of being by no means the most colourful. When the 
colorimetric purity is increased the red colour becomes more pro- 
nounced. If, however, we accept this supposition the problem is 
reduced to a relatively simple mixing problem. We see at once that 
Bg in the neighbourhood of point B approaches zero. But also w'hen we 
approach S, Bg decreases as the total brightness of the ideal colour 
decreases up to S, and Bg is always smaller than that total brightness. 
Between B and S there is therefore a point where Bg is maximum. 
This point..represents the characteristic colour of the selected series. 
In order to determine the position of that point we shall finS out 
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what wavelength range the ideal colour must reflect to include the 
various points of BS. 

If we first choose a point 1 close to S it is apparent that a reflection 
curve of the type of fig. ola is required with a fairly narrow range 
X] — Xi' in which s, equals 1 . 

If we pass to a point 2 further removed from S this can be attained 
by extending the wavelength range where equals 1 to both sides. 
By choosing the ratio of these two extensions suitably we shall suc- 
ceed in remaining on the line SB. Now what happens to during 
these extensions? 

When passing from 1 to 2 we add the spectial ranges Xj - X 2 and 
X'l- Xg'. These two ranges produce, additively mixed, a colour whose 
point lies within the quadrangle XjXgX'aX'i, and as a matter of fact 
on the straight line SB (since 1 and 2 lie on it). The colour we added 
can therefore be replaced by a mixture of the colours B and S. It 
appears from this that a positive amount has been added both to 
Bg and Bj,. We have therefore not yet reached the characteristic 
colour. This increase of Bg remains until the line XgX'^ has arrived 
at the position XjX'j, therefore until the two limiting wavelengths 
X 3 and X'j have become complementary. If we continue a colour is 
added composed of the ranges X 4 -X 3 and X'a-^Xj'. But the colour point 
of these added colours lies on the extension of SB and can therefore 
only be replaced by a mixture of the colour B and a negative amount 
of colour S (see section 21) . The consequence is that Bg now decreases . 
In the language of colour equations; 

For point 3: Bg (colour 3) Bg (colour S) + Bg (colour B). 

For the added colour 3': 

B 3 ' (colour 3') + Bg' (colour S) ‘--►B'g (colour B). 

.For point d therefore (addition of the two equations): 

B^ (colour 4) + Bg' (colour S) --i Bg (colour S) + (B q- Bg') (col. B) 

or B 4 (colour 4) (Bg — Bg') 
(colour S) + (Bjj 4- Bg') (colour B). 
We see therefore that Bg has indeed 
decreased to Bg — Bg'. 

Hence it appears that Bg in point 3 
has passed through a maximum. 
The characteristic colour has there- 
fore a reflection .curve according 
to 51a with two complementary 
wavelengths which limit the range 
where equals 1 . Table 4 gives as 


TARLE 4 


V . 

A-vA'' 

Bb 

Ss 

1.000 

520-520 

0.000 

0.000 

0.044 

600—640.10 

0.013 

0.227 

0.702 

480—501.04 

0.101 

0.384 

0.6G6 

470—674.86 

0.207 

0.412 

0.511 

400—589.40 

0.364 

0.380 

0.362 

450—004.03 

0.544 

0.296 

0.207 

440— 610..36 

0.724 

0.189 

0.09 1 

430—037.28 

0.876 

0.088 

0.000 

380—780 

1.000 

0.000 
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an example the course of X, X', Bjj and Bg 
if we pass from the point S (here X = 520) 
to B, and so allow the colorimetric 
purity p of the ideal colour to drop 
from 1 to 0 ; continually in- 
creases but Bg passes through 
a maximum near the cha- 
racteristic colour. 

It may happen, how- 
ever, that before Xj and 
X '3 become complemen- 
tary one of the two has 
reached the end of the 
spectrum. This takes 
place when S'B inter- 
sects the curve of the 
boundary colours (fig. 
58, see also fig. 43) before 

Bg has re ached its maxi- 

Fig. 69 mum value. Until this 

The conip'oto collection of C-colours obtained with intersection is reached 
illuminant D. The types a to d correspond to the four 1 

types of reflection curves of fig. 61. Bg Steadily increases J 

after passing it Bg 
decreases again; so in this case the characteristic colour is reached 
just at the line of the boundary colours and the characteristic colour 
has a reflection curve of the type of figs. 51c or 61d. Finally, if we find 
out where the characteristic colour lies on a line such as PB, we 
obtain, by quite analogous reasoning, the result that this charac- 
teristic colour has a reflection curve like fig. - 61b with two comple- 
mentary wavelengths. We can therefore sum up the results as follows ; 
all characteristic colours are either ideal colours with two comple- 
mentary wavelengths or boundary colours with a limiting wavelength 
with no complementary. 

All characteristic colours have been inscribed in fig. 55 starting from 
standard illuminant B. The letters a-d correspond to the types of 
reflection curves of fig. 51. The dotted line gives theboundary colours. 
The characteristic colours form the starting point of the colour 
system drawn up byOstwald (see section 75). An important 
part of their properties was pointed out by Luther’’). 
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. § 49 Introduction. Objective and subjective colour measurement 

In the course of time countless methods and instruments have been 
invented for measuring the colour both of light proceediiig directly 
from a light source and of light reflected by a coloured object. We 
cannot hope to give any complete survey of this subject. The restric- 
tions which we shall impose upon ourselves will chiefly be of two 
kinds. In the first place we shall restrict ourselves to methods 
enabling us to define colours with reasonable accuracy in terms of 
the trichromatic system (XYZ) which was explained in the previous 
chapters. In the second place we shall chiefly occupy ourselves with 
the principles on which the various methods are based, while the 
technical difficulties and the ingenious ways of overcoming them 
in the construction of the instruments will only be mentioned very 
briefly. The reader who wishes to study the latter more closely is 
referred to the appropriate publications on the subject (if, for in- 
stance, he wishes to construct such an instrument himself). 

As with photometry (sect. 17), so also for colorimetry we can divide 
the instruments and methods into two main groups; objective or 
physical colorimetry, which is chiefly based on purely physical 
measurements, and subjective or visual colorimetry in which ample 
use is made of the properties of the eye of the observer for colour 
vision. There are cases when it is doubtful whether a particular 
method belongs to the first or to the second group. To distinguish 
more sharply we shall agree to consider as belonging to objective co- 
lorimetry those methods in which the eye has work to do, the results 
of which arc not dependent on the individual properties of the ob- 
server’s ej'e. By this we mean in the first place the reading of elec- 
trical measuring instruments and the position of movable parts of 
instruments, and also the adjustment to equal brightness of the two 
halves of the field of vision, provided the two halves radiate light of 
exactly the same spectral compositon (for instance, spectral colours 
of the same wavelength). For in this last instance, too, the results 
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of various observers will agree even if there are persons among them 
with strongly divergent relative sensitivity curves, or who are 
abnormal in colour vision, or even quite colour blind. 

Of the two groups mentioned that of subjective colorimetry is of 
course the older. The whole standardized C.I.E. system fcf. sect. 30) 
is as a matter of fact due to the results of subjective measurements, 
and only after the introduction of the C.I.E. system could serious 
efforts be made to invent objective methods yielding results which 
were in agreement with the system. 

The present state of affairs is such that in practice we must insist 
that both subjective and objective colorimetry furnish results in 
agreement with the C.I.E. system. 

It is of course self-evident that in principle it is easier for objective 
colorimetry to comply with this requirement than for subjective. In 
the latter there is always the question of the observer’s eye, whose 
properties never correspond exactly with the C.I.E. standards laid 
down in the tables. Moreover Kohlrausch®) has shown that 
these properties undergo periodical changes with the seasons. The 
same periodical phenomenon was shown by D r e s 1 e r for the 
relative sensitivity curve (measured by the flicker method). These 
fluctuations are not very great, it is true, but they can be clearly 
observed. For precision measurements the subjective methods have 
the further disadvantage that the eye sets a limit to the accuracy of 
adjustment by not being able to observe- colour differences smaller 
than a certain amount (limen). On the other hand, in using objective 
methods it is in principle possible — and already attainable in prac- 
tice — to differentiate between colours lying considerably closer. 
As against the disadvantages of subjective colorimetry there are 
also disadvantages in objective measurements. In the first place 
very delicate and costly instruments are required in order to realize 
the high accuracy possible in principle, and these can only be woi'ked 
by a staff skilled in the problems of experimental physics. Moreover , 
many objective measuring methods have the disadvantage of 
requiring a great deal of arithmetic. 

It will therefore depend on all kinds of practical circumstances 
whether we prefer a method from one group or the other in any 
particular case. It will, for instance, depend on the accuracy required 
whether a few measurements or a whole collection are necessary, or 
whether skilled assistants are available or whether we have access to 
certain instruments etc. etc. It is therefore to be expected that both 
groups will remain in existence side by side, and that all efforts will 
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be made to eliminate by further improvements the disadvantages of 
both methods. 

As the disadvantages of subjective colorimetry are, as a rule, more a 
matter of principle and therefore more difficult to overcome objec- 
tive colorimetry (as also objective photometry) has, in. my opinion, 
the best chances for the future. 

For this reason we shall deal with this group first. 

§ 50 Spectrophotometry 

The most obvious objective method is the determination of the 
spectral energy distribution of the light proceeding from the light 
source or from the coloured surface, followed by the calculation of 
the trichromatic coordinates with the aid of the tables given at the 
end of this book. 

The measurement of the spectral distribution of energy can be divided 
into the following steps; 

1. The formation of the spectrum of the light rays to be measured, 
that is the analysis of the light into its spectral components. 

2. The measurement of the intensities of these components. 

For the first purpose a prism is almost always used. We allow the 
pencil of light to fall on a small aperture S in an opaque screen 
(fig. 60a). If we make aU light rays proceeding from a point S 
parallel by means of a lens and then focus them in a point S' 
by means of a second lens Lj, we produce in S' an image of S. Let us 
now place the prism P {fig. 60b between and Lj). As the parallel 
pencil of rays falling on P still consists of parallel rays even after 
leaving the prism, the lens L, will again produce an image S' at the 
same distance from the apertures. Compared with fig. 60a this image 

has shifted. But now the amount of 
this displacement is different for 
the various spectral components, 
so that instead of an image S' we 
have a continuous series of images 
lying next to each other in the 
plane AB, each containing’ its own 
spectral colour. From the spectrum 
thus produced we can mow separate 
a special wavelength (or rather 
a very narrow spectral band) by 
placing in the plane AB an opaque 
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screen with a second aperture S' in the plane AB, which only trans- 
mits the spectral light falling on this point of the spectrum. By 
passing S' across the plane AB, or by turning P and Lg together 
through a small angle we can bring each wavelength in succession to 
the position of S'. We can also transpose the spectrum in the plane 
AB by shifting the aperture S to the side. 

In the above we have only dealt with the principle on which spectral 
analysis is based. We cannot discuss here further improvements and 
refinements such as the use of more complicated prisms or the use of 
several prisms. 

Now the intensity ratios of the various wavelengths must be 
measured. 

If we wish to compare the ratio of the ppwer possessed by each of 
the spectral colours directly, various experimental complications 
crop up. Thus, amongst other things, we must take into account 
the fact that in displacing S' the isolated spectral band X-+X -f AX 
does not remain the same size: the value of AX alters. Further we 
must be absolutely sure of the sensitivity of the measuring instru- 
ment employed to the various wavelengths. All such complications 
are avoided by comparing the spectrum to be investigated, wave- 
length by wavelength, with a spectrum of known spectral composi- 
tion. If it is intended to determine the spectral reflection curve of a 
coloured surface the spectnim proceeding from the coloured surface 
must, as a matter of course, be compared with the spectrum pro- 
ceeding from a normal white surface (see section 38) illuminated by 
the same kind of light and at the same illumination intensity. If we 
measure the ratio of the intensities with which one wavelength occurs 
in these two spectra, we at once obtain the spectral reflection factor 
for that wavelength. 

If the spectral composition of the light of a light source is to be 
measured, that of a known light source is chosen as a comparison 
spectrum, preferably a black body, for which it is only necessary to 
know the colour temperature in order to be able to calculate the 
spectral distribution (sect. 42). One of the standard iUuminants 
A, B or C may also be used. 

Working in this way one deals exclusively with comparisons between 
two quantities of light of the same spectral species. This comparison 
can be effected by various measuring instruments. The only require- 
ment is that the instrument should possess sufficient sensitivity to 
each spectral colour. 

The following instruments are among those sensitive to light : photo- 
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electric cells and thermo-elements (producing an electric current 
which can serve as a measure for light sensiti\'ity), photographic 
plates (the density is a measure of the quantity of light) and the eye 
(adjustment to equal brightness). 

When using the photo-electric cell we measure the two lights in 
succession. If the photo-electric cell is linear (that is to say if the 
electric current or voltage is proportional to the amount of light) 
then the light ratio is simply the ratio of the two currents or voltages. 
If, however, we have a photo-electric cell or another detector which 
is not linear (photographic plate, eye, etc.) we can measurably 
weaken one of the quantities of light to be compared until the 
instrument indicates that the two are equal. The reduction factor 
required now gives the desired ratio (of course the same is possible 
with a linear detector). 

When using the photographic plate we first photograph the unknown 
spectrum and then the spectrum of the known light source; the 
latter in a series of various intensities. We can now trace for each 
wavelength the points at which the photographs of the known and un- 
known spectra correspond (i.fl. produce the same density on the plate). 
If the eye is used to make the comparison, we must arrange the in- 
strument so that we see the two quantities of light simultaneously as 
two adjacent parts of the field of vision. We now adjust to equal 
brightness by a measured reduction of one of the two halves. We can 
effect this reduction and the required form of the field of vision in 
countless ways. For these reference must be made to the numerous 
publications [among others, McNicholas^), Ley^), Orn- 
stein®), Gibson®'®), Sewig®)]. 

In conclusion another remarkable instrument must be mentioned 
[Hardy®), M i c h a e 1 s o nq, G i b s o n*)], which was developed in 
America and which is capable of measuring and recording the spectral 
reflection curve of a coloured surface quite automatically. In this 
instrument the light of a particular spectral colour — isolated from 
the spectrum of an incandescent lamp — is allowed to fall alternately on 
the coloured surface V and on the normal white surface N in quick suc- 
cession. A photo-electric cell (F) receives these alternating lights. If F 
receives equal quantities of light from N and V then the photo-electric cell 
produces a constant electric current. If, however, the two quantities are 
unequal then an alternating current is produced which, after amplification, 
works a small electric motor (M). This motor works a mechanism that 
reduces the quantity of light falling on F until V and N again produce the 
same current. Then F stops its alternating current supply and the motor 
stops. The size of the revolution performed by M is a measure of the 
required weakening and therefore also a measure of the spectral reflection 
factor of V. A second motor then moves the aperture separating the 
wavelength from the spectrum slowly through the spectrum. At each 
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position of the aperture the motor M ensures equality of the quantities 
of light produced by V and N. 

M' also turns a registration drum uniformly. The pen that draws a curve 
on this revolving, drum is driven by motor M and gives in each position of 
the drum the spectral reflection factor of the transmitted wavelength, in 
this way the spectral reflection curve is registered quite automatically in 
a few minutes. 

For the manner of illumination of the surface to he measured by this 
instrument see K n i p e ‘). 


§ 51 Calculation of colour points from the measured spectral 
distribution 

In order to determine the trichromatic coordinates of lights or 
surface colours from the measured, spectral distribution of a 
light source or the spectral reflection curve, we must carry out 
the calculations which have already been extensively discussed in 
chapter VI. We can there- 
fore restrict ourselves here 
to giving a few methods 
of shortening these often 
long and tedious calcu- 
lations. 

In the first place we shall 
consider the method of 
selected ordinates. Earlier 
in the book the following 
intructions were given for 
the calculation of the col- 
our point of the light radi- 
ated by a light source with 
a contimtous spectrum : 
divide the spectrum into 
a large number of equal 
wavelength intervals (for 
instance, 10 m(i), deter- 
mine for each mterval^e 
products 

from the spectral 
distribution, Y^, 
according to table D) and 
find the XYZ of the light 
by summation: 



149 




OBJECTIVE COLORIMEITUY 


CH. VTH 



Z = SEA, 

Z = SE.r . 


(21) 


700 m ft 

Fig. 62 

The same curve as in fig. Ola but now the area 
under the curve is devided into equal strips 
(principle of the method of selected wavelengths). 


If the intervals are taken 
in 10 ni(i sizes, there are 
100 multiplications to be 
made besides the addition. 
We shall now show how to 
save the trouble of all 
those multiplications by 
the method of selected 
ordinates. In fig. 61a the 
quantities (table D) and in fig, 61b the quantities are 

plotted for the various wavelengths (for E in this example the 
spectral distribution E^ of standard illuminant A has been 
selected, see table F). In both figures the spectrum has been 
divided into intervals of 10 m(i. In fig. Ola the areas of ^e 
blocks are proportional to X-^, in fig. 61b to E^^, The sum "ZE^X^ 
(formula 21) is therefore proportional to the whole area lying in 
fig. Ola below the curve, while the area below the curve in fig. 61b is 
equal to this is therefore the quantity we require to determine 
the X coordina,te of the equal energy spectrum, which we shall in- 
dicate by Zj.. 

Now in these figures the blocks have been selected of equal widths, 
but it is of course also possible to calculate the area below the curve 
by summing blocks of unequal width. We now take ( fig. 62) for the 
curve a division of the spectrum into 30 blocks all with the same 
area (viz. Z^) ; as increases the blocks therefore become 
narrower. 

If we apply the same division to fig. 61b the blocks no longer have 
the same area, but their area is proportional to E^. The total area 
below the curve EpC^ is therefore : 


^ * Ze.S E,. (22) 

X 

since Zj. is the same constant for all blocks and can therefore be 
placed before the S sign. 

We have now substituted equation (22) for (21). 

In order to calculate Z by equation (22) we must indeed make an 
addition, but the hundred multiplications have disappeared. 

The expression SE means that we must find the value E, from the 

X * 
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spectral distribution for the centre of each block from fig. 62 and 
add these '30 values. The centres of these blocks are called seeded 
ordinates for the curve ; we find their values in table L, where they 
are indicated by 

In exactly the same way we find: 

Y = and Z = -ffg- Z-^E . 

Y Z 

Here we must add the values of for the wavelengths Xy and 
which are c^tained in the same manner by dividing the area below 
the curves .Y ^ and Z^ into 30 blocks of equal areas. These selected 
ordinates are also given in table L. Finally we find: 

A- : Y : Z = 

X Y Z 

= S£x : S£x : SFx (23) 

X Y Z 

for X^ = Yj; = Yjj. 

We can apply an entirely analogous method for coloured surfaces 
whose reflection factors have been measured and whose colour points 
when illuminated by one of the standard illuminants A, B or C are 
required. 

If we choose illuminant A as an example we find by the old method: 

in which the summations take place over a number of equally wide 
blocks. We now draw the curves F^Xx, £'^Yx and £^^x table G) 
and divide the spectrum into 30 wavelength intervals in such a 
manner that the area situated below the three curves is divided 
every time into 30 parts of equal area. The area of one part is there- 
fore Jg Y^ and Z^ respectively. 

If we apply this block division to the curves 

the area of these blocks becomes projiortional to 

■ inr -^A < ®A • 3*0' Fa • ’sV ■^A- 

The total area below these curves is therefore: 

^ ^ ®A ■ -g^d ^A = i*u 

Y = Y^Se,, Z = ^ Z^S., (24) 

or: Z : Y : Z = XJLz^ : Y^^^ : ZJ.%^, (25) 

so that we have once more found equations in which the 100 multi- 
plications have been done away with. The summations must again 
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take place over selected ordinates, the values of which are given 
in table M. 

The reflection factor of the coloured surface is found by applying 
equation (24) to the normal white surface for which all values are 
equal to X, therefore : 

Y^y = ~ s = Y : Y^ = 

(hence s is the average of the 30 values that assumes for the 
wavelengths Xj,). Tables N and O give the selected ordinates for 
standard illuminants B and C. 

§ 52 Examples (continued) 

We should like to illustrate the use of the selected ordinates by two 
examples of calculation. 

The first concerns the trichromatic coefficients of standard illumin- 
ant A. These have already been computed in section 37 in the 
"old” manner. The “new” calculation is given in table 5. For 
each selected wavelength of table L the value of (see table F) 
has been tabulated. Addition then shows (according to equation 3) : 

Za : Fa : -?A = 3326 : 3027 : 1076 
or Xj^ = 0.448, ^a = 0.4075, = 0.146. 

The second example concerns the colour of the green paper "nc 79” 
under standard illurainant A. This example, was worked out in 
section 39 in the "old” manner. The new calculation is carried out in 
table 6. For each selected ordinate of table M the value of (see 
fig. 28) has been given. Addition gives the following results: 

Ss, = 4.351; Se, = 6.691; Es, = 9.508. 

A' r ^ z * 

If we apply equation (25) with the values worked out in the previous 
example. for Xj^, Ya and we find: 

X : Y : Z = 14490 : 20220 : 10210 
or X = 0.3225, y = 0,4546 and z = 0.228. 

For the reflection factor e we find s = X 6.691 =- 0.223. 

The results agree well with the results obtained in section 39 by 
another method. 

We have always worked with 30 selected ordinates. The choice of 
this number is determined by two factors : the accuracy we wish to 
attain and the question whether the spectral distribution or the 
spectral reflection curve has a fairly level course. 
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§ 52 


In by far the majority 
of the cases occur- 
ring in practice the 
number 30 seems to be 
very satisfactory. 

If the curves for or 
are very flat, or if 
we are content with a 
fairly rough estimation 
of the colour point, 10 
selected ordinates are 
sufficient. We take for 
these the wavelengths 
numbered 2, 5, 8, . . 29 
in tables L-0 (marked 
with an asterisk in the 
tables). 

If on the other hand 
the and have a 
very freakish course, or 
if we wish to attain a 
very great accuracy, it 
is sometimes desirable 
to take 100 instead of 
30 wavelengths. Har- 
dy®) gives tables for 
this case. 

For some light 

sources other than 


n 

TABI,E 

5 

TABLE 

6 



£(lz) 

£(lx) 

£(Ay) 

E{Xz) 

1 

22.3 

42.7 

17.7 

0.260 

0.477 

0.144 

2 

27.2 

56.7 

20.9 

0.449 

0.476 

0.162 

3 

31.6 

62.7 

22.6 

0.313 

0.444 

0.177 

4 

36.7 

67.4 

23,7 

0.263 

0.416 

0.191 

6 

44.0 

71.2 

24.7 

0.228 

0.390 

0.206 

6 

80.2 

74.4 

26.6 

0.204 

0.362 

0.219 

7 

89.3 

77.4 

26.6 

0.186 

0.337 

0.236 

8 

96.3 

80.2 

27.6 

0.170 

0,314 

0.248 

9 

100.0 

82.9 

28.1 

0.167 

0.294 

0.200 

10 

103.9 

86.6 

29.2 

0.147 

0.276 

0.271 

11 

107.4 

88.1 

30.0 

0,137 

0.267 

0.280 

12 

110.6 

90.7 

30.9 

0.129 

0.239 

0.288 

13 

113.6 

93.1 

31.8 

0.122 

0.223 

0.296 

14 

116.6 

96.7 

-32.7 

0.116 

0.207 

0.301 

16 

119.1 

98.1 

33.6 

0.110 

0.196 

0.307 

16 

121.7 

100.7 

34.6 

0.107 

0.180 

0.310 

17 

124.2 

103.3 

35.6 

0.104 

0.169 

0.316 

18 

126.6 

106.0 

36.6 

0.101 

0.167 

0.322 

19 

129.8 

108.6 

37.6 

0,098 

0.146 

0.330 

20 

131.6 

111.4 

38.6 

0.096 

0.136 

0.340 

21 

134.1 

114.4 

39.6 

0.093 

0.126 

0.361 

22 

136.6 

117.4 

40.8 

0.091 

0.118 

0.368 

23 

139.3 

120.6 

42.1 

0.090 

0.110 

0.382 

24 

142.1 

124.1 

43.6 

0.088 

0.106 

0.416 

26 

146.1 

127,9 

46.1 

0.086 

0.100 

0.449 

26 

148.6 

131.2 

47.1 

0.086 

0.096 

0.476 

27 

162.4 

137.1 

49.6 

0.084 

0.090 

0.494 

28 

167.1 

148.0 

62.9 

0.082 

0.087 

0.493 

29 

163.6 

160.8 

68.0 

0.082 

0.086 

0.474 

30 

176.6 

164.8 

68.4 

0.086 

0.082 

0.403 


3326 

3027 

1076 

4.361 

6.691 

9.608 

n = number of selected wavelength. 



£, A, B and C selected ordinates have been calculated by MacAdam’) 
and Richter’). See also Bowditch’). If we wish to determine 
the colour points of coloured objects for illumination by a light source 
for which we have no table of selected wavelengths, there are two ways 


open to us : _ 

a. We can calculate such a table lor ourselves from the values 

and EjZj^. This method is only to be recommended when we 
wish to examine a very large number of colours by the same- light 


source. _ 

b- In the formulae X = V = S'a'^pi ^ A ^ 

can calculate the products tfE^^ and sum them up over the selected 
ordinates of table L. In this way we save two-thirds of the otherwise 
necessary multiplications. 

If we have to determine the colour point of a large number of only slightly 
differing lights we can take one of them as standard (spectral distribution 
and determine photometrically the ratio /;^ for each other light source 
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of the power that this light source emits at the wavelength, to E^. For the 
required colour point the following then obtains; 

: y : Z = 

so that we can determine the ratio of these sums by adding the values of 
for the selected ordinates calculated for the standard employed. 

As t} will only change slightly with the wavelength, we can manage with 
a small number of selected ordinates. The method of selected ordinates 
can be applied in numerous other cases. We may mention here only their 
use for calculating brightnesses according io B = MtEy_ Vy 
For colour calculation the method in the form dealt with here was first 
proposed by Hardy “), but we find the principle in a somewhat modi- 
fied form in Luther while the well-known Rousseau diagram 
in photometry is really based on the same principle. 

Finally we wish to point out the existence of methods that still 
further reduce the calculation involved in working out spectral 
measurements. Various ingenious instruments have been constructed 
— partly of an optical and partly of a purely mechanical nature — 
which perform the required multiplications and additions automatic- 
ally. For further particulars we refer to the publications of 
Hardy^), Rosch®), v. d. Akker^), Razek^), Searsi), 
S w a n k etc. 


§ 53 


The analogy of the eye and a combination of three photo- 
electric cells 



Fig 63 

The eye may be replaced by three photo-electric 
cells whose relative spectral sensitivities cor- 
respond to the distribution curves and 

of the equal energy spectrum. 


In sect. 8 we pointed out 
that the properties of the 
eye in the matter of colour 
mixture could be perfectly 
explained if we accept the 
fact that each cone con- 
sists of a combination of 
three photo-electric cells. 
Let us now consider further 
this possibility of re- 
placing the eye by photo- 
electric cells. Imagine 
three different photo- 
electric cells of which the 
spectral sensitivity is pro- 
portional to and 

(/*§• Eind table D). 
This means that, when we 
allow the same power of a 
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spectral colour of the Wavelength \ and. of the wavelength Xj to 
fall in succession on the photo-electric cells, the electric currents 
produced in these two cases by the first cell will be in the ratio of 
Zai : Xa 2, while for the second and third cells the currents will be 
in the ratio of Ya^ ; Yaj and ; Za^. 

Further we suppose the photo-electric cells to be linear {i.e. that the 
current for a certain light is proportional to the power in the light 
beam.) and that their action is additive (the current produced by a 
mixture is equal to the sum of the currents that each component 
would produce separateh'). 

If we now direct a light pencil on these photo-electric cells having a 
spectral composition E^, the cells then produce the following currents: 

SEX = X] SE F = Y;- SEF = Z. 

K A A A A A 

The currents are therefore proportional to the trichromatic coordi- 
nates XYZ of the light directed onto the cells. 

From this important result two conclusions can be drawn: 
a. The three photo-electric cells act in the same way as the normal 
eye. For if the corresponding trichromatic coordinates of two 
pencils of light are equal, the eye sees no difference, while the one 
light pencil produces the same triplet of currents as the other. If, 
on the other hand, the eye does see a difference between the two 
light sensations, this means that at least one of the coordinates is 
unequal. In this case at least one of the photo-electric cells will 
also produce different currents for the two pencils of light. 

As the whole colour comparison is always based on the judgment 
as to whether two light penipils produce an equal colour sensation 
or not, and the combination of photo-electric cells produces the 
same results as the eye in that respect, we can indeed say that 
we can unreservedly substitute the three photo-electric cells for 
the eye in the judgment of colour. 

We might have used the verdict "the eye acts as a combination of three 
linear photo-electric cells with sensitivities a Z^“ as the starting 
point of the theory of the ordering of colour sensations in the chapters 
IIl-V. Grassmann's laws are already included in the supposed 
properties of the photo-electric cells, as we can easily prove. This way 
would undoubtedly lead to a shorter development than the considerations 
given in chapters IV-V, but we should have gained no insight into the 
experimental basis on which the whole rests. 

Even if the photo-electric cells had the property of producing currents 
proportional to the trichromatic coordinates of another system, the com- 
bination would still be equivalent to the eye. This, for instance, would be 
the case if the cells had the sensitivities Bj, 3% and (see table B] or 
R^, and (table C). More generally speaking "the eye acts as a 
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combination of three linear photo-electric cells whose spectral sen- 
sitivities are linear combinations of i and In practice we shall 
only be able to realize such a trio of photo-electric cells if this “other” 
system gives exclusively positive coordinates. 

b. From the proportionality of the currents produced and the tri- 
chromatic coordinates it further follows that we can also employ 
the three photo-electric cells to measure the X, Y and Z of 
a light beam. As we have eliminated the use of the eye in such 
a measurement (namely replaced it by the equivalent combina- 
tion of photo-electric cells) we see here a typical example of the 
transition from a subjective to an objective method. 


§ 54 Objective colorimetry with the "photo-electric tri-colorHmeter" 


This method is based on the facts described in section 63. Historically 
the method arose from one of the most primitive attempts to define 
colour sensations. The light source (or the coloured object) was 
examined in succession through red, green and blue tinted glass and 
the observed brightnesses were measured visually. The three numbers 
— if necessary multiplied by constants a, b and c — would produce 
the trichromatic coordinates. Here we have in fact the case dealt 
with in section 63, in which instead of the photo-electric cells the eye 
was used, covered by filters. Just as with the use of photo-electric 
cells, we also require the spectral sensitivity of the eye covered with 
filters to be proportional to the values and 2^. 

Now the spectral sensitivity of the eye itself is V^. If we look through 
a filter that transmits the value for a wavelength X, the eye thus 
reinforced has a spectral sensitivity of (ri)^. The same with the 
use of the two other f^ers : Y^.(rg)^ and The required 

equivalence with and therefore exists only if the filters 

comply with the following conditions; 


n ^ ; V, . (r.). - ,2^ or 

(-0. = rX, ; Vy, (-J. = (rj. _ rZ, : V, (26) 

If the filters do not comply with this requirement there is the risk 
that two light beams with equal trichromatic coordinates will yet 
produce different results. 


This risk is eliminated il the filters satisfy the more general requirement 
arising from (26) by replacing t ^ and 7^ by arbitrary linear combina- 
tions of these three functions. 


But even if the filters do come up to the requirement -r— which 
was first explicitly stated by L u t h e r i) — the method has still 
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the great disadvantage that visual brightness 
comparisons have to be made in which there 
is always a colour difference between the two 
halves of the field of vision. To .what un- 
certainties this may lead we have already 
seen in section 11. 

The only way to avoid these uncertainties 
is by substituting an objective measurement 
for a subjective one, i.e. by employing three photo-electric cells 
instead of the eye. 

The great practical difficulty (which by the way exists for the sub- 
jective method too) is to comply with the requirement that the 
spectral sensitivity of the photo-electric cells must be proportional 
to the quantities X^, 2^. No single type of photo-electric cell 

fulfils such requirements unconditionally. 

As a rule we employ one photo-electric cell to which we endeavour 
to give the required spectral sensitivities by using different filters in 
succession. This sounds very simple but in practice we encounter 
very great difficulties if we wish to satisfy the requirements with 
accuracy.. The filter that has the task of adding sensitivity to the 
photo-electric cell, owing to the queer shapo; of (see fig. 63), is 
particularly difficult to achieve. Efforts have been made to remove 
these objections by ingenious combinations of filters used partly in 
series (the light passing the filters in succession) and partly in pa- 
rallel. The latter principle, which is particularly freely employed by 
D r e s 1 e r ®), is in fact equivalent to the employment of one or two 
different photo-electric cells used parallel to each other [Barnes^)] 
In fig. 63 it strikes one that the short-waved part of is about 
proportional to This was made Use of by employing the same 
filter for both parts [v. d. A k k e r ^), D r e s 1 e r *)]. 

Fig. 64 illustrates the use of filters placed one behind the other 
or next to each other. It represents the filter used by Dresler®) to 
give a spectral sensitivity to the photo-electric cell proportional to 
and it is constructed entirely from the well-known Schott filters. 

We can also use the fact that it is sufficient for spectral sensitivities to be 
proportional to arbitrary linear combinations of X^, and In this 
way we c^n arrive at filters easier to realize [W inch*)]. A principle 
suggested a long while ago by Ives*), i.e. to analyse the light spec- 
trally and to bring about the necessary reduction of the various spectral 
colours in the spectrum by templates, has been followed on a limited scale 
both in photometry [Voogd*), H. Konig*), Laporte*), 
Winch •)], and in colorimetry [K n i p e *), H. K 6 n i g »)]. See also 
Guild*), Hunter*), Perry*). 
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Fig. 64 

.^combined filter as used 
by Dresler for adapt- 
ing the photocell sen- 
sitivity to the curve7;^. 
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Summing up we can make the following judgment of "photo-electric 
colorimetry". Of all methods it is perhaps the one with the best 
chance of survival, as it combines relative simplicity with very 
rapid measurement, and with all the advantages that an objective 
measurement offers over a subjective one. Undoubtedly there are 
still technical difficulties to be overcome. At the moment, the same 
accuracy can be attained with relatively siniple means as with the 
best subjective methods. If we should succeed in raising the accuracy 
to the level of that of the best spectro-photometric methods — and 
this is chiefly a question of better filters — then probably no single 
method would be able to compete against that of photo-electric 
tri-colorimetry. 
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Subjective colorimetry 


§ 55 Ratine of application and classification of subjective methods 

In section 49 we have already dealt with the distinction between 
objective and subjective methods of colorimetry and the most 
important advantages and disadvantages attached to both systems. 
In the past, of course, the subjective methods had everything their 
own way. The knowledge of the properties of the eye, research into 
the laws of colour mixture and into the existence of normal and 
abnormal organs of sight, the principles upon which the C.I.E. 
system was based, were all built upon subjective measurements. 
But subjective methods are still of importance to-day, for scientific 
purposes: for continued research into the properties of the eye and 
for eventual improvements of the standard system of the C.I.E., and 
for practical purposes: in all cases in which the advantages of the 
subjective method are of greater weight than the disadvantages. 
The choice between subjective and objective methods is determined 
in a great measure by the accuracy we wish to attain. In this respect 
we can distinguish the following cases: 

a. The maximum accuracy is required without much regard to cost 
in time and money. In this case objective methods are the 
most suitable. It is possible to limit the errors made in deter- 
mining the XYZ values so that they are no greater than the col- 
our differences that the eye can just distinguish, while in com- 
paring colours of the same species and in measuring small colour 
differences a considerably greater accuracy can be reached. 

b. No greater accuracy is desired than can be attained with the best 
visual instruments. In this case both, groups of methods are 
satisfactory and the choice made will often depend on all kinds of 
side issues. 

"Photo-electric colorimetry” will in future probably be of par- 
ticular importance here (section 64). The mutual differences 
between measurements made with the various instruments and 
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by observer.'; and between the measured results and the C.I.E. 
system in most cases do not exceed more than a few times the 
colour differences just visible to the eye. As for the establishment 
of small colour differences, the objective methods for case (b) are 
about as sensitive as the unaided eye. 
c. If accuracy is of still less importance, or if it is sufficient to com- 
pare the colours with certain standards without the necessity of 
knowing the values of XYZ with any precision, we can use the 
simplest methods of subjective measurement. These are simpler 
than rough objective measurements. 

Subjective measurements are always based on the fact that the 
colour sensation to be examined is made indistinguishable from 
another colour sensation. This “other" colour sensation can arise in 
various ways. In the first place, and this is especially important for 
the judgment of coloured surfaces, we can select from a large collec- 
tion of coloured objects the one whose colour most resembles the 
colour to be examined. This method, seemingly so simple (section 66), 
is only of use if accuracy is of little importance (case c). 

In the second place we can maicA the colour sensation by additive 
mixing of colours (sect. 6) or by varying a known colour in some 
other known way so that an equality of colour sensation is pro- 
duced. With the aid of instruments by which such a matching is 
brought about we can' attain the degree of accuracy mentioned in 
case (b). 

§ 56 Colour determination with the aid of a colour atlas 

If we have at our disposal an extensive collection of colour samples 
(a colour atlas), it seems at first sight easy to determine the colour 
of a given object by finding out to which item of the collection 
the colour of the object to be examined corresponds. This would 
appear to be a very simple, direct, accurate time-saving method of 
colour determination. 

In practice, however, it is disappointing. For the method to be 
satisfactory the colour atlas must be of very high quality — which 
is true of none of the existing colour atlases — and when using it 
various precautions must be taken with which hardly any user ever 
complies. If it is desired to use a colour atlas to determine the colour 
of a given object with some accuracy, the atlas must comply, inter 
alia, with the following conditions: 

1 . The atlas must be complete, i.e. contain all colours met with in 
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practice. The difficulty of this can be understood when we re- 
member that not only must it possess representatives of all colour 
points of a great part of the colour triangle, but that these colours 
must also be present in various brightnesses. In other words, we 
must have a whole series of colour samples at hand each having 
the same chromaticity but var}dng reflection factors, from values 
so low that the colour can hardly be distinguished from black, up 
to the highest values that can be realized (see sect. 46). 

2. The atlas must be sufficiently dense, i.e. two neighbouring colours 
must differ very little from each other. The ideal case would be 
that two neighbouring colours differed so little from each other 
that they could barely be distinguished by the eye. For accurate 
colorimetry the colour differences between neighbouring examples 
must certainly nowhere exceed more than twice this amount. 
The first and second conditions imply that the atlas must contain 
an enormous, number of specimens. As an illustration 0 s t- 
w a 1 d’s colour atlas may be mentioned, which contains in its . 
original form more than 2000 coloured cards and still does not 
comply either with the first or with the second condition I ' 

Ames estimates that about 13000 cards are required to fulfil condi- 
tions 1 and 2. The number of surface colours distinguishable with a given 
illumination under favourable conditions of observation is very much 
greater: according to an estimation by Judd”) about ten million I 

3. If we wish to employ this method to define colours in the XYZ 
system, the X, Y and Z values assumed under a certain illumina- 
tion (preferably two illuminations, for instance A and B) must 
be marked on each specimen of the collection, 

4. Even if we do not arrange the colours to be measured in the XYZ 
system and are satisfied with giving the number of the colour in 
the atlas used, we must ask for reproducibility. Differ- 
ent copies of the atlas must be identical to the extent that it does 
not matter if we have a colour measured by P or Q (supposing 
they both possess an 0 s t w a l.d atlas). 

6. The condition of colour fastness implies that in normal use the 
colours shall not change in the course of time. This condition is 
particularly important if we wish to measure the spectral re- 
flection curve of a specimen. For this purpose we generally 
require a fairly protracted and strong illumination. 

In using an atlas for the classification of unknown colours the follow- 
ing rules must be observed. In the first place both the colour to be 

measured and the comparison colours must be illuminated by a well 
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defined .jligM i source i jwhich’ miist ib'e (Quoted' with the resiilt ,iFor 
iti-.ina,y ((happen ..that, , two -ooloujied 'objects, under i mcan'descent 
hgh.t((giYe')theiiS'a.me(icQlo.ur.rsensation nbub in, daylight show, clyar 
diffcrtoces Jn ther second -.place, w^intust consider, how the samples 
arci' illuminated i)If pospblc thaianstructionsigiven.-in, .section ,38 
(flgJi27)-[ should, he .adhejredi'toi'.'j'hei usn,'0f -other nUuUunuting .and 
o.hpeiiving aTtangemcnts (Should lbe; quoted with., the results. This., rule 
IS in some (Cases, of .the ; greatest .importaneei as-for .sqm,e surfaces 
(espQciallyrWithi' textiles)] the colour and, r the, ijief lection factor,, qiay 
dapendito a fairly, large ;degr,ee, on , the ;dir0cti'on3 oh illummation rand 
ohSenvation , Thirdlyi,we,.naiistiitiTy tp, observe, tha.polpinis in such a 
way. that nothing, can b^ seen oh.ther'Sitructure.of the, snrfa,ce, There- 
for*^ in.such a;w,ayithatrwe'Canuotseerot|What kinds,of,matenalThe two 
colours to-be .corapaied.aTe macle iWe -caniatiuin this, ioc. instance, 
by placing. ithe. object far jCnough away,|Or,by|]oolang qt the (Surface 
through a lens.ispjhal it ns not, sharply i-pproduced on thp retma. We 
pan I ,als 9 - , cause the , stTUcture, , to, .disappear by , letting , the, surface 
revolve, rapidly., ,If we ido not take, such precautions great difticulties 
will he experienced m.colour'cqmparison when on,e of the objects has a 
surface, that is not quite smoqth and unify^m m colour (for instance, 
textiles, wood, agricultural, products etc.). Finally we, must. comply — 
sit least approximately with the conditidns summed up ih section 
19, which must' apply to ail visual colour rheasureihent 
Onljl when all thehequirterhents mentioned have been. fulfilled and all 
preaautions taken, caw thisi method, develop, into due of precision 
Since, however, in practice these conditioiis have never been satisfied 
and are partly impossible to satisfy,, colour determination with the aid 
of a colour atlas must be classed among the rough estimation methods 
fgroup (c) of section '55) n ' ■ 

We by no means wishito imply, however, that for, certain' purposes 
thei method would not. bo of great practical value. 

Some, well-known colour atlases are those of R i d,g w a y ^), M u n- 
seim), 0 s t w a 1 d '■ ‘^), 'Maerz^ and Prase [Baumann^)]. 
Sec further the surveys b.y .A. m e s '*), ' P, a n d e r ^), Richter®) 
and the extensive publications regarding the M u h s e 1 1 system 
widely known in America (for. instance, Nickerson®), Gran- 
ville^'®), Gibson®), G 1 e n n^), Kelly^), N e w h a 1 1 .®' ®), 
J u d d T y 1 e r 1), B o n cl i) etc.]. 
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ipi referred, i'9.|lih9i^?^t-Wsi,v;q.literajtu’re,|qn,-.the iapbjecl;.| An, acquain- 
tance jwidrvtlio ; various; pqrtq iwjiU ifpcilitatq, this,,,study ,,, Every 
triqhrqmatiq) eplorirp,et,er.,GQutajns pne,, or, inorq kjindSi, pf iprisrps 
which are used, f or j^h, e; iqost .diyergent, purposes, d-ftioinbetr pf. the 





most, frequently, .ocpuripng,, types, ,ia,nd,|the ipqnqer, in, ,wh|ich, dhey 
influence thp pass^iigq (pf hght rayspUfe given , belq.vy. ,. , j ■ : r 

TThe , simplest, prism, one ,with g.rfbtangu\ar 4sos,celes , trqnsyerse 
section, used almost exclusively as a’lpifror f/ig, jSdu.d^., ,The rays 
striking, ope of, , the, sides, at ,an angle pf;;45° are,tptally reflected. The 
entrapce and ,exif pf the light a|way^ .takes place perpendicular, to 
the; surface,, sp that no undesirable, colour dispersion takes place. The 
three-sided prism- with egm’lateral.transyerse sectipn is employed for 
the spectral .analysis of hght -(/ig, 65c, see also fig. 60) and, for the 
additivp, .puxtpre, of lights (fig> 65d). Ilere .lights (1) (2) and (3) gre 
mixed and leave, the prism as one pencil r of .rays (4). This method 
can only be applied if (1) and (2) are spectral lights, otherwise an 


undesirable colour displacement takes place. 
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Finally the equilateral triangular prism 
occurs in the combined r61e of bringing 
about the spectral analysis of light and 
forming a field of vision divided into 
two halves for colour comparison. 
Fig. 65e illustrates this. We have 
here actually a combination of two 
spectroscopes of the type sketched in 
fig. 60 having a common prism. The 
course of the rays 1-2 is from one opening and 3-4 from the other. 
The two spettra both lie in the plane AB, so that we can cut out a 
narrow spectral band from both by placing a common slit at S'. An 
eye behind S' now sees the left half of the field of vision, in the colour 
transmitted from the beam 3-4 through the opening S', and tbe right 
half in the colour transmitted Ijy beam 1-2 through S'. The rib R 
here forms the vertical dividing line between the two differently 
coloured halves of the field of vision. The principle described here 
has been applied by Helmholtz for the comparison of light 
mixtures consisting each of two spectral colours (see section 72). 
The bi-prism (fig:65f), a three cornered prism the transverse section 
of which is an isosceles triangle with very acute angles on the 
hypotenuse, serves to turn two divergent beams 1 and 2 into the 
parallel beams 3 and 4. As the part of beam 1 falling on the left 
half of the bi-prism leaves the prism again at a strongly divergent 
angle, an eye placed at some distance sees on the left-hand side of the 
prism only light from beam 2 and from the right only light from 
beam 1. The rib R therefore again forms a vertical dividing line 
between two differently coloured halves of the field of vision. 
Slightly more complicated are the so-called photometer prisms of 
which fig. 66 gives two examples. The prism of fig. 66a, the 
Lummer-Brodhun prism, is to be considered as a com- 
bination of two prisms I and" II each being shaped as a half cube. 
Before they are stuck together a part of the oblique side of one 
of them is made into a mirror (the part heavily drawn in fig. 
66a). *) After sticking the two parts together and directing two 
baams onto it in the way indicated, we see in direction 3 : from the 
mirrored parts of the diagonal light from beam 1 and from the 
unmirrored parts light from beam 2. By giving a special shape to the 
mirrored parts we can divide the field of vision into any parts 


a 



*) This can be done by gcinding away a part of the dividing surface. 
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f radiating partly light 1 and partly light 2. The most 

pl usual is again a vertical division into two halves. 

— »■ Such a prism is used in photometry to adjust the two 
halves of the field of vision to equal brightness, while 
»si3 it is employed in colorimetry to adjust two beams 
87 tQ a.n equal colour. Another division of the field of 
polarized light. Vision IS into a number of vertical bands giving in 
turn the colours of the two pencils of light (fig. 66a). 
Fig. 66b shows a photometric prism of a slightly different con- 
struction giving a field of vision illuminated in one half by light 1 
and in the other half by light 2 (the part of the boundary surface 
drawn heavily is again a mirror). 

Finally fig. 68 shows some prisms whose action is based on the pro- 
perties of polarized light. Considering a beam 1 (fig. 67), we see a 
vibration phenomenon propagating itself along this Une. The direc- 
tion of the vibrations is always perpendicular to the direction 1. 
Usually all vibration directions lying in the plane ABA'B' are 
represented, but in certain cases a pencil of rays is produced from 1 
(by the action of prisms, mirrors, etc.) in which only one direction 
of vibration occurs (for instance the direction AA'). In this case we 
say that the light is polarized. If another ray only contains vibrations 
in the direction BB' we then say that the plane of polarization of the 
first ray is perpendicular to that of the second, or that "the two 
rays of light are mutually perpendicularly polarized.” 

The prisms shown in fig. 68 each produce two such mutually per- 
pendicularly polarized light beams, which also differ in other respects', 
by which they can be distinguished. In contradiction to the prisms 


illustrated in figures 65 and 66, which are 
usually made of glass, the phenomena sketched 
in fig. 68 only occur in prisms cut in a 
certain way from the crystals of substances 
such as quartz or Iceland spar. A ray of light 
falling on such a prism (fig. 68a) is split in 
the manner indicated into two beams (2 and 
3) which are refracted in different directions 
and which appear to be mutually perpemlic- 
ularly polarized; such a prism is called “bi- 
refringent”. Since in the case of fig-. 68a 
the two beams leaving the prism are parallel, 
this form of prism is not suitable for sepa- 
rating these beams completely. With a prism of 


1 1 



Fig. 68 

The use of polarized 
light in trichromatic 
colorimeters, 
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the*»tyif)e sketched iti ft\f''68b this c6uldi hei 'done, i but causes an 
undesirable colour dispersion, awhile the.ffaot that the (direction oi 
both depaiting beams S andiSiditfers' front that of 3 can aisp b,e very 
annoying ^ Roth ‘ objections arO' lemove'diby lising the ypti’pm of 
ftgl 68c. This 'Consists 'oh a bi-refnngent prastn I and a glass ‘prism II 
(the lower in the figure) having fof beam i2’ the same refractive incfejc 
as I.' Ream 2‘now leaves un' a 'direction' paralteh to 1 and showsmiq 
Golour I 'dispersion whatsoever. 'VVe can 'obtain i the same result by 
taking'instead of II a bi-refringent.prism'iof Iceland spangrourld in a 
different manner Irom 'I 'Wo ' can 'also arrangd it so 'That tlieibeaffls 
3 and 3 ho symmetrically with respect to diredtibn'il' (Wo 11 k s t o 'n 
prism) A Wollaston prism is'msed if Ion someireasonior other 
we wish to spirt a beam into"t'WO'mutu^llyipeipendictilar,!poUbizGd 
beams, 'and also (and mowiwe chanfeo thb dirbatidn of'bho knowtoof 
fig r68c) to unite two beams of 'differenttflii action 'into, ail-jght pencil 
m which ithe lays proceeding ifropi 2 and 8 aieifiitiUhnutually per-i 
pendiouiauly poianzed,' 1 m "c n '.i'-dimji! iku/juu/ Ih /thiir i 
II at'isireqttiredfto split light. into two mutually perpendifcular polanz-i 
ed beams and only use oncof ihOse beams, then .the prism .67(i) 
the Nicol pnsm, commonly called ithe '‘'nicol” do? short, is iuseduHetc, 
one polarized beam (2).leavesilheipnsin.in fthensameidirecilnon as (1)' 
wlnle.the other pencil (Sifiis tdtalLy.Teflecfcediat.thOlboundai]yi!surface! 
of /I and II and then' reachak tlie 'hdundaryljof'lIirtQjibq complotclryi 
absorbed there,. If light .penciL 2 as. againt directed! omto aijmcoiAdqn-i 
tical witli) the lust one.andan Ihqsame position utha /second minOil will 
let the light pass ummpeded*.iH/the'.'seeondi>mbol ji9,n.OjWptiUJined.0Oc[ 
omits axik (parallel to 2). no l]ighttwha.iev.enw.iILikppeanhiaU itheiUght! 
of 2 has been reflected and dhshrbediinfthe mknnerio^iS ilf tjIxcjseCoiiidi 
nicol IS m an intermediate'jpo'sitionithe'jEame hindipf ( diVasion^ takesr 
place as in~thmfiist mcolnso that aipair|; Qfi2 again lekves the pjusmi 
parallel to t^ie axis and anotlidcpart la destroyed! Ifdhe spsiond iniool 
isdurped slowJy a-hputiit^ axis /the/quan|ity(Ofi 'light, transihltted..tell 
gradually decrease from itsiapaximun3 valhej(the(twOiinoolsipasaUol)l 
to z^ci'p (crossed, nicols)iiIn thenQmbinationjcjfitheitwiO/imcqlSiWqihavqi 
therefore a pimple piethad lofiWhakeninigiR pgnoiljaiflajysqmaijnSkSu^-B 
able '.njianneir If ,w^ obs&rvejdjhe'pqSlfcioniof theiSjecpn^'flUcgbit?^ dao; 
cahuljite the'peiductionifactBuiqii.iteisim.pli^ i, djiie , h'lsucicif yluhr 

A nicol (!dii also bfeused tgifaryithe/i^tio oltihe twu coiup(cmentaiui'A4*l!h^el 

^ yixtYre For this, 

^ in,utu^l!y perpendicularly poJari|^ (this can be done with a Wolla,ston 
prfsin): I! t'hV iiiixtUrehsUii-ected^DAt'o a'iiii:ol'3}hI'ml4i/sil'^r£fl6'“'if ’tb'e® 
,fcWQi«Proponents Willichiqge tebntinuouslyikjhfiii theinnotii ‘jS'‘t»ltns,daiI4iI 

m 
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I particular two mutually perpendjcular'positions of ithein'icol cOjU beifdund 
lu wlpUi Qxie or tl^e o).}i,er pompone|ifJ; i‘itrpnBtTiittcd,excIi,isivcl^y > 

In certain cases' polarized light must be used with caie for Vnlensily reguia- 
’tiOTl,' particiilatiy when tli'e reflectioii'-laitbi's df'a'sufface aie dbpendont 
qn the directioii of ' polarization o£ the ,Iiglit i [i r i isonie textiles; 'See 
Nutting')] 

choice , of. pmrrjia,ry icoloifr ,?, , , 

We shall now conader b'y,’si.ep,iii,e' with in the 

construction of the trichiomatic colonmetet In the first place we 
have the choice ol the prirtinry colotus from which the matphing 
mixture will be built up Sometimes three spectral colours are sclect- 
ed'for this purpose, orlthey mayvfor mstaince, be obtained by placWg 
three 1 different eoloured filters iri it ont 'of ''incandescent lamps' (we 
then spteak oh "filter colours’’)' In either casctit-is important that the 
three primary colours he as far' apart as possiblo 'In othei 'words, 
Ih-Oir co'lour' points 'must form as large' a ' triangle as possible m the 
'colour plane It would appear then that the 'great majority of colours 
can be measured wuthout having to lesort to negative quantities 
(section 21) i' • - I'p.' • ' ■ - ! 

In the oldest trichromabc 'Coionmeters',' 'Which were chiefly bpilt for 
the purpose of studying ’the ‘laws of' quantitative colour ‘mixture!, 
spdctral primary colours were practically always used; as in thih case 
the calculation' of the 'results 'IS simplest [Maxwell^), .H'eLm- 
holtz-Konig®)] Subsequently, however, when a deeper insight 
Into -theory was gamed, the advantage ■was not felt so' keenly and 
coloiameters with composite primary 'C oIouts were used for the same 
purpose [G u i 1 d ^)] as well as instruments with spectral colours 
[Wf ighit,^)]. " ' ' ’ f ’ 

The situationi’has altered slightly since the introduction of libe 
XYH system', iwbert the 'demand arose fhpt the resulis obtained w)th 
trichromatic 'colorimeters should i correspond with- this system as 
far as possible.' This resulted in a great idi^advantage acco'mpanyiug 
■the use of spectral primary colours', f6r if We reproduce the colour 
sepSatlonsiio bcimaasured by mixing three spectral colours, the two 
fiiatchmg mixtures as..a rule differ strongly from each other m then 
spectral icompositihns i These greatMiyergencejS' cause the results to 
be. gciliatly .influenced by the/ unavoidable iindivydual! differen 9 es in 
the. colour, yisioni of ithe’va‘rf6uS'bbshrvCTs With tjie use ol primary 
oolourS', each 'hontaming wavelengths from a great range of the 
speetrumv .the. difference in spectral composition is much smaller, so 
, that, the results of- the. various observer, s fj'^viate less' apiji i^ is'easier 
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to link up well with the XYZ system. After the instruments designed 
by I V e s Wright^) and V e r b e e k ^), which still worked 
with spectral primary colours, we find filter colours used almost 
exclusively [D o n a 1 d s o n i). Guild®), Richter®) etc.] in 
modern colorimeters. 

In visual photometry, too, the same trend can be seen. Before we make a 
visual adjustment (for instance with a flicker photometer) we must try 
to equalise, by means of filters, not only the colours of the two lights to be 
compared but also their spectral composition. 


§ 09 Additive mixture of primary colours 


When the primary colours have been chosen they must be additively 
mixed. Various means can be used. One of the oldest methods is with 
the aid of a spectroscope (Jig. 69a, see also fig. 60b). Light from an 
incandescent lamp falls on an opening S and produces a spectrum 
in the plane AA' via prism P and lenses Lj and L^, so that the light 
transmitted through opening S consists of only one particular spectral 
colour. 


If we now add a second opening Sg a spectrum will also be produced 
in the plane AA', but this will have been displaced with respect to the 
first spectrum. The result is that a spectral colour of another wave- 
length will fall on the opening S'. If we use the openings Sj and 
simultaneously an additive mixture of the two spectral colours will 
therefore appear at S'. 

This method of mixing primary colours can of course only be applied 
to spectral primaries. Amongst others it is’ used in the early instru- 



ments of Maxwell 
and Helmholtz, 
Fig. 69b illustrates a very 
simple method of mixing 
colours additively. The 
three projection lanterns 
] , 2 and 3 project three 
different coloured light 
spots on the screen AA'. 
If these spots cover 
each other an additive 
blended colour is pro- 
duced. This method is 


Fig. 69 

Different methods of realising additive mixing 
(partly after Richter). 


much used for demon- 
stration tests but is 
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§ 59 ADDITIVE MIXTURE OF PRIMARY COLOURS 


hardly ever employed for the measurement of colours. A . more 
favoured method is shown in fig. 69c. In this the oblique line 
represents a glass plate which partly reflects the beam 2 in direc- 
tion 3 and at the same time partly transmits beam 1 without change 
of direction. Beam 3 therefore contains the additive mixture of 1 
and 2. If another colour is to be added (4) a second mirror which 
mixes beams 3 and 4 is used in the same way. 

Fig. 69d shows a method of mixing that has already been discussed 
in section 57. By the aid of a Wollaston prism W the two 
beams 1 and 2 are combined into beam 3, in which the components 
proceeding from 1 and 2 have been mutually perpendicularly pola- 
rized. This method is not suitable for blending three or more colours. 
Finally fig. 69e shows a method, adopted in various modern in- 
struments [Donaldson^), Richter®) etc.], which employs a 
photometer sphere, also called an Ulbricht sphere (U). This is 
a sphere the inside of which has been covered with white paint 
which reflects the light well and diffusely. If we illuminate a small 
part of the inner surface the rest of the sphere is illuminated quite 
uniformly by the reflection of the light from A. In photometry this ■ 
property is utilized to measure the total luminous flux radiated by 
a light source. The illuminant is suspended in the centre of the sphere 
and the brightness assumed by a part of the inner wall of the sphere 
as a result of the reflected light is proportional to the required total 
light flux, if care is taken that this part is not illuminated by direct 
radiation from the- light source. In trichromatic colorimeters the 
various coloured beams 1, 2 and 3 are concentrated onto a small 
part A. If we observe the opposite part of the wall of the sphere 
through an opening O, we see the additively mixed colour radiated 
with uniform brightness. Compared with fig. 69b this method has 
the advantage that all difficulties that may occur in fig. 69b (irregu- 
lar brightness, the three light spots not accurately covering each 
other, coloured edges etc.) are autoinatically avoided. It must be 
noted that in photometry very large spheres (viz. 2 metres in dia- 
meter) are usually employed, as the dimensions of the sphere must be 
large compared to those of the light source. In the trichromatic 
colorimeters, however, small spheres are used (about 10 or 20 cm 
diameter) which have the advantage of producing adequate bright- 
nesses of the wall of the sphere even with a relatively small- amount 
of light. In the methods of mixture dealt with so far the light of the - 
three, primary colours was united in one pencil of rays, so that the 
same part of the retina received the three lights simultaneously. 
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9 Another 'method' of ’additive mixm'g Consists 'of 
difectirig different ''coloured lights ‘in Succession' on- 
" ‘to 'the eye wittl shefe'a high' speed that a constant 
' 'cOloiir sehshtion 'is obtained! "blended ‘colours 'are 
then produced which obey' the''sarhe laws afeithC 
■ ■ ■ ' 'colouts 'produced hy simultaneous additive 'mixing 

Fig 70 Foi tius'ieason the 'method 'of swift colour 'exchdn'ge 

ndtijtiveiiiiiiiijgi, IS akO'iisefti] 'for hl’ixi'ng primary 'coloUiS'’ 
fliso' p shows' the Oldest' and'bestbknown method 
" ■' 1 of "applying 'this"principle',' one' which iS'i’often 'used 

for ' demohsttatiOn tests and' which allows'' a blOnding" of' the 
crilOuls proceeding fiom ' diffeient cblou'red 'objects- (for "insta'ncie 
papers)* 'The Colours are''placdd' on a' flat disc '(‘Ui' our cxamplb 'ted, 
green, '"blue, bla’ch and white)' ‘l^y’tuining'tht iliscwith-sufficieht 
speed’ about thb axis A' (perpendicular 'to'’ the "drhwing) 'Wei'sCe 
thO^'inher circle uniformly' illuminated', while the outei rm'g iS 
also Seen ‘as 'one’colour ' ''hi' '■ > , , i , !' ,i ,) fi/- 

By a suitable choice of the surfaces observed with 'the various colours 
the difedirtg’ line betw’een circle and ring'Can be ‘made to ■ disappear' 
In our example grey (from black and white) has beeh' matched 'by a 
nUXtiire of Hhe "three 'colours red! green ‘and blub' ‘ ' ''' ' 

In some coloVimetefs the radiations' of 'three 'coloui''saniple3 tare 
actually 'used as primary ' colours [N 'i d k ek s'bn ')|]' and 'these are 
mixed in a' similar 'rhanner Instead of 'al revolving disc i. statioharj^ 
disc IS used,' observed' through a' revolving' prism. ' m'n". i 

In 'Order to mix (:5lou'redTight rays we employ a slightly different 
method '(fig 71a). A system of twoi prisms A 'and A'' is .i made to 
tevol've xapidly abopif the axis 00'' The light 'rayS''then'ifoll’ow' The 
path drawn In 'the 'fixed dividing wall CD* there, are openings pro' 
vided 'With'calonrcd filters winch transmit" different coloured ways 
in successtori' to celtain positions of the' prisms' If the beartl'. oflighli 
is broad arid hohi'ogened'us’Jehough'if ftg< 71h') .one_ prism 'is Sufficient.' 
F i'g 71 c IS' a ■ sketch ‘ Of thel'dividmg plane.* CD ; ' thre^ colo'uredi light 
lays a'le to be inlxcdpRi 0 and'© are The opemngi-prov'ided ■with 
c&louredifiltersdl.,'2 and 3.are adjiustalble'shutt'^ts/’Cldsinfpapt'ofithd 
openings' ahtl ahowihg'the ratio of the three colours' to be regiulated 
(light can- only pass through- the ishaded’ parts 'in'ihfe'fiigure) Jem nh 
The imtiHiraent sketched-inifig' 7T'is* known as-th'e "Brodhuti sector’d 
andhs employed motile. '0 iibtd ducoloa'mete^ii.aiaongrfotihhrs/'l.iil 'n 
There .'arc a few other possibilities of 'additive' icolounmixmg'"britt 
these <are riot 'applied in colorimbtilyi u*,., I . j > no:; ,rf; y, rr.,,| i,;, -*,.<* 
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TRtCfHUdMAl-'lC'COLOkj'MJilMSjS 


, ; ri cSf tihese; weiinwy^meiitibKi j, s lii' j m) i i r . | 

I .‘i ' il' Ti'i*®! W whon,}bokmg^at^ a 

, ^ sufficK^ntly fine^ mosaic of diiferenl coloured spots (employed m dolour 

‘ ‘ pliotography aria coiour printing) ' . j S. I j 

' ' < ‘S' fenbcular 'colour mixing 'it (tifforent. coloured lights tali on correspond- 

‘ lingipauls of' the rrfetiiia' Of' each) eyo,l ini certain oircumstanfes'a'ilnifrid 
III jpiij ftP'lhuf 1 $ seep Fpi ijlps mjitturg othetj JaHySjObtain'than foii''orditiarv” 
additive coloui mixing [Lohmann'-), Irendelcnburig *), 
'“‘Ro':'fi'a't''Y'‘i'l'cc‘hd:2); X'l'vfe'Hitz’i)] ‘ ‘ I ' ' 


'“‘R o t:' fi' a 't 
'J 'I - / Mi. I 

' >1 j 1 1 ' I r I , I 1 1 , 


.)i i ' I'r ' 


') i" ‘'i'l !" ' '■> "ztli , ' ;'h I '.I' 

9 DU Irichromatic colnrtmeters. Various .considerations 

' 11,11' '1 . ) II '.lllld/' .)■' rl iM , I '' ' " '■ 

, ' ■ l(| I I 

An 'important ‘poiht in'^the 'consttTi(ttiori 'of 'tridiiorHatic colorimeters 
discussed 'b61ot^''iy'tl'ile' manner m wliidh'the’ interisitieS qf tlip lUi'ree 
^irimary bold'iirs'are regulated' tlidt‘'tlie"ilaagmtude of the'quanfity 
of each prlmary^cdlotlr’used cah fee tfead'direttly from the regulating 
meOhanisih '''•M''' I'*' ' !■ "i'l '' ' 

The' 'tnosf'iiSual 'method of tegulatioh'in Visual phb’tohi'etry, namely 
varying the 'distance 'of the'll^ht source!' is" very Seldom' employed 
here [keb! h(Dwfever,' the' Pk^ie st'^)* coibhihefer]' A's a 'rule 'a fixed 
positibh'fdr theluhiinants is ferefe’rredi'and’aliti’ost'w'ithoht exception 
the 'qiiantitieS ^bf light are regulated' whe’ii’ malting 'the' cbiour'lma’tch 
by'dne df 'the'fbllb-Winjg’tWb metlibdk ' ‘ 

a' "By 'Wd'jtiktkfele' bhutters *6r 'diaphragms that serdeh off'a pkrt'bf 
"‘the' 'diameter 'of' ihe'beam’of' l'i^ht’'a'nd‘'therebyTfegulatir the flight 
dtix tratlsniitte'd "These' diatphriagtns'aire' bf''the' rhb'st"diVe'rg'etit 
^"shkifies The'welhknoWn'ihs diapihragin! erhployedun camera's’ (kti 
ihiltation’ of 'the' 'diaphragm' 'of t;hfe‘’eye')'is 'bne''of"ih'ese' Wb'Aayfe 
already* sberi. quite' another ‘ehajie4h'’fig_ Td'c 'dri' ukiri^ Subh'dl'i- 
phragms care must be taken that they are set up at fhe right 
' ’ place ih the path'of'hght;'sb't'hat'the mov'eihent 6f the diaphragm 
only jitoduces a gradilal'ailteratioti of the quantity bfdight withou't 
' ' ' irif luencih'g either the shape' ot 'siie of the field of 'visioii [G li'i 1 fe 
D o'h k'l (i s'o'ni),' ' PI 'Ml ih Gii ' ' )■). d. V 

-"'R1chtei-s)iWrightfe,"''’ ■' ' B "V'"‘lil|0 ' ' — 1 

V e'r b b e k 1), '‘ete'j '! V' " 

b'n'V'itlT' hicbTs''^‘'Tb'i’s rijlG 

'■ f-pf 

"bussSd^'at tire b'iiii' of ‘ 

• ''s^ect'^ ii 'li bin-' 

'' jbloyed ‘in' the iristftlA'' T*- *' '' ' 

'■im4so'fH'efmhol'tl;‘'f; r" 

‘Nuttingfe/Richt^r®) ’■ .Additive nii'ing ivith Bro'dhun sector 


l'U4il / ’ t' > 'ripiji, 

1 W f i ! iL^ \ !l 


J-lOi 


' t.l n '-.I!!'’ ei; i'F' i f 1 I >rf| ‘i 

.Additive nii'ing rvith B r o d h ii n sector 
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In order to produce a field of vision divided into two 
halves a Lummer Brodhun prism (fig. 66a) 
is commonly used. In some instruments other 
means are employed, such as the bi-prism (fig. 66f) 
OT the prisms described in fig. 65e and fig. 66b. 
We shall now discuss briefly a few' other problems 
arising in connection with trichromatic colorimeters. 
In all instruments the possibility exists of also 
producing negative quantities of one of the primary 
colours, that is to say, of adding a certain quantity 
of one of the primary colours to the colour to be 
measured instead of to the matching mixture. 

A very ingenious method of attaining this end 
has been invented by Richter (fig. 72). A 
screen is placed before a lens L with two square openings I 
and II. A queerly shaped shutter S, mobile in a vertical direc- 
tion, always closes one of the openings entirely and the others 
partially. The light transmitted by I forms part of the matching 
mixture; the light proceeding from II follows another route and 
's finally added to the colour to be measured. In the position of 
fig. 72 only the shaded part of I makes a contribution to the matching 
mixture. If S is now shifted a little higher, this contribution becomes 
increasingly smaller. At the moment, however, when the contribu- 
tion becomes zero (when I is quite closed) II begins to open and to 
produce a ‘.‘negative” contribution. Without the observer noticing 
anything he has passed automatically from a positive contribution 
through zero to a negative contribution. [Richter®) speaks here of 
an “optical switch over”]. 

If we wish to use a colorimeter to measure the colour of a coloured 
object an apparatus must be added to illuminate the object in a 
particular, prescribed manner (for instance according to fig. 27). In 
some instruments [Richter ®)] this apparatus is built into the case 
in which the whole colorimeter is mounted. In others this appar- 
atus is constructed separately from the instrument itself. With a 
trichromatic colorimeter we measure the quantities of the three 
kinds of light which have been used in the instrument as primary 
colours required to match the unknown colour K. From these 
three quantities we must deduce the values of X, Y and Z. This 
task is related to that of the transition from the system 

to the XYZ system (see section 30). Here too we began with the 
required quantities of the three kinds of light. If we know the XYZ 
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coordinates of the primary colours used we can deduce formulae, 
]ust as in section 30 , enabling us to calculate the XYZ values of the 
colour K from the measured quantities B\B ' If 

for unit brightness of the first primary colour: 

X Y 2 Z = Cj^, 

for unit brightness of the second primary colour: 

X =•- Y — b^, Z = C21 
for unit brightness of the third primary colour: 

X ~ O3, Y — 63, Z = C3, 

and if colour K can be reproduced by a brightness of the first, 
B\ of the second and of the third primary colour, then the XY 2 
values of the colour K are clearly: 

X ~ flj q- B3 Q,^ + B^'u^, 

Y = B^% + B,\ + B^\. 

Z = B-jI c-^ -f- B^c^ + B^ c^. 

Here therefore are the required equations. They have a form similar 
to that of the transformation equations ( 9 ) of section 30 . In order 
to be able to pass from the measured values to the XYZ values we 

need therefore know only the coefficients a-^a^ c, or the XYZ 

values of the three primary colours used. But these can be calculated 
with the aid of table D from the spectral distribution of the light 
source and the spectral transmission curves of the filters used. 

Corrections must be made for the lack of selectivity of the other parts used 
in the instrument (mirrors, photometric spheres etc.). Another method 
given by Guild^) to determine the coefficients oci-Cg is by measuring a 
number of known light sources (for instance some spectral colours, a 
standard white) with the trichromatic colorimeter. Each measurement 
then supplies us with some equations foe the coefficients sought for. If we 
make more of such measurements than are req.uired for determining 
OjOj . . . . «8, we have a check on the accuracy of the measurement and on 
the degree of correspondence of the observer with the XYZ system. This 
method is less intricate than the previous one but has the disadvantage 
that in determining the coefficients all the uncertainties of the subjective 
measurement slip in and with the spectral colours in this case to a far 
greater degree than with the normal use of the instrument. 

The following method has been suggested by Smith*) and Guild to 
minimize the influence of individual differences and of small alterations 
in the instrument. Let the observer intending one day to make a series of 
measurements first measure- the colour of a standard illuminant (B or C). 
Erom this measurement certain values (Rj'R,'Rj') must appear which 
can be calculated from (1). If the observer now obtains values which are 
respectively and pt% too large, the further observations ol that 

day can be corrected by reducing all other readings by pj, and ^ 3 %- 
one of the ^'s is large there is something amiss either with the instrument 
or with the observer 1 
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§ 61 'Other' subj^dtwe ccilbrimeter^s ^ ,,i , , , , , i,. \ , 

1 For the colorimeters so far discussed we had three fixed colours 
fl I I , at , our, disposal, and the matcliing 'of the colour to be 
I . ' I , I , ' examined WS-S brought about by pd- 

ditive mixing, "We shall, hojv discuss 
some colorimeters based on slightly 
different , principles, i, ,;,i , 
Closely related to the trichromatic 
coloiimeters is Richterls 
instrument , ,already 'mert- 
tioned The oply ulevi- 
ation IS that this mstnj- 
. ment has no less than 9 

< primary colour^ at its clis- 

' posal These nine colours 
, have been indicated in 
iig 76 One of the primary 
colours IS the white point 

W {x = y^z, the German 

., standard illuminant E, 

, F'g 76 see section 23), the other 

The primaries of Richter’s colorimeter , r 

The colour K IS matched by mixing W, 1 and 2 Colours consisting of the 
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j' I same standard white provided with different filters. 

I If, for instance, one wishes to measure a colour 

16 K, the three primary colours W, 1 and 2 are 

0 / used for matching ; for the measurement 

7 H of K' W, 2 and 3 are used, etc. 

NffiO It is clear that negative quan- 

^ tities of W are only some- 

^ times required; these are 

^Ur — ' " obtained by the “optical 

switch over” described in 
\ sect. 60. One can usually 

V -uso decide at first sight in which 

\ (’W12, W23 etc.) K 

^ lies. It is only necessary to 
^ 4So\ consider the hue. 

^ The advantage of such a 

* 3 m\yf^ \ I I subdivision of the range of 

° ^ ^ ^ ^ ^ «... colours lies in the fact that 

'^7 the position of K can be 

Guild’s vector method. K is matched succes- j . .1 

sively, hy mi.sing Aj with iy and fj with )./. determined more accurately 

Tlie colour point is tlie point of intersection Jjy matching with the aid 

' ■ of the primary colours W 12 

than, for instance, by matching with the colours 1, 3 and 5, which 
are much farther from K. Another advantage is that with the use 
of W, 1 and 2 as a rule the spectral distribution of the match 
resembles that of K more closely than with the use of 1, 3 and 5. 
The result is that the individual differences between the observers 


is less significant. 

Farther removed from the trichromatic colorimeters is the group of 
instruments whose purpose is to define the colour to be measured 
at once in the monochromatic system. In these instruments the 
matching therefore takes place by mixing a standard white with a 
spectral colour. Equality is again obtained by adjusting three mag- 
nitudes, i.e. the choice of the spectral colour (the dominant wave- 
length) and the quantities of white and of this wavelength required 
(the ratio of these quantities determines the colorimetric purity) 
The best known instruments of this type are those of Nutting^) 
and Priest ^). As compared with the best trichromatic colori- 
meters they h ave the following disadvantages : 
a. very strong divergence between the spectral composition of the 
two halves of the field of vision; 
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b. as a rule brightness equality is required between greatly differing 
colours (white and a spectral colour), which always leads to un- 
certainty and individual differences. 

Beside these disadvantages the advantages fall well into the back- 
ground. These are: a slightly easier adjustment, since .can be 
adjusted fairly accurately at the beginning and so there are only 
two variables to regulate, and a saving of some arithmetic if we are 
only interested in X^ and j). For these reasons this type of instru- 
ment has lately become quite obsolete. For their technical construc- 
tion see the discussion in sect. 67-60. 

A system of colour measurement invented by G u i 1 d ®) is illu- 
strated in fig. 77. In order to define the position K in the colour plane 
of the colour to be measured, the observer first finds two wavelengths 
Xi, Xi' capable of matching the given colour by additive mixture. 
Without having to determine the ratio of the two components Xj 
and Xi', we know that K must lie on the straight line X^X/. 

If now a second set of wavelengths XjXg' is determined, possessing 
the same property, then the position K is fixed at the intersection 
of the lines XjXj' and X^Xj'. Instead of Xj and X 2 two fixed lights 
(either spectral or otherwise) may be taken and X^' and 7.^' deter- 
mined in the same manner once more. 

The advantages of this method are the avoidance of sources of error 
connected with the determination of the ratio of the components, 
the simple construction of the instrument with which the measure- 
ments can be effected, easy control of the results, namely by finding 
a third pair of wavelengths (the three lines must then pass through 
one point), and the avoidance of arithmetic. 

Against this stands the often repeated disadvantage that the results 
depend to a very great degree on the individual properties of the 
observer, owing to the great difference between the spectral com- 
position of the two lights to be compared. Guild himself calls this 
the “vector method”. 

A method described by R 6 s c h ^) is based on the property dis- 
cussed in chapter VII that colour sensation can be matched by an 
ideal colour. The colour can therefore be characterized by the two 
wavelengths Xj and Xj occurring in the ideal colour, and its bright- 
ness. R 6 s c h, whose method is specially intended for the measure- 
ment of coloured objects, has chosen three other quantities, namely 
the width of the interval in which the ideal colour radiates light, the 
"average” wavelength of this range and the ratio of the brightness 
of the colour measured to that which the matching ideal colour 
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would assume under the same illumination (in other words, the 
ratio of the reflection factor of the colour measured to the . greatest 
value that it can assume with the given illuminant and iii the given 
point of the colour plane). 

R 6 s c h has constructed an instrument with which it is possible to 
measure these three quantities directly. The ideal colours appear by 
projecting a spectrum of the illuminant and screening off a particular 
part of it. The advantages of this method are the simple construction 
of the instrument, the slight influence of the individual properties 
of the observer and fairly easy adjustment. The method has the 
disadvantage that it does not supply the trichromatic coordinates 
directly, but this can be minimized by using suitable tables and 
graphs. 

Finally we must mention another group of instruments in which the 
colour is reproduced by subtractive mixing. We let the light of the 
— white — illuminant pass through a combination of filters placed 
one, behind the other. As a rule these filters are chosen from a 
series of blue, yellow and red specimens, and at first the colour to be 
examined was defined by the numbers of these series used in the 
adjustment [L o v i b o n d i)]. 

The colour was in fact defined by three numbers but, as a result of 
the use of subtractive mixing, these three values are quite unsuitable 
for making simple calculations, as can be done with the trichromatic 
coordinates. It is therefore a first necessity for us to be able to 
calculate the ZyZ coordinates from the values found. 

The connection between these two groups of magnitudes is generally 
complicated and not clearly to be seen. For L o v i b o n d’s instru- 
ment, called a Hntometer, it has been possible to simplify these 
calculations considerably [Schofield^), Fawcett^)]. 

On account of its very simple construction this instrument has 
found its way into various fields in which it can be applied. 

Instruments of this group have also been developed in which the colour 
can be continuously varied, for instance by the use of filters with varying 
thickness of the absorbent layer [K a 1 1 a b i), Jones®)]. 
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§ 62 The normal and abnormal eye. Survey of defective colour vision 

In chapters III-IX our attention was engaged exclusively with the 
ability of the normal eye to adjust two colour sensations until they 
are indistinguishable. 

This sharply defined subject of research can-now be extended in two 
different directions. In the first place we can still restrict ourselves 
to equality adjustments but this time take abnormal eyes into 
consideration as well. In the second place we can turn our attention 
to other powers of the organ of sight than those mentioned above. 
In chapter X we shall restrict ourselves mainly to the first extension 
of the subject and in chapters XII and XIII the second extension 
will be discussed. The first question that arises is: "When shall we 
call the eye of an observer normal?" 

It is difficult to give a definite answer to this. In anj’’ case we shall 
have to limit ourselves to the properties of the eye which govern 
colour sensations in deciding what is normal or not and particularly 
the power to judge equality of colour. A short-sighted eye can be 
absolutely normal as regards the observation of colour. 

One might, of course, put it thus; an eye is to be called normal if it 
answers to the “average" properties of the eye established by the 
C.I.E. system but in this case we should seek in vain for a normal 
eye, for such an intricate living organ as the eye always shows 
individual deviations. We shall therefore have to call an eye normal 
if its properties deviate only slightly from the established averages. 
What exactly is meant by "only shghtly" is left to some extent to 
our discretion. The same uncertainty attaches to the idea of “average 
height". 

Yet there is a real distinction between the concepts of “average 
height" and “normal sight", namely that; if we count in succession 
the number of men with the heights of 6'8" — 9", 5'9" — 10", 5'10" — 
11", 6'11"— 6', 6'— 6'1". . . . 6'6"— 7", 6'7"— 8". . . we shall see 
that the number of men («) belonging to each of these groups con- 
tinuously and regularly increases and then decreases according to a 
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particular law (probability curve). 
Fig. 78a shows a diagram of this curve. 
We shall now call the men whose height 
lies between say and of "average" 
height. If the same calculation is made 
for certain properties of colour vision — 
for instance the ratio v in which the 
observer has to mix a certain spectral 
red and green in order to match the 
yellow of the sodium lamp — quite a 
different phenomenon is often found. 
For relatively small deviations from 
the most frequent value I'j, a similar 
curve is found to that of the height 
measurements (fig. 78b), but willi in- 
creasing deviations the number of per- 
sons often decreases less steeply than 
might be expected. The curve becomes 
practically horizontal and may even 
show a new maximum (A and B in 
fig. 78b) and sometimes it happens that between the primary 
maximum and a secondary one B there is a space where » = o. 
Not a single observer has mixture ratios in this region. The maxima 
at A and B point to the existence of a certain number of persons 
with a peculiar defect of colour vision. That this is actually a new 
phenomenon and not a coincidental divergence from the average 
can be confirmed in two ways. In the first place the observers 
belonging to the region indicated by B display various other 
peculiarities of colour vision. In the second place — and this is 
more important — these defects are hereiitary. They recur in later 
generations according to fixed laws (see section 67). So while we 
cannot say exactly where the mixture ratio should lie, in order to be 
able to call an observer normal (for instance between i\ and I'g) we 
can say with certainty that observers whose mixture ratios lie in the 
neighbourhood of A and B show a deviation from the normal. 

Now there are a number of types of such deviations; we have already 
seen two in fig. 78b. 

In order to obtain a provisional general survey of these types we must 
remember what role the number three plays in the colorrr vision of 
the normal observer (sect. 5 and 6). The set of colour sensations of the 
normal observer is three-dimensional. With some abnormal observers 




Normal and abnormal body 
Icoglh. and colour vision, a) 
Frequency ol different body 
lengths, b) Frequency of mixing 
proportions v obtained with a 
certain colour-ajustment. 
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this collection may be eithei three, two or one-dimensional. There is 
never a greater number than three. 

Now the different forms of defects can be subdivided according to 
this characteristic (one, two or three-dimensional) and we then have 
the following general classification. 

1. People whose set of colour sensations is three-dimensional; these 
can reproduce all colours by the mixture of three fixed colours. 
These persons, called trichromats, can be divided into the follow- 
ing groups: 

a. normal trichromats, or in short, normal observers ; 

b. anomalous trichromats of the first kind, called protanomalous; 

c. anomalous trichromats of the second kind, called dcuteranoma- 
lous [the existence of the two secondary ma.xima in fig, 75b 
is due to the existence of the two groups (b) and (c)]. 

d. anomalous trichromats of the third kind, called tritanomalnus 
(very rare). 

2. People whose set of colour sensations is two-dimensional; these 
can match all colours by mixing only two fixed colours. These 
people, called dichromats, can be divided into the following groups : 

a. dichromats of the first kind, or protanopes (formerly called 
red-blind) ; 

b. dichromats of the second kind, or deuteranopes (formerly 
called green-blind) ; 

c. dichromats of the third kind, or tritanopes (formerly called 
blue blind or violet blind; very rare). 

3. People whose set of colour sensations is one- dimensional; these 
cannot distinguish an}' colour whatsoever; to these any two given 
colour sensations can be made equal to each other simply by 
varying the brightness. These people, called achromats, mono- 
chromats or totally colour blind, can be divided into the following 
groups ; 

a. monochromats with blind cones (rather rare); 

b. monochromats with colour blind cones (very rare). 

We shall only apply the much used term “colour blindness’' to 
monochromats, whose colour sight is really missing. 

This classification is based exclusively on the mixture laws holding 
for different observers, therefore on adjustments to equality. Of the 
other properties of the eye, the way in which the dichromats .see 
colour, for instance, is particularly important. Does a dichroinat, 
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unable to distinguish between certain green and red papers, see 
them in the same way that a normal observer sees the green paper? 
Or does he get an impression from both papers corresponding to that 
yvhich the normal observer receives from the red one ? This question 
cannot be solved for ordinary dichromats; for the only means of 
communicating our subjective sensations of a colour to another 
person is a description by means of colour names, and the colour 
names given by the dichroniat are not exclusively determined by his 
colour sensations but chiefly by his obstinate efforts to make his 
denominations agree with those of the normal observer. Very rare 
cases have been ascertained in which one eye of an observer is normal 
and the other dichromatic [H i p p e 1 ^), Holmgren^), Die- 
ter^), V. Trendelenburg,®) V. Kries ®)]. In these cases 
the question can be answered as the observer can compare the im- 
pressions of the one eye with t;hose of the other. 

All the defects of the eye mentioned are congenital, hereditary and 
practically unalterable during life. We shall not discuss here the far 
less frequent defects that may arise during life (by injuries, poisoning, 
disease). These defects are not hereditary and may change in the 
course of a lifetime, perhaps even disappear. • • 

See J u d d'') for a description of these defects. 

§ 63 Anomalous trichromats 

These deviate least from the normal. Although this type of defect 
occurs most frequently (60 to 70 % of the abnormal cases belong to 
this group), knowledge of their properties is still very incomplete and 
fairly confused. There are various reasons for this. In the first place 
the mutual differences within the groups of protanomalous and 
deuteranomalous persons is much greater than in the other groups. 
This can go so far that there are cases in which it is doubtful whether 
we have a protanomalous trichromat or a normal trichromat. (With 
deuteranomalous persons the distinction between normal and ab- 
normal observers is much sharper.) 

In the second place the differences between anomalous and normal 
trichromats in the results of equality adjustments are considerably 
smaller than the differences occurring in some other factlties of the 
eye. As an example the discrimination of wavelength differences may 
be mentioned. For the normal observer a certain minimum difference 
(limen) is required between the wavelengths of two spectral colours 
if he is to perceive a colour difference between the two lights. Now 
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this limen is as a rule considerably greater for the anomalous trichro- 
mat than for the normal trichromat; protanomalous and deuter- 
anomalous persons are less sensitive to wavelength differences. The 
problem becomes still less manageable since the limen of deuter- 
anomalous people, for instance, can vary very greatly and the 
deviations in limen need on no account run parallel with the devia- 
tions of the equality adjustments. There are observers with whom 
the results for the equality adjustments deviate very much from 
those of normal trichromats, although their limens are only slightly 
raised, and vice versa [Nelson ^)]. It is to be understood that it is 
difficult for people whose sensitivity to colour differences lies far 
below the normal to determine trichromatic coordinates with any 
accuracy.. 

The following rules hold for colour matching by anomalous trichro- 
mats ; 

a. The three laws of Grassmann (sect. 24-26) remain un- 
changed; the number three plays the same part as with normal- 
observers. 

b. The quantitive results of matching experiments — which led, 
for instance, to table B. for normal trichromats — are different 
from those of normal observers. 

c. The different classes into which the anomalous trichromats are 
divided (see survey in section 62) are also distinguished by differ- 
ent results in these experiments. 

Hence it appears that for the complete study of anomalous .trichro- 
mats it is necessary to determine the trichromatic coordinates of the 
spectral colours for each observer. This determination is vpr y intricate 
and since it is desirable to extend this investigation to as many 
individuals as possible, and also because of the great individual 
spread among anomalous trichromats, substitutes have been sought 
for these measurements. One of these takes the shape of a spot test 
which quickly enables us to separate the normal from the anomalous 
trichromats, and at the same time to sub-divide the latter into 
protanomalous and deuteranomalous (Tritanomalous people are 
excluded on account of their extreme rarity.) Such a test consists of 
the matching of one colour sensation by mixing some chosen lights. 
It must be remembered in setting up the test that the spectral 
distribution in the two halves of the field of vision to be compared 
must differ considerably, for an adjustment to equality of colour 
sensation in which equality of spectral composition exists at the 
same time, is also judged correct by people with a very defective 
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sense of colour, and therefore forms no reliable test for our purpose. 
The test consists in this, that the person tested must match the 
colour of sodium light (589 mp) by mixing red light (671 mp or lately 
more usually 665 mp) and green light (535 mp or 537 mp). 

The mixture i.s slightly less saturated than sodium light but the difference 
is so slight (p = 0.983 — 0.986 instead of 1.000) that in general no incon- 
venience is experienced. 

The normal observer requires a particular brightness ratio of the red 
and green lights for this match. The anomalous trichromat, however, 
requires a ratio generally differing from the normal, while at the 
same time the distinction between protanomaly and deuteranomaly 
comes clearly to the fore. The protanomalous require a smaller ratio 
green/red and the deuteranomalous a larger (therefore relatively less 
rod) than do normal observers. If therefore in fig. 78b the “mixtuj?e 
ratio” represents this green/red ratio, then the maximum A is due 
to protanomalous and maximum B to deuteranomalous trichromats. 
According to Trendelenburg^) and Schmidt there is a 
region between B and Ug where « _= 0, while this is not the case 
between and A. In other words, this test completely separates the 
deuteranomalous from the normal people, while between the prot- 
anomalous and the normal there is still a very small number of 
transition cases. According to Nelson^), however, such boundary 
cases would also occur with deuteranomalous people. The test 
described here, which apparently answers its purpose very well, was 
first introduced by Rayleigh^). An instrument (anomaloscope) 
which is in frequent use has been constructed by N a g e P) for 
carrjdng out this test [see also L. Hardy ^) and Shaxby ^)]. 

The considerable width of the chief maximum in fig. 78b is to be ascribed 
mainly to the more or less yellow colouring of the macula lutea (sect. 4). 
By replacing the wavelength of sodium light by other wavelengths we can 
find out in dubious cases whether the observer is an anomalous trichromat 
or one with a strong colouring 'of the yellow spot. [S c h i 6 d i n g e r *)]. 

If we determine the trichromatic coordinates of the spectral colours 
for anomalous trichromats, defective colour vision (relative to that 
of the normal observer) seems for protanomalous people to be 
restricted chiefly to the red curve (the H of the C.I.E, system); this 
curve is shifted to shorter wavelengths. Directly connected with this 
is a displacement of the relative sensitivity curve which shows itself 
particularly in a low sensitivity to orange and red colours: the 
protanomalous trichromat sees the spectrum shortened on the long 
wavelength side. In the case of deuteranomalous people the defect lies 
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chiefly in the green curve (F), which is here shifted to longer wave- 
lengths, while the same holds for the relative sensitivity curve. The 
results of different investigators [Kohlrausch®), Schmidt®), 
Nelson^)] are very divergent. 

Actually one should understand by the red and green curves mentioned 
above the trichromatic coordinate curves relative to the three axes 
selected in the isochrome directions of the dichroraats (sect. 64 and 65). 

The practical importance of the detection of anomalous trichromats 
lies in the fact that they are less suitable for some occupations. Their 
defective colour judgment will only be an impediment in very special 
occuputions /for instance they are unsuitable as observers in colori- 
metry by subjective methods). They will, however, be much more 
impeded by defects in other properties of tlieir vision, for instance, 
their lack of sensitivity to colour differences. Particularly when 
required to distinguish and recognize colours under difficult circum- 
stances their achievements will usually lie far below those of normal 
trichromats [Pitt ®)]. 

§ 64 Dichromats 

Dichromats show a much more defective colour vision than the 
previous group. While most anomalous trichromats are unaware 
that they have defective vision, dichromats know very well that 
their colour sight is abnormal. 

The most important properties of dichromats are the following : 

a. Grassmann’s laws still hold, but with this difference, 
that in the first law (section 24) the number three must be 
replaced by the number two; only two primary colours need be 
chosen; the set of colour sensations is two-dimensional for di- 
chromats. 

b. When a normal trichromat has made the two halves of the field 
of vision equal by matching a colour from three primary colours, 
the two halves will still appear equal to the dichromat; the di- 
chromat will agree with any adjustment made by the trichromat 
(this is not the case with the anomalous trichromat!). This fact 
was ascertained by S e e b e c k i) in 1837 . 

The protanope generally also agrees with colour adjustments made by a 
protanomalous observer, the deuteranope with those of a deuteranomalous 
observer. This proves the mutual relationship between the two proto- 
defectives and between the two deuter-clefectives. We find this relation- 
ship confirmed when studying heredity (section 67). 
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type of dichromats. 
When for a dichro- 
mat A and A' are 
indistinguishable 
the colours on a line 
(!') parallel to (1) are 
also indistinguish- 
able. 


c. The ' inverse reasoning, however, does not 
hold: when a dichromat has made an ad- 
justment to equality the trichromat will 
generally disagree with it. This was to be 
expected : since the set of colour sensations of 
the dichromat is so much poorer than that of 
the trichromat it must repeatedly happen 
that the dichromat calls two colours equal 
which differ considerably to the trichromat. 
It is not a matter of very small differences, 
which, on account of a lower sensitivity to 
colour differences, would remain unobserved, 
but often of enormous differences such as a 


red and green colour which the dichromat 
calls equal, or a particular colour of the spectrum which the 
trichromat calls blue-green while the dichromat sees no difference 
between that colour and white (daylight) ! The dichromat there- 
fore can not distinguish certain colour differences existing for 


the trichromat. 


d. The differences between the three types of dichromat lie in the 
fact that different colour confusions are made by the protanope, 
the deuteranope and the tritanope. 

How doe's the dichromat react to the XYZ space and the colours 
arranged therein by the normal trichromat? All colours appearing 
the same to the trichromat and which he places at one point in the 
space are also indistinguishable to the dichromat [property (b)]. The 
dichromat will therefore approve of the arrangement made in so far 
that for him too a particular colour sensation corresponds to each 
point of the XYZ space. But he will disapprove of the fact that there 
are frequently two different points in the colour space whose colours 
made the same impression on him [property (c)] ! We shall now trace 
how these points are distributed in the colour space. For the present 
we shall keep to one type of dichromat and suppose that the colours 
that the normal observer places at point A (coordinates XYZ) make 
the same impression on him as the colours placed at A' (coordinates 
X'Y'Z') (see fig. 79), We can then show, in the first place, that all 
colours ranged on the straight line AA' invoke the same colour sen- 
sation in him. 


Any given point A* lying on that straight line will have the coordinates 
hX -I- (1— AK -J- (1— A)y' and hZ -f {l~li)Z‘. For the colour A» 
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both for. the trichromat and for the dichromat [property (b)] the folloiving 
will therefore obtain: 

A'-i— >AA + (1— A)A' 

But for the dichromat the following also holds : 

A'<—*A or (1— A) A<-^{1— A)A' 

(G r a s s m a n n’s third law) and therefore : . 

A"+~^AA + (l— AjA-i—i-A 
(G rass ma n n's second law). 

In the second place we can prove that all points on a given line 1' 
parallel to 1 contain colours which are again indistinguishable to the 
dichromat. 

Let B (coordinates A 4 - i AT. y + A y, 2 -)- iZ) be a point of 1'; complete 
the parallelogram AA'B'B then B' has the coordinates X' + AAT, 1" + 
A y. 2' + AZ. But now as A (coord. XYZ)-t — >-A' (coord. X'Y'Z') also 
B •< — *■ B' (G r a s s m a n n’s second law) . 

Per any given point B* of 1' the proof is analogous to that of A". 

In summarizing we can say, therefore, that the XYZ space contains 
a set of parallel lines with the property that all colours placed on one 
particular line by the normal trichromat are indistinguishable to the 
dichromat. Otherwise expressed, each line of that system forms a 
straight line of constant colour for the dichromat. As we call lines ol 
constant temperature isotherms, so we can indicate these lines of 
constant colour by the name of isochromes. 

For a dichromat belonging to one of the two other types we can also 
indicate a system of isochromes but their common direction is differ- 
ent according to whether, we are concerned with a protanope, a 
deuteranope or a tritanope. 

The isochromes that can be drawn through the origin, of the XYZ coordi- 
nate system are generally called "Fehlfarben (missing colours) der Dichro- 
maten" in German. We have given no literal translation for this as in the 
first place these "Fehlfarben” are not colours (the straight lines referred to 
lie outside the colour cone), and in the second place the addition "Fehl" 

( = missing) recalls too strongly a certain theory the correctness of which 
has yet to be proved. 

§ , 65 Dichromats (continued) 

As described in section 64, three directions therefore appear — the 
isochrome directions — with the inherent property that protanopes 
observe no colour change along the first direction, deuteranopes no 
colour change in the second direction and tritanopes no change in the 
third direction. 

We can make good use of the existence of these directions by intro- 
ducing a new set of coordinates suitable for defining the colour 
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■Tsoclirome flirec- 
tiona Oil, OI^, OI 3 
for the protanopos, 
the deuteranopes 
and the tritanopea 
reapectively. For the 


sensations of both trichromats and dichromats 
in a simple way. 

Let K be a point in the XYZ space at which 
the trichromat has defined a. colour; for. this 
definition we always need a trichromat, while 
the dichromat must always accept that decision, 
see property (b). Further let 0 be the origin of 
the XYZ coordinate system, and OIj, 01 a and 
OI3 the lines that can be drawn through O in the 
three isochrome directions. These directions do 
not, of course, coincide with the X, Y and Z 
axis nor with the 01, 02 and 03 directions we 


lour'^'^int^ o^' a dT chapter IV as axes ffig. 10b, fig. 12 ) ; but 

chromat"twq^of the vve Can use them to characterize the point K 

three coordinates already otherwise defined by three points in 
R C B are suffi- 1 u j. t j. 

cient. the space, namely by the distances from K to 

the three planes Oljlj, OI 2 I 3 and OI 3 IJ. These 
distances — which must of course be measured again in the direc- 
tions of the axes, in this instance in the isochrome directions — are 


indicated in /ig. 80 by R', G' and B'. 


The accents are intended as a distinction from the RGB system of tlie 
C.I.E. mentioned in section 36 


The advantage of the coordinates R'G'B' over XYZ is that the 
values R'G'B' of course completely define the colour K for the 
trichromat, while in order to define the colour sensation of a dichro- 
mat we need only know two of the three quantities. If we take as an 
example the deuteranope who has 01 ^ as his isochrome direction, we 
obtain point K' by changing G' (leaving R' and B' unchanged). But 
the colour defined at K' for the trichromat creates the same sensation 
in the deuteranope as that of K (for KK' is for him the isochrome 
direction). The quantity G' has therefore no influence on the colour 
sensation for the deuteranope, so that we need only know R' and B' 
in order to define his colour sensation. In exactly the same way we 
can prove that the colour sensations of the protanope can be entirely 
established by G' and B' and those of the tritanope by R' and G' 
So we have indeed found in the R'G'B' coordinates a system suitable 
both for trichromats and for dichromats, while the property that 
two quantities are only needed for the dichromat illustrates in a 
striking manner the fact that for them the set of colour sensations 
is only two-dimensional. 

We have illustrated above the position of the dichromat in relation 
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to the colour space of the trichromat; now 
we wish to ascertain his position as regards 
the colour triangle derived from this. 

For this purpose we make use of the geo- 
metrical connection between a colour space 
and the colour triangle derived from it (see 
close of section 27 and fig. 21). 

In iig. 81 we have shown the XYZ space 
with a plane V cutting off equal parts of 
OX, OY and OZ; the colour triangle orig- 
inates in this plane. Further one of the 
isochrome directions has been drawn through 
0, which cuts plane V at point A (the iso- 
chrome direction is therefore chosen in the 
OXY plane; we shall see later on that 
two of those directions do indeed lie in this 
plane). 

Finally we consider a colour point K in V and draw the line 1 through 
K parallel to OA. Now the dichromat selected sees all colours on 
line 1 exactly as K. In order now to find the points in the colour 
triangle whose colours make the same sensation on the dichromat as 
K, we join K to A. As 1 is drawn parallel to OA the straight lines OA, 
1 and AK all lie in one plane. According to section 27 we now find 
the point in the colour triangle corresponding to a point P of 1 at the 
intersection of the line OP with V. But OP also lies in the plane of 
OA, 1 and AK, therefore the point p sought for in the colour triangle 



Colour space and colour 
plane for a diclironiat, 
V = colour plane, OA and 
( ) isochronious directions. 
All colours on KA display 
the same chromaticity for 
the dichromat. 



Fig. 82 

Colour plane fcr a dichromat. All 
colours on a straight line through 
A appear to him with the same 
cliromaticity. The spectral colour 
(neutral point) is for him equal 
to white (B). 


lies on the line of intersection AK of the said 
plane with V. We therefore see that all colours 
which, for the dichromat, correspond with K 
^ in the colour space lie on 1 and in the colour 
\5oo plane on the line AK. 

In fig. 82 the colour triangle has been 
drawn separately with the point of 
intersection A (fig. 81) and some colour 
points; the lines AK, AB and AK' 
therefore contain the colours which for 
the dichromat correspond with K, B 
and K' respectively. We now see also 
that there is a monochromatic light 
— with wavelength A o — that makes 
the same impression on the dichromat 
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as sunlight (standard illuminant B).' Light of 
•wavelepgth- we call the neutral point of the 
spectrum. For protanopes this point lies at 
496 myL, for • deuteranopes , at 500 m(i 
[Pitt^)]; in the rare cases of tritanopy 
• we see- a neutral, point - occurring at 
about 670 -and according to some 
observers a second neutral point in the 
blu 6 . -That this second neutral point 
was to be. expected appekrs from fig. 
83 in which the points of intersection 
AiAgAg Of the axes OIi, 01 j and OI3 
given in fig; 80-have been, drawn with 
the cblour plane as- calculated by 
B 0 u m a ^®) from the measurements 
of -Pit t.' For protanopes is -the 
neutral point, for deuteranopes Xj and for tritanopes we see the 
two points. Xj, X 3 '. . ... . ,1 li. ■ ■■ 

If we draw a number, of straight lines through each -of the points 
Ai, Ag and A 3 (the same as those through A in fig. 82) we- can read off 
directly what colours are confused by the various dichromats. Thus 
both the protanope and the deuteranope confuse the red, yellow and 
greenish yellow colours of the spectrum. ' 


Fig. 83 

Colour plane for the three types 
of dichromats. Aj A, Aj are the 
intersections of the colour plane 
with the isochrome - directions 
through O. (see fig. 80) h, *», t) 
and * 3 ' are the neutral points of 
protanopes, . deuteranopes and 
tritanopes respectively. 


The positions of the points Aj', A, and Aj are' not accutatdy known. The 
, early measurements of K 6 n i g were c,arried out with fat -from 
perfect instruments, while the publication of newer 'measurements .l^y 
Pitt is in such a form that it is very difficult to determine the points 
accurately. In the latter case we are obliged to make use of the relative 
sensitivity cmve of the protapope and the deuteranope, a datum wLich is 
much less reliable than the results of mere adjustments to equality.' 

The uncertainties have been an added inducement not to -use the system 
{H'C'B')’ ol fig, 80 for practical purposes, but the XYZ system. (See 
BonmaW) and A. A. K r u i t h of •)]. 

The following additional theoretical speculations have attended the 
introduction of the coordinates R', G' and B' (fig; 80). Suppose three 
photochemical processes take place in the normal eye (cf. section . 63) 
and that the coordinate R' is a measure of the stiihulation of the 
first process, while G' and B' play the same part for the second and 
third processes: then the occurrence of dichromats would be simple 
to explain, for the deuteranopic observer does not notice if we only 
vary G', which leads to the obvious supposition that for deuteranopes 
the second photo-chemical process is inactive. In the same way we 
should be able to explain the properties of protanopes by the fact 
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that the first process is missing, and those of the tritanopes hy the 
lack of the third process. This line of thought, originating from 
Helmholtz and his collaborators, gives us a very attractive 
possibility for explanation, but it has so far been impossible to prove 
the correctness of the hypotheses. The same holds for other theories 
submitted for the explanation of the deficiencies discussed. 

If we try the experiment described in section 63 on protanopes and 
deuteranopes we see that they only require two colours .for an ad- 
justment to equality. They can make the .red and green indistinguish- 
able to themselves merely by varying the brightness. Yet this test .can 
serve to decide quickly whether the person is protanopic or deuter- 
anopic, fgr in. order to make the colour indistinguishable from, the 
same green colour the protanope. requires much more red light than 
the deuteranope (about 5 x),. This fact appears from fig, 84 in which 
the various sensitivity curves are given; N for the normal observer, 
P for the protanope, D for the deuteranope, [according to Pitt ^)], 

Renewed interest in Helmholtz’s theorj' has been aroused hy the worls 
of HI. de Vries ’■“»*). who devised new methods of determining the 
response curves of the receptors. According to De V r i e s the red and 
green curves are identical with the luminosity curves of deuteranopes 
and protanopes respectively, whilst the blue curve practically coincides with 
he function 2 '(a) of the C. I.E. (It may be mentioned that this idea ha.s ahead j' 
been put forward by Kfinig.) The green curve of the deuteranomalous 
coincides with the red curve of the protanomalous, in accordance with a 
conjecture made by S o h o u t e n ®). This curve is intermediate Vietween the 
normal red and green curves and very near to the normal red curve. The fact 
that protanopes agree with the adjustments of the protanomalous and the 
deuteranopes with those of the deuteranomalous is explicable in thi.^ 
manner. ... 

§ 66 Monochromats or aehromats; total colour blindness 

While we are still ignorant of 
■the nature of the defects in the 
organs of vision which lead to 
the existence of dichromats and 
anomalous trichromats (hence 
the large number of different 
theories!) this is not the case 
with the defects leading to 
total colour blindness. 

In the first and most frequent 
type of monochromats the 
defect consists simply of the 



Relative luminosity curve for the normal 
trichromatic obseirver (N) the protanope 
(P) and the deuteranope (D). Measurements 
of Pitt. 
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fact that the cones do not function at all and are therefore truly 
blind. The monochromat of this type can see only with the rods. 
This fact has a number of consequences which might have been 
predicted directly from the properties of the rods (sec. 4 and 12). 
The most important are the following : 

1. The monochromat is unable to distinguish the various colours. He 
sees his whole environment in black, grey and white hues. The 
only difference that he can observe is the difference in brightness. 
If he is shown any two lights he can make the two sensations 
indistinguishable simply by varying the brightness of either of the 
two. His set of “colour” sensations is therefore one-dimensional. 

2. In the central part of his retina there is usually a region that cannot 
give rise to a sensation of light (fovea centralis). In order to 
observe small objects he must always look slightly to one side. 

3. At very low brightnesses the monochromat sees as well as the 
normal observer, but at high brightness he can see practically 
nothing: he is “light-shy”, or photophobic. 

4. His relative sensitivity is that of rod sight (fig. 3a). 

5. His visual acuity is very low'. 

The cones are not entirely absent but their shape is different from 
those in normal eyes. Perhaps in some cases they have been partly 
replaced by rods. 

In the second, much rarer type of total colour blindness the pheno- 
mena mentioned under 2-6 do not occur at all. All properties point to 
the fact that in this case the cones arc normally present, maybe 
even the three photochemical processes are functioning. But by some 
defect or other .the sensations of colour difference do not reach the 
brain of the observer. At what point a link is missing from the 
chain of processes is unknown. 

Another theory is tliat the photochemical processes are all identical. Just 
as for the dichromats two processes overlap, so here do all three. Against 
this theory, which would explain monochromatism in the same way 
as dichromatism, the shape of the sensitivity curve bears witness. 
The sensitivity curve of this second type of total colour blindness 
agrees fairly well with the normal cone sensitivity (fig. 84 N). 

The phenomena occurring with monochromats are so conspicuous 
that no special experiments are necessary to distinguish them from 
one another. 

In summing up we can state that anomalous trichromats are un- 
suited for work requiring the accurate and rapid distinguishing of 
colours, dichromats are unsuited for all work in which colours play a 


192 




HEREDITY OF THE DEFECTS 


§ 67 


part and monochromats (with cone blindness) are deficient in every 
aspect of vision. 


§ 67 Heredity of the defects 


All the defects discussed in sect. 63-66 are hereditary. In studying 
the problem of hereditj? it strikes us at once that the manner- of 
inheritance is not the same for all defects. This fact makes defective 
vision particularly suited to illustrate the general laws of heredity in 
mankind. We shall therefore go a little deeper into this interesting 
problem, although it lies partly outside the scope of this book. 

The transmission of characteristics to posterity takes place via the 
germ-cells (ovum and sperm). In jig. 85 the contents of these germ- 
cells are shown very schematically, in so far it concerns our sub- 
ject. The germ-cell contains a number of particles called chro- 
mosomes (48 in human beings). The majority of these are arranged 
in pairs and occur in the same manner in the male and female germ- 
cell. An exception is formed by the so-called x chromosomes: of 
these two are found in the female germ-cell and only one in the male 
cell. This single, chromosome is coupled with a chromosome possess- 
ing quite different properties, designated the y chromosome. The 
X and y chromosomes are also called the sex chromosomes. Before 
impregnation of the ovum by the spermatozoon takes place (fer- 
tilization) the cells have split in two (reduction division) as shown by 
the dotted lines in fig. 85. When fusion occurs two of the "halves" 
originating in this way unite to form a new cell which again contains 
the original number of chromosomes and can now develop into a new 
organism. If this new cell contains a y chromosome (if the parts A 
and D or B and D have united) a son is begotten, and in the other 


case (from the combination of A 
and C or B and C) a daughter. 
Each hereditary characteristic is 
connected with a particular pair 
of chromosomes. At fertilization 
one of these chromosomes trans- 
mits the property or the defect 
to posterity. Now there are certain 
characteristics which are trans- 
mitted by the x chromosome. W'e 
say' that these characteristics 
display "sex-linked” heredity. 


9 ^ 

I I 



Fig. 85 

Chromosomes; $ in the female germ 
cell, in the male germ cell, x and y 
sex chromosomes. In fertilisation one 
of the halves A and B combines with one 
of the halves C and D. 
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Other characteristics are con- 
nected with other particular pairs 
of chromosomes [for instance (a) 
and (b)]; these characteristics 
are therefore not sex-linked. 
In the inheritance of the first 
group of properties the male and 
female germ-cells play different 
parts, but in the second group 
these roles are identical. 

After fertilization two chromo- 
somes form a new pair. It may 
happen that both chromosomes are bearers of the same defect or that 
only one of the two is defective. In the first case the son or daughter 
will also show this defect. The second case is more complicated and 
we must here distinguish between sex-linked defects and others. 
Among the non-sex-Mnked defects we find some which appear if 
only one of the chromosomes is the bearer of the defect. We then 
speak of dominant defects (the chromosome with the defective 
property dominates over the other). In other cases the defects do 
not appear in a child if only one of the chromosomes is the bearer. 
In this case we speak of recessive defects. The possession of one 
abnormal chromosome does not then lead to the appearance of the 
defect in the child, but it is present latently to the extent that it can 
be transmitted to the grandchildren in whom it may either appear or 
remain latent. 

For the defects connected with the x chromosome we must distinguish 
between sons and daughters. If the daughter inherits one abnormal 
and one normal x chromosome some defect will appear (dominant 
characteristics) and others remain latent (recessive characteristics) 
In the son (who has only one x chromosome) the defect only appears 
if that particular chromosome is abnormal. 

An example of a recessive characteristic which is not sex-linked is 
total colour blindness (cone blindness), discussed in section 66. 
(Other examples are: hereditary forms of epilepsy, mental deficiency 
and blindness, blue eyes, fair hair etc.). The way in which these 
characteristics — or defects — are handed down to posterity can be 
traced completely from what has been said above and is illustrated 
again in /fg. 86 . Here a black triangle represents a person in whom 
a particular characteristic appears, a triangle with a dot an out- 
wardly normal person with, however, one abnormal chromosome and 





Pig. 86 

Heredity of a recessive characteristic 
(not sex-linked). Empty triangles: nor- 
mal persons. Black' triangles ; the charac- 
teristic shows itself. Triangles with dot; 
persons who may transmit the character- 
istic but who are outwardly normal. 
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finally a blank triangle an entirely normal person. Thus fig. 86c re- 
presents the following case: father and mother are outwardly 
normal but can both transmit the defect. They both therefore have 
one normal and one defective chromosome. In the children four cases 
can occur. In the first place the two normal chromosomes may have 
coupled during fertilization and then the child is entirely normal. 
In the second and third places the abnormal paternal chromosome 
and the normal maternal one may have taken part in the fertiliza- 
tion, or vice versa; hence the child will have one abnormal chro- 
mosome and is therefore outwardly normal but carries the defect 
latent with him. In the fourth case the child may have inherited two 
abnormal chromosomes, .and in this case the defect will appear. 
These four cases occur with equal frequency, so that chance plays a 
decisive part. 

From fig. 86 we can infer the following details: , 

1. Entirely normal parents have entirely normal children (a) : if the 
same defect appears in both parents it also occurs in all the 
children (f). 

2. Two outwardly normal parents may have a child in which 
the defect appears (c). 

3. If one of the parents is entirely normal the defect cannot appear 
in the children (b and d). 

It is the last point in particular that makes total colour blindness 
one of the very rare cases. When the defect is not very common, 
then, after case (a.), marriages (b) and (d) are far and away the most 
usual and in both cases the defect remains latent in the children. 

An example of a dominant defect which is not sex-linked is the here- 
ditary form of night blindness. 

This forms a parallel to total 
colour blindness. In this case 
the cones are normal but the 
rods do not function (other 
examples of dominant charac- 
teristics are brown eyes, brachy- 
dactyly etc.). Fig. 87 shows the 
possibilities arising in the mar- 
riage of night blind persons. A 
blank triangle again represents 
a normal person, a half black 
triangle a night blind person with 


AA' AA 

AA^A A^AA A^AA 

^ ^ X 4SS34 

Fig. 87 

Heredity of a dominant cliaracteristic 
(not sex-linked). Empty triangles; normal 
persons; filled triangles: persons with two 
abnormal chromosomes: the characteristic 
shows. Partly filled triangles: one abnor- 
mal chromosome: the characteristic 

shows likewise. 
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Fig. 88 

Heredity of a recessive cliaracteristic (sex- 
linked). Empty squares: normal men, 
empty circles: normal women; black 
squares: abnormal men, black circles: 
abnormal women. Circles with dot: women 
who can transmit the characteristic but 
are outwardly normal. 


only one abnormal chromosome 
and an entirely black triangle a 
night blind person with two ab- 
normal chromosomes. Fig. 87 
differs from fig. 86 only in that 
the person with the latent 
defect IS replaced .by a night- 
blind person with only one ab- 
normal chromosome. This is 
indeed the difference between 
recessive and dominant defects. 
Cases . 1-3 are now- as follows ; 


1. Normal parents have normal children (a). 

2. If one of the defective parents has two abnormal chromosomes 
no normal children can occur (d, e, f). If this is the case with both 
parents (f) even normal grandchildren are impossible! 

3 . In special cases two night-blind parents can have a normal child (c) . 

Dominant defects often occur frequently in one family. Thus C u-- 
n i e r and Net.tleship [Duke-Elder^)] found in a pedi- 
gree extending over three centuries and containing more than 2,000 
persons not less than 153 night-blind people! This is due to the 
fact that — after (a) — the most frequent unions,, viz. (b) and (d), 
produce on an average 75 % of night-blind children! 

Examples of recessive se3c-linked defects are the various cases of 
dicluromasy and anomalous trichromasy (another example: haemo- 
phily). Fig. 88 shows the results of marriages of deuteranopes. Here 
we must consider the sex: men are represented by squares, women 
by circles. The black figures are dichromats, the circles with dots 
outwardly normal women able to transmit the defect. Finally, the 
blank figures are entirely normal persons. The following facts can be 
inferred from this diagram; 

1. Completely normal parents have completely normal children (a) ; 
two deuteranopes have exclusively deuteranopic children (f). 

2. Two outwardly normal parents may have a deuteranopic son but 
no deuteranopic daughter (b). 

3. If the mother is normal the defect can appear in none of' the 
children (d). 

4. The condition of the sons is quite independent of that of the 
fathers [(a) and (d), (b) and (e), (c) and (f)], for the son inherits no 
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X chromosome from the father and the y chromosome cannot be 
the bearer of the defect. 

5. Deuteranopy is much rarer among women than among men. 

For, after (a), the most frequent maniages (b). (c) and (d) produce 
deuteranopic sons but no deuteranopic daughters. 

The same diagram and the same conclusions also hold for protanopes, 
protanomalous and deuteranomalous persons. 

Interesting cases occur when the father and mother have different defects. 
In such cases the daughter may possess two x chromosomes which are 
abnormal in different respects. If one defect is protanomaly or protanopy 
and the other deuteranomaly or deuteranopy no defect will appear but .she 
may transmit either of them. If one defect is protanomaly and the other 
protanopy she is protanomalous; in the same way with the two deuter 
defects. Such cases teach us a great deal about the interconnection between 
the various forma of defects. 

* H 1. de Vries^'*), starting from the original Young-Helm- 
h o 1 1 z supposition that three different kinds of receptors exist in the 
retina, has found a method of determining the ratios of the "numbers" of 
these receptors, iu particular the ratio of the number of the red-sensitive 
to the sum -t- of the numbers of green-sensitive and red-sensitive 
receptors, which we shall denote by 


«« + «r 

For protanopes = 0 and for deuteranopes = 1. De Vries 

supposes that the value is composed of the separate values of 

certain quantities ? which are to be attributed to the different x-chromo- 
somes, A female individual with cliroinosomes Xj, x^ having the values 
?i ’?! will- show on examination the value 


?ob9 ^ (7i "F 9a)» 

whereas for a male individual with chromosomes Xj.y, simply =;= q^. 
According to the same author the q values of the separate chromosomes 
are hereditary. This leads to the following scheme of possibilities for the q 
values in a family, where a, b, c, denote numerical values different from 
zero. 

The relations between the 
values of of the mem- 
bers of the family which 
follow from this table have 
been confirmed experimen- 
tally. 

Comparing this table with 
fig. 88 and remembering 
that in a male individual 
a q value zero results in 
?oto “ 0 *Fat in a fe- 
male individual is only zero if both q are zero, we now understand better 
how it is possible that a woman may transmit the characteristic 
= 0 without showing this characteristic herself and why the same is not 
the case with a man. The measurements of De Vries therefore provide 
a "quantitative” insight into the phenomenon of rccessivity. 
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From the laws of 
heredity we can cal- 
culate what relations 
there must be between 
the numbers of women 
and the numbers of 
men showing a par- 
ticular sex-linked de- 
fect. Table 7 shows the percentage of the populations of Berlin 
suffering from the different defects [calculations by Schmidt^)], 
and also the percentages for women which can be calculated from 
S c h m i d t ’s data for men. Considering the small number of ab- 
normal women the correspondence can be called good. 

Othet calculations as to the frequency of the various defects can be found 
in Nelson*) (total of 8.82% in men), Waaler*) (8.01 in men, 0.44 
in women), von Plants*) (7.95% in men); for the heredity of the 
defects see Just*), Waaler*), Brunner*), Trendelen- 
burg*. ®), Kuhn*), Got hlin*). 

For a general resume of Mendelian principles see Bateson^) or 
Gates^). 


TABLE 7 

% observed 

calculated 

men 

■women 

women 

Protanomals . . . 

0-68 

005 

0029 

Deuteranomals . . 

401 

0-27 

0304 

Protanopes , . . . 

108 

002 

0012 

Deuteranopes . . 

1-78 

002 

0.032 

Totals. ....... 

7.65 

0-38 

0-38 
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The historical development of colour science 


§ 68 Introduction. The pre-Uewtonian era 

To try to give a complete history of the development of ideas regard- 
ing colour vision would take us far beyond the scope of this work. 
For this would be a task in which an historian, a physicist, a painter, 
a physiologist and a psychologist would have to collaborate. We 
shall limit ourselves mainly to a few historical remarks on the 
subjects with which we have dealt in the previous chapters. We 
shall moreover take the opportunity of touching on a few subjects 
which have so far had no place in a more or less systematic arrange- 
ment; subjects which are partly only of historical interest but which 
may assist in deepening our insight into what has been discussed 
hitherto. 

Where does the history, of colour vision begin? Many are inclined to 
place this beginning as far into the past as possible. Some people 
place it at about the time of Homer, others in the Stone Age, while 
some even reach back to the era before Man had assumed human shape. 
Those who favour this last opinion are mostly engaged in considering 
the history of the development of the human organ of sight and of 
the power to distinguish colours [see S c h r o d i n g e r *)]. Un- 
doubtedly such subjects are interesting but the theories constructed 
round them are so highly speculative that it would be as well not to 
attach too much value to them. 

The material for such theories has mostly been derived from two 
different sources. In the first place a comparative study has been 
made of the structure of the eye (and — where possible — of the 
power to observe colours) of various species of animals. Among 
vertebrates eyes resembhng the human eye in structure are usually 
found, but not aU possess rods and cones. As a rule nocturnal animals 
and many water-dwellers only possess rods, while most rodents 
possess cones also (and sometimes exclusively). Probably only the last 
group of animals is able to distinguish colours. Scientists have suc- 
ceeded in proving for various birds and mammals, by means of 
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training experiments, that their set of colour sensations is, as with 
human beings, three-dimensional. The anthropoid-apes seem to have 
a system of colour vision closely corresponding to that of man. 

Treatises on the subject of colour vision among animals are to be found in 
works of de Voss*), S c h n u r m a n n *), Miiller*), Gregg*), 
Kuhn*), Bierens de Haan*), Trendelenburg®), Gre- 
tlier*), Birukow*), Roc hat*), van Eck*), among others. 

In the second place data on the history of dervelopment have been 
deduced from the occurrence of defective colour vision dealt with in 
chapter X and from other properties of the human eye. 

Starting from all these data some authors have concluded that the 
human eye originated in a pure rod apparatus, that the first colour 
vision was dichromatic (split up into a blue and a yellow organ) and 
that the trichromats would only have made their appearance at a 
higher stage of development. 

From coloured drawings found in caves and dating from the Stone 
Age we may conclude that in these times colour vision was already 
weU developed. From what has been said about anthropoid-apes 
and the fact that even among the lowest types of the human race 
colour vision is practically the same as that of the West European, 
this might well have been expected. Any possible evolution in colour 
vision must therefore undoubtedly have taken place at a much 
earlier epoch. The fact that ancient Greek literature is poor in colour 
names certainly does not prove that (as some used to think) colour 
vision has appreciably developed in those few thousand 3fears. In the 
Graeco-Roman civilisation period and later on at the time of the 
Renaissance (Leonardo da Vinci) literature, about colours 
is found [Goethe®) collected much of this literature] but the ideas 
on which the present colour theory is based are by no means to be 
found there. These ideas are first met in the work of Newton, 
that is at the end of the seventeenth century. For us, therefore, the 
actual history of the science of colour begins in 1666 when N e w- 
t o n began his researches into this subject. 

§ 69 Isaac Neivton (1642-J727) 

When Newton is mentioned one thinks first of the law of 
gravity named after him. In the second place comes his work on the 
subject of light and only thirdly does one think of the other important 
contributions which Newton made to all kinds of mathematical 
and physical subjects. This is an example of a typical phenomenon 
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which occurs repeatedly in the history to be studied here. Many of the 
figures which we shall encounter have become famous in quite 
different sciences. To prove the' accuracy of this statement we -need 
only add the following names ;Da Vinci, Newton, Goethe, 
Schopenhauer, Thomas Young, Dalton," Max- 
well, Rayleigh, Schrodinger. Truly a varied company ! 
Perhaps the fact that the science of colours stands on the border of 
many other sciences has been the reason that so many men with 
many-sided interests have felt drawn to it. 

We have already discussed in section 2 how Newton^) laid the first 
indispensable foundation for the accurate understanding of colour 
phenomena when he split up sunlight into its spectral components. 
The chapters in his well-known work "Opticks” dedicated to 
this subject form a real masterpiece in the field of experimental 
physics. Step by step we can follow the course of thought in N e w- 
t on’s mind: a course which led logically every time to the next 
experiment in answer to the questions raised by the previous one. 
And step by step.we see how Newton in experimenting developed 
his instruments. We see him at one point close still further the "small 
hole in my window-shut" (through which the sunlight was allow'ed 
to enter) until it finally became a slit. We see him bring a lens to the 
beam of light and in this way, in principle at least, the first spectro- 
scope came into being. 

The spectra obtained in his first experiments were still very impure. 
As he did not then work with a narrow slit he observed the colours 
we saw appearing in fig. 46 (see sect. 46) as combinations of boundary 
colours. We can conclude from N -e w t o n’s accurate data that the 
value of I : r in these experiments amounted to about 0.27. We can 
therefore read from fig. 60 (see dotted line) what colours were seen 
by Newton in his first spectrum and by comparison with fig. 31 
what the colorimetric purity was for the various colours. Fig. 89 
gives the results of such an investigation. We see that the colorimet- 
ric purity in this first primitive spectrum — for which neither slit 
nor lens was used — nowhere fell below 0.80 and that the colours for 
which the dominant wavelength is greater than 890 mp. appeared 
practically in absolute colorimetric purity. 

Later on, when Newton saw that a purer spectrum was necessary, 
he improved his apparatus by introducing a narrow opening and im- 
aging by lens, in such a way that I : r was reduced to a value of 
0.016, and then he could see aU colours with a colorimetric purity of 
practically 3 . 
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Besides the analysis of sunlight, the proof that spectral colours 
cannot be further resolved and the reconstruction of white light by 
additive mixing of all spectral colours, Newton also gives 



Fig. 89 

N e w t o n’s first spectrum ; the purity p for different dominant 
wavelengths Id- 


schematically the arrangement of the set of colours in the colour 
plane. He placed white in the centre of the diagram and the spectral 
colours round it, while the points within the circle represented the 
desaturated colours; the more desaturated the closer they lay to the 
centre.' Newton also realized that the use of a third dimension 
was necessary to distinguish the various colour sensations of the 
same chromaticity. He then arrived at the idea of representing a 
given colour by a small weight placed on the appropriate point of the 
colour plane, the size of which was equal to the intensity with which 
the colour appeared (see figure 2c). Then he made the surprising 
pronouncement that the position of a mixture of colours can be 
determined by calculating the centre of gravity of the set of weights 
representing the separate colours. 

Was this pronouncement correct? As Newton gave it, not quite, 
as he was not yet able to carry out accurate* quantitive measure- 
ments. He had arbitrarily represented the curve of the spectral 
colours by a circle, and this choice was the reason why his statement 
was not quite correct, a fact which, remarkably enough, he men- 
tioned himself. 

But almost two centuries later when N e w t o n’s circle had been 
replaced by the curve of the spectral colours as we now know it, and 
when what is understood here by intensity (or quantity of colour) 
had been established more accurately, it appeared that N e w- 
1 0 n's prophetic statement was correct in the strict sense of the 
word. In fact it could even be shown that this statement already 
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implied the Grassmann laws laid down 1 50 j^ears after 
Newton! 

In many books this "centre of gravity rule” of Newton is the 
corner stone on which the whole theory of colour is based. 

For didactic reasons we have not done this. The difficulty lies in the 
concept of "quantity of colour” which Newton wisely did not define 
further. How this concept is to be understood appears from the following 
deduction of the rule from the ideas developed in the previous chapters 
(see sect. 33a). 

If we mix a colour YiZi) with a colour (ATj to a mixed colour 

(XYZ) then; 

X = X^+X^. y = Vj, + y„ Z = 2, + Z^. 

But now X = X (X + y + Z) or X — X {X + Y Z) etc. If we sub- 
stitute this in the aboyfi we obtain; 

XS = XiSi -b XjSj. yS = d- y^Sj, rS = (27) 

in which X + Y + Z = X, Vj + 2, = S,, Xj -b yj Zj = Jlj 
If we characterize the colours (according to Newton) as 
(xjygWj) and (xy m), the centre of gravity rule demands; 

xm = XjJMi -b XjUig, y»i = y^Wj -b yguiji xm = + CjiUg, w = TOj + Wj (28) 

The rule then only gives a correct method of calculating the trichromatic 
coefficients if the relations (28) are identical with (27). This is apparently 
the case if we make m = S; »ij = S] and wig = -j (the last equation of 
(28) we find by adding the three equations (27)! 

We find, therefore, that the rule is correct if wo apply to each colour a 
mass equal to the sum of the trichromatic coordinates. In other words: by 
intensity or quantity of colour in this rule we must understand this sum. 
If we wish to deduce the whole colour theory from this rule we must intro- 
duce right at the beginning, besides the concepts of power and brightness, 
a third concept, namely that of the quantity of colour for the spectral 
colours. Such unnecessary complications in the fundamentals seemed 
undesirable. 

In the few pages Newton devotes to the arrangement of colour 
sensations he sketches, as it were, the plan to be used in later ages 
for the construction of the whole edifice of the science of colour. 
If then we remember that Newton did not have a single prede- 
cessor on whose discoveries he could build further, we may draw the 
certain conclusion that even on this subject the master had no equal. 


§ 70 Johann Wolfgang von Goethe (1749-1832) 

In 1672 Newton published his first results; in 1704 the first edi- 
tion of "Opticks” appeared. The whole of the eighteenth century in 
fact continued to build on the foundations laid by him. 

Many copied Newton more or .less literally, others added a little 
to what he said, but it cannot be said that there were any great 
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figures in this century in the science of colour. At the end of the 
eighteenth and the beginning of the nineteenth century a man 
already famous in quite a different field interested himself in the 
problem of colours. This man was Goethe^), It is almost impossible to 
compare two great men who differed so widely as Newton and 
Goethe and who had absolutely nothing in common with each 
other except that both studied the origin of colours. Was Goethe 
a great figure in this matter too? That is impossible to say. In any 
case he was not so important as Newton, but he was undoubtedly 
an extraordinarily interesting figure. Newton and Goethe 
started from totally different points of view, and, how could it be 
otherwise, approached the problem from quite different directions. 
This fact must be continually borne in mind if the different con- 
clusions of both investigators and the almost hostile attitude of 
Goethe towards Newton are to be seen in the right light. 
Newton, an experimental physicist if there ever was one, took 
the view that quite independent of the observer there exists a great 
system, the nature and behaviour of which is regulated by strict 
laws, and he made it his purpose to- discover some of those laws, a 
task in which, as we all know, he was extraordinarily successful. To 
study these laws one must set to work as objectively as possible and 
eliminate as far as possible the individual properties of the observer. 
This conviction is at once seen reflected in his first experiment. He 
admitted the light of the sun — the origin of everything — into his 
room through a small hole and let it pass through a prism so that a 
spectrum was produced on the opposite wall. He put the light to all ' 
kinds of tests, as it were, in order to discover something of its nature, 
and himself stood on one side as an interested but objective and 
unbiassed examiner. 

How differently did Goethe face these problems! For him man 
was always the starting point; in this particular case the subjective 
colour sensations received and the numerous and divergent sensations 
they evoked in his fine artist’s mind. The purpose of his investigations 
was to discover how these impressions originate and how they are 
influenced by circumstances. Typical of his point of view is his first 
experiment. He placed a prism before his own eye and observed 
through this first of all a white wall and after that a vertical division 
between a light and dark surface etc. In a sense he was not the 
examiner but the examined I 

In continuance of his first experiments as the foundation stone of his 
theory, Newton discovered the spectral colours. Goethe on 
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the other hand discovered the boundary colours as we know them 
from section 44, as a "basic phenomenon”. The answer to the 
question from which of these foundation stones the composite colours 
are actuallj? built up, is this: they can, in principle, be considered 
either as mixtures of spectral colours or of boundary . colours. 

We can, for instance, imagine a light which contains only a narrow band 
of the spectrum, built up of two very slightly differing boundary colours. 
For a boundary colour Ej (from 3S0 to 1) must be added to the said 
colour K (radmting between X and X + AX) to oljtain another boundary 
colour Rj (from 380 to \ + AX), or in the language of colour equations; 

Rj + K ► R, or K Rj — Rj. 

A colour showing an arbitrary continuous spectrum can be considered as 
the total of a large number of spectral colours but also as a combination of 
an equally targe number of boundary colours. We can define the colour 
properties of an observer just as well by measuring the trichromatic coor- 
dinates of all spectral colours (those of the other colours then follow from 
Grassman n's law), as by taking the same measurements from a 
complete set of boundary colours. 

In principle, therefore, Goethe and Newton were both 
equally right, but in practice N e w t o n’s proposition has such 
enormous advantages that G o e t h e’s is entirely left out of the 
question and is never applied. 

Some of these advantages are ; 

a. In building up from spectral colours we never have negative quantities 
to deal with (as was tte case in the example K ■« — ► Rj — Rj). 

b. A particular, commonly occurring class of colours, namely line spectra, 
can be much more easily broken up into spectral colours than into 
boundary colours. 

c. Spectral colours play a much greater part in other branches of physics 
than the boundary colours. 

Fig. 60, which we formerly considered as a transition from boundary 
colours to spectral colours, we can therefore now see as a’ continuous 
transition from the opinions of G o e t h.e to those. of Newton. 
In the first experiments of Newton there was actually still a 
transition stage (dotted- line in fig. 50). 

The reader will perhaps wonder why we bring out the contrast 
between Newton and Goethe. This is for historical reasons, 
for unfortunately, instead of supplementing the work of Newton 
from his own point of view, Goethe devoted the greater part of 
his considerations to the thankless task of disproving N e w t o n’s 
theories (in his own words "Enthullung der Theorie Newton’s”). 
We shall mention a few points in this conflict". 

Newton states that sunlight consists of lights of various wave- 
lengths (actually different refrangibilities) and that he separated 
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the rays in his experiments. Goethe on the other hand takes 
white light to be an indivisible unity containing no spectral colours. 
The colours would originate in the experiments through interplay 
with matter. 

The last opinion is quite understandable when coming from such a 
man as Goethe. Many people will have wondered how it is 
possible for colourless daylight, which psychologically makes an 
impression of simplicity, to contain all those bright colours. 
M^hich of the two opponents is right depends mostly on individual 
philosophic taste. Most people will, however, prefer N e w t o n’s 
opinion, as it enables us to give a much simpler physical description 
of the phenomena. 

We need not go deeply into the other point of difference, of whether 
the additive mixing of all parts of the sun’s spectrum produces a 
white colour or a grey. In section 6 we saw that grey (just as brown) 
only occurs when there are other colours in the neighbourhood of 
inadequate brightness. This fact does not appear to have been clear 
either to Newton or to Goethe. Moreover this question was 
clouded by misunderstandings about the use of the word "white”, 
which has so many meanings (see section 23). 

A last difference between the opinions of Newton and Goethe 
concerns the colour "green”. Goethe states (in agreement with 
the Opinion maintained in artistic circles) that it is not a simple 
colour but can only be produced by a combination of yellow and 
blue. According to Newton there also exists a simple green, 
namely the spectral colour, while the blending of yellow and blue 
can produce white but never green. On this point, too, both investiga- 
tors were right from their own point of view. ■ 

No green appears among the boundary colours, but it is produced by 
a combination of two boundary colours (sect. 45). And the divergent 
result of the blue-yellow mixing is explained by the fact that the 
combination of boundary colours spoken of in section 46 is actually a 
subtractive mixing (as in the mixing of pigments) while Newton 
had jcin additive mixing in mind. 

§ 71 Youn&, Grassmann, Maxivell etc. 

In this section we shall call to mind some historical facts which at 
first sight appear of minor importance but which have had an 
influence on the later development of the colour theory. The first 
name we must mention in this connection is that of Thomas Young 
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(1773-1829), another remarkable many-sided figure: a physician, 
physiologist, physicist, linguist, Egyptologist etc., he owes his greatest 
reputation to his work on the interference of light and his share in the 
deciphering of the Egyptian hieroglyphics. On the subject of colours 
he was the first to stress explicitly the significance of the number 
three (sects. 5-8). For he was the first to put forward the hypothesis 
that colour vision is based on the presence of three different light- 
sensitive organs [Young ^)], an idea taken up half a century 
afterwards and developed further by Helmholtz and his collab- 
orators. There are interesting details to be found about the life and 
work of Young in a series of articles that appeared in America 
on the occasion of the first centenary of his death [Crew ^), 
Williams^), He cht®)]. 

About 1800 the first development of views regarding the various 
kinds of defective colour vision occurred. Although dichromasy had 
undoubtedly been noticed centuries before, it appears to have first 
been explicitly mentioned in the literature by Priestley (1777). 
Later on it became more generally known owing to the fact that the 
English chemist Dalton (1794) described his own defect in great 
detail. From this description we can infer that Dalton was a 
protanope. He again is a person, renowned in another realm 'of 
thought, who as a side issue interested himself with the problem of 
colours. The influence of that interest is stiU to be traced in the 
French collective noun "daltonisme” for the defective colour vision 
described in chapter X. Young, a contemporary of Dalton, 
already suggested that in such persons one of the basic processes did 
not function, another idea which Helmholtz and his collabo- 
rators were to develop later on. At first no distinction was made 
between the two sharply divided cases of dichromats which to-day 
are indicated by the names of protanopes and deuteranopes. These 
twp groups of abnormal observers were known as "red-green con- 
fusers’’. Seebeck^) (1837) was the first to ascertain explicitly 
the existence of the two different phenomena. Since then the names 
"red-blind” and "green-blind” were used, and these were only 
replaced by protanopes and deuteranopes in the. twentieth century. 
The third class, the tritanopes (originally called blue-blind), were 
discovered and described much later [K 6 n i g ^®) 1897]. 

That it took so long to discover that the distinction made by See- 
beck was correct was due to the methods by which defective 
colour vision was ascertained; methods which indeed enabled di- 
chromats to be sharply distinguished from normal observers but to 
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which protanopes and denteranopes reacted in about the same 
manner. 

In the previous chapter we learned that the most suitable test for 
distinguishing various types of defective colour vision was that in 
which the observers were made to match a yellow colour by a mixture 
of red and green. Rayleigh (1882) was the originator of this 
test, who for this purpose matched the colour ot the yellow sodium 
line (589 mp) by an additive mixture of the red lithium line (671 mfi) 
and the green thallium line (536 m}i.). R a y 1 e i g h’s tests led to 
the discovery of anomalous trichromats and to the sharp distinction 
between protanomalous and deuteranomalous persons. In more 
recent times the colours of this "Rayleigh equation” were 
replaced by slightly different colours. For the investigation of trit- 
anopic and tritanomalous people it appeared to be necessary to 
choose quite different colours [see for instance Engelking^), 
Trendelenburg ’)]. 

In the second half of the 19th century the further development of 
N e w t o n’s and Y o u n g’s ideas took place, with which the names 
of Grassmann, Maxwell, Helmholtz and K6nig 
must first be mentioned. 

H. Grassmann (1809-1877) has the honour of enumerating explicitly 
and clearly the laws already implied in N e w t o n’s work, and 
thereby laying the foundation of the whole further development of 
the colour theory (1853). He too was a remarkably versatile man. 
Like Newton he devoted himself in the beginning to theological 
studies and later did very good work as a philologist, physicist and 
mathematician. He was also active in pohtics and music. 

James Clerk Maxwell^) (1831-1879) was the first to measure and 
define the spectrum (1860). By this must be understood the experi- 
mental establishment of the trichromatic coordinates of the various 
spectral colours when they are shown in succession with the same 
power (distribution curves for the spectrum of equal energy). The 
measurement and definition of the spectrum leads, for instance, to a 
table like table B (see appendix). The Grassmann laws, 
together with the definition of the spectrum enable us to predict the 
result of each matching test. The weakest point of most spectrum 
determinations (particularly the older measurements) lies in the 
establishment of the power occurring in each of the spectral colours 
to be examined. Should we disregard this difficult part of the 
measurement entiiely, we could only determine the trichromatic 
coefficients of the spectral colours, which would be inadequate for 
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calculating the same quantities for compound lights with known 
relative spectral distributions. 

It would indeed be possible to calculate the trichromatic coefficient of the 
mixture from the luminosity ratio of the components (for instance with 
blended light), provided the luminosity coefficients of the system employed 
were Itnown in some way or another (see calculation in section 37). More 
generally: we can calculate the distribution curves from the trichromatic 
coefficients if the relative sensitivity curves and the luminosity coefficienvs 
of the primary colours used for the determination are known. This less 
elegant method (undesirable mingling of colorimetry and heterochromatic 
photometry!) was also used in establishing the C.I.E. system [Guild ^)J’. 

Maxwell used as primary colours spectral lights of wavelengths 
631, 529 and 457 mp. For additive mixing he applied the method 
sketched in figure 69a (sect. 59). His measarements fell into oblivion 
later on, owing to the more complete and accurate measurements 
of K 6 n i g. The same fate befell the later measurements of 
A b n e y 1). 

§ 72 Helmholtz, Kdnii etc. 

In the person of Hermann Ludwig von Helmholtz (1821-1894) we 
meet with a many-sided scientific talent and interest. Beginning his 
career as a physician, he made a name for himself as a physicist, 
mathematician, physiologist, philologist and musicologist, coupling 
all this with a talent for organization. It is largely owing to this last 
talent that he collected such a large number of excellent disciples 
and collaborators around him. In the domain which interests us here, 
his most important collaborator was undoubtedly Arthur Konig, a 
man with an extraordinary talent in the experimental field and who 
undertook research on countless subjects of a physiological-optical 
nature w'hich have not been surpassed in the last thirty years. 

Arthur Kdnig must be distinguished from two other people of the 
same name who were active in the same field at a later period, to wit, 
Albert Konig, the writer on Physiological Optics in the "Handbuch 
der Expcrimentalphysik" and Hans Konig, who in the last ten 
years has produced important work on the subject of photometry and 
colorimetry. 

Helmholtz adopted Young’s idea about the three fundamental 
processes, leaving, however, unexplained the nature of those pro- 
cesses, while Young explicitly speaks of three kinds of fibres in 
the optic nerve. The explanation of the existence of dichromatic 
persons suggested by Young was further developed by Helm- 
holtz and Konig and supplemented by the idea that by in- 
vestigating the properties of dichromats — especially of their iso- 
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chrome directions — it wonld be possible to arrive at a more quan- 
titive formulation of the three-colour theory for normal vision; the 
spectral sensitivity of the three separate processes which, according 
to this theory, actually take place in the retina, might thereby be 
determined (see also section 65). 

Helmholtz also applied his theory to explain other phenomena 
of colour vision, such as the accommodation of the visual organ to 
coloured light, symptoms of fatigue, after-images etc. In such expla- 
nations the supposition that each of the three fundamental processes 
can separately become "tired” and therefore decrease in sensitivity, 
plays a great part. While phenomena based purely on the laws of 
additive mixing in the eye can be completely explained by the 
Young-Helmholtz theory, this explanation has only a 
partial success with other phenomena. So many difficulties remain 
that it must really be said that the theory is quite inadequate to 
explain all the facts. 

The experiments necessary for the quantitive support of the 
Young-Helmholtz theory are mainly the work of K 6 n i g. 
One of the first investigations (performed together with Brodhun) 
concerned the verification of the Grassmann laws [K 6 n i g '*)]. 
These appeared to hold accurately in the region of not too low a 
luminosity. K d n i g’s ®) chief work consists of the first accurate 
and very complete measurement of the spectrum which he performed 
in collaboration with Dieierici. He used spectral colours as primaries. 
As in this case negative quantities almost always occur and in both 
halves of the field of vision there must therefore be a mixture of two 
spectral colours. The Helmholt z-K 6 n i g "mixture appara- 
tus” used for the experiments is" especially constructed for this 
purpose. The most important part of this instrument is an equilateral 
prism which creates, as shown in fig. 65a, two adjacent halves of the 
field of vision, and at the same time fulfils the function of the prism 
P in fig. 69a, so that the pencils of rays 2 and 4 in fig. 66e each contain 
only two spectral colours which can be regulated at will, both in 
wavelength and quantity of light. For a description of the modern 
construction of this instrument see Richter®). 

K 6 n i g did not restrict his measurements to normal observers; he 
also examined the various types of dichromats With the main purpose 
of establishing the isochromatic directions. He was the first to give a 
description of the rarely occurring defect of tritanopia, called by 
Konig^®) "blue-blindness”. He too attempted to trace racial 
differences in colour vision [K onig ®)]. Finally it must be mentioned 
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that K 6 n i g ®) was the creator of one of the first spectro-photo- 
meters in which the eye acts as a measuring instrument (section 50) ; 
this photometer is still frequently used in the improved form con- 
structed by Martens^). 

§ 73 Other theories of colour piston 

The influence of the work of Helmholtz and K o n i g on the 
later developments of colour theory has been very great. The theor- 
etical considerations gave rise to lively discussions and were the 
beginning of such an enormous number of new theories regarding 
colour vision that we cannot dream of sketching even the most 
important here. A few general remarks must suffice. For a short 
summary and list of references see Schmidt®). 

Most theories apply particularly to one aspect of colour vision or to 
a particular group of experimental facts. For this group of phenome- 
na they give a good explanation, but for phenomena remote from 
this group they appear to’ be unusable. The Y oung-Helm- 
h 0 1 1 z theory is no exception: the group of phenomena to which 
this theory is applied in the first place is that of additive colour 
mixture. Within this group such strict laws appear experimentally 
to exist that it is quite justifiable to take these into consideration 
from the start when working out a theory. But if we turn our atten- 
tion to those phenomena of colour vision which have nothing to do 
with colour mixture it is frequently apparent that the theory is 
quite powerless; it even at first sight seems to be in conflict with 
the facts. This is particularly the case with phenomena of a more 
psychological nature. The following is a good example. If we ap- 
proach the various colours of the spectrum with an open mind we 
come to the conclusion that there are four "main colours" each 
making the impression of forming a separate unit : red, yellow, green 
and blue. All other colours (orange, yellowish green, purple etc.) 
immediately suggest an association with the colours on either side, 
from which they can be produced by additive mixture. Everyone 
will recognize in orange a relationship with yellow and red, but 
hardly anyone will discover in yellow a combination of red and 
green. At first this fact of four psychological main colours appears 
to be contrary to the Helmholtz-Young theory, which 
refers to three primary colours. 

Such examples can be amplified and it is therefore not surprising 
that there was the most serious opposition to the opinions of H e 1 m- 
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h 0 1 1 z on the part of circles- mainly concerned with the colour 
problem from the psychological side. The leading figure in those 
circles was Hering^’ *). There is a certain correspondence between the 
attitude of Goethe as a psychological protest against the opinions 
of Newton and the attitude of H e r i n g towards Helm- 
holtz Hcring applied the above four main colours in his 
theory by accepting three processes: a red-green process, a yellowr 
blue process and a white-black process. 

These processes are to be considered as chemical equilibria that can 
be displaced under the influence of light. Thus in the first process a 
certain equilibrium will make the sensation of "white”, while dis- 
placement to the one side will produce the sensation of red and to the 
other side the sensation of green. The other two processes act in the 
same way. Various symptoms of colour vision — especially those 
for which the theory of Helmholtz was inadequate — can be 
better explained by the opinions of H e r i n g, but .... the laws of 
additive colour mixture can only be explained with difficulty by this 
theory, while, for instance, the difference between protanopia and 
deuteranopia cannot really be understood according to Hering’s 
ideas. In general the- fact that there are three kinds of dichromats 
and three kinds of anomalous trichromats (see section 62) points 
strongly ifi the direction of H e 1 m h o 1 1 z’s opinions. 

The circumstances which we have just sketched were responsible 
for the fact that for a long time investigators were divided into two 
camps; adherents of theories closely related either to that of H e lm- 
h o 1 1 z or that of H e r i n g. 

In retrospect this was truly an amazing phase in the history of colour 
science. Here were two conflicting theories, the principles of neither 
of which could directly be proved correct. Both camps were obliged 
to admit that a. certain part of the phenomena could not be explained 
by them; the conflict consisted mainly in bringing forward certain 
phenomena which could be particularly well understood by means 
of the theory in question. 

It was soon realized that the only possible solution was a fusion of 
the most important parts of both theories. This thought was most 
clearly uttered by v. K r i e s in his "Zone Theory” in which he 
accepted the fact that the processes in the retina act in accordance 
with Helmholtz’s ideas, while H e r i n g’s theory obtains for 
a further link in the chain of processes which in the end produce the 
colour sensation. Von Kries expressed very fertile thoughts here, 
but his formulation is so vague that we should rather speak of a 
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“programme” than a "theory”. Many later investigators have devo- 
ted themselves to the working out of this programme. Countless 
new theories have thus been built up and in a certain sense these new 
theories suffer just the same fate as the old ones: each theory has its 
group of phenomena for which it is especially suited! 

The mass of solutions points to the fact that we are still far removed 
from a complete and final explanation' of all phenomena. A first 
requirement for making progress and to make the theories less 
speculative is a better knowledge of the anatomical facts of the 
organ of sight. 

Mathematically the bridge between H e 1 in h o 1 1 z’s and H e r i n g’s 
ideas wiis spanned by Schrodinger*) and Lutlieri), who 
showed that transformations can be applied to the colour triangle such 
that the figures produced can be taken as an illustration of the four-colour 
theory of H o r i n g [see also Richter “)]. 


§ 74 The further development of the experimental side of colorimetry 

Not only the theoretical considerations of Helmholtz but also 
the experimental researches of K 6 n i g have influenced the develop- 
ment of colorimetry for decades. From 1898 to 1931 almost all colour 
calculations were based either directly or indirectly on K 6 n i g’§ 
results. It was indeed realized in the course of time that even these 
excellent measurements were not perfect. Hence the fact that various 
later authors such as Ives*), E x n e r ®), Weaver, [see 
Tr o 1 a n d^)]. J u d d etc. modified and “improved” the system 
designed by K o n i g, partly by combining it with their own or 
other measurements, partly by working them round in all manner 
of ways. Thus a number of more or less divergent systems arose of 
which we may mention -the following: the original system of K 6- 
nig-Dieterici, the Konig-Exner and K o n i g - 
Abney-Weaver system. This latter system arose from the 
fact that Weaver combined the values of K 6 n i g with those 
of Abney 1), giving rise to the so-called O.S.A. system (Ojdical 
Society of America), which for six years has functioned as the 
officisll system in America and also found many users outside 
America. Gradually the undesirability of this state of affairs became 
more and more obvious. Not onlj' was the existence of many systems 
that could not be accurately transposed into each other felt as a 
drawback, but the incompleteness of K 6 n i g’s original measure- 
ments began to be felt. This incompleteness is mainly of two kinds: 
in the first place the measurements were carried out by only two 
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normal observers (K 6 n i g and D i e t e r i c i) so that it was 
doubtful whether the results could really be taken as that of the 
“average” normal observer; in the second place it became a known 
fact that K 6 n i g did not always work at a sufficiently high bright- 
ness so that rod vision was not completely excluded [this last draw- 
back was pointed out by v. K r i e s ®) in 1897]. But it took till 
about 1930 before any considerable improvement was made in the 
state of affairs, when from two independent sources new determina- 
tions of the spectrum were published, both of which had been carried 
out with modem instruments and to the exclusion of the influence 
of rod vision. These were the measurements of W r i g h t 
(10 observers) and Guild (7 observers). Both investigators used 
quite different trichromatic colorimeters (of course of the subjective 
type). The fact that after transposition [see Guild*)] the results 
of the two investigations showed a satisfactory correspondence (the 
O.S.A. figures differed at least six times as much from those of 
Guild, as did those of Guild and Wright from each other) 
formed an indication that the ideal was now not far off : the accurate 
determination of the mixing properties of the eye of the average 
normal observer. 

Hence the average of the measurements of Wright and Guild 
were used, after recalculation to deduce a practically useful system. 
This is the system recommended by the C.I.E. in 1931, a system 
which in the course of the following decade replaced the old systems 
everywhere and on which all the calculations and tables in this book 
have been based. 

That the measurements of K d n i g were very deeply rooted appears 
from the fact that S c'h o u t e a *), for instance, used these measurements 
as late as 1936 in thinking out a new quantitive (1) "four-colour theory”, 
just as Stroblo^) did in his dissertation in 1937 and in a publication 
of 1939. Such examples are known in still more recent times [see W i 1 1- 
m e r ^). who uses Abney's 1895 curve], but it can be said that by about 
1940 the C.I.E, system had been universally adopted. 

Together with the adoption of the new determination of the spectrum 
came the introduction of the "white" standard illuminants A, B and 
C (section 23) whereby a certain unity has also been obtained inter- 
nationally in the measurement of coloured surfaces. 

An increasing understanding has also been attained in the last 30 
years of the foundations on which colorimetry is based. In this 
respect the excellent work of Schrodinger®’’’) in particular 
must be mentioned, who in contrast to most of his contemporaries 
again brought colour space to the fore and thus arrived at a clear and 
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logical method of explaining the basic facts. On broad lines I have 
followed the example of Schrodinger in the preceding 
chapters. 

§ 75 Wilhelm Ostrvald (1853-1932) 

It can be said that the development of the science of colorimetry 
has moved in a fairly straight line from Newton via Young, 
Maxwell, Helmholtz, Konig to the modern investiga- 
tors such as Schrodinger, Wright, Guild etc. 
However, just as Goethe, at the beginning of the previous 
century, deliberately abandoned this straight path, so have others 
in this century, for instance in the direction of the Ostxvald colour 
theory. 

There is in some respects a correspondence between these two 
wanderers from the straight path. Just as Goethe turned against 
Newton and considered, quite incorrectly, his ideas as quite 
wrong and valueless, so Ostwald (and particularly his disciples !) 
turned against the school of Helmholtz. Here he fell into the 
error already mentioned in section 72 of renouncing the whole work 
of Helmholtz and Konig, losing sight of the fact that a great 
part of this work is firmly based on undeniable experimental facts. 
Another remarkable coincidence exists in the fact that Ostwald, 
hke Goethe, started from boundary colours or combinations of 
boundary colours. 

Ostwald’s^'*'^) "colour theory” is, to use von Kries’ words, 
"eine gliickliche Systematisierung der Kdrperfarben” (an excellent 
classification of surface colours), therefore a method of obtaining a 
general view of all colours that surfaces may assume. In some respects 
this method appears to be more demonstrable than the method dealt 
with so far (the assignation oi XYZ values). We know that the 
colours of the objects depend on the nature of the illuminant used; 
Ostwald works only with sunlight in his speculations. 

The starting point of his colour theory is the so-called "Vollfarben” 
(full colours) or C-colours whose properties we have discussed exten- 
sively in section 48. In fig. 59 the position of these colours in the 
colour triangle is given (with a standard white B as illuminant). 
Ostwald considered these colours as the most "colourful" among 
all possible colour sensations and supposed that all surface colours 
occurring in practice have their colour points within the curve drawn 
in fig. 59. 
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Fig, 90 

Scheniatization of sur- 
face colours according 
to O s t wa ] d. 


Nowlhe C-colours form a special case of the ideal 
colours, and they have therefore a spectral reflec- 
tion curve of one of the types sketched in fig. 51, 
in which, in cases a and b, the two limiting wave- 
lengths are complementary. Further, 0 st w a 1 d 
took as an accepted fact that all colours occurring 
in practice are either C-colours or can be deduced 
from C-colours, by replacing the reflection factors 
0 and 1 by other constants. In other words, 
that all surface colours show reflection curves 
approximately like one of the types sketched in 
Hg. 90. From this assumption it follows directly 
that each surface colour is related to a certain C-colour (produced 
by replacing the constant reflection factor by 1 and 0) and that we 
can imagine any surface colour to be produced by mixing that C- 
colour and the standard white in a certain ratio. The C-colour there- 
fore here plays exactly the same part as the dominant wavelength 
in the monochromatic system: the surface colour always lies on 
the connecting line between white point and appropriate C-colour 
in the colour triangle. Now we can completely establish a surface 
colour with a reflection curve, as given in fig. 90, by quoting the 
two (or one) wavelengths at which the reflection curve makes a 
sudden jump (by this the appropriate C-colour has already been 
specified) and further by giving the two constant reflection factors. 
In O s t w a 1 d’s system, however, the C-colour is not as a rule 
fixed by the two complementary wavelengths but by a certain 
number N ; the C-colours lying on the curve of fig. 69 must therefore 
be provided with an identification number. O s t w a 1 d let these 
numbers run from N = Q to N — 100, later from 0 to 24. The value 
of N therefore plays an analogous part here to in the monochro- 
matic system. The positions of the numbers on the curve were fixed 
by the "Prinzip der inneren Symmetric” ("Principle of inner sym- 
metry"). This is as follows: when additive mixing of the C-colours iV 
and {N + 2) takes place a colour is produced with the same domi- 
nant wavelength as the C-colour {N H- 1). The colour iV + 12 then 
automatically becomes complementary to N. This principle enables 
us to calculate exactly the distribution of the C-colours over the 
curve. In fig. 91 the result of this calculation has been given. 


The calculation is the work of Bouma^*). An earlier calculation by 
R i c h t ,e r *®) makes rather arbitrary use of other instructions given by 
O s t w a 1 d which partially contradict each other. 


216 



§76 


WII.HELM OSTWALD 


In order to distinguish all 
colours with the same do- 
minant wavelength (there- 
fore having the same N), 
0 s t w a 1 d fixed the two 
constant reflection factors 
as shown in fig. 90 by' the 
three magnitudes A, re'and^. 
These three letters are used 
to indicate the colour con- 
tent, white content and 
black content. The logic of 
this nomenclature can best 
be seen by imagining the 
colour to be reproduced with 
the aid of a revolving sector 
disc (see also fig. 70) . 

Place the colour to be exa- 
mined in the central circle 
(which colour is supposed to be of the type of fig. 90) ; the match 
can then be obtained by dividing the outer ring into the following 
sectors (fig. 92): 

k-360° of the appropriate C-colour 
ze'-SOO” of the brightest white : 3 
2 •360“ of the deepest black ; 0 

We can see from the reflection cun^e of fig. 90 that we can indeed 
imagine the colour to be compounded of the given parts of white 
and the appropriate C-colour. For the wave- 
lengths not reflected by the C-colours the light 
proceeds partly from w and partly from k, so 
that part w + k is reflected. We therefore get 
exactly the reflection factors indicated in fig. 

90a for all wavelengths. 

Of course fig. 92 only represents an imaginary 
experiment, for the colours required by the outer 
circle are not to be realized without special aids 
and appliances. If we should, however, succeed 
in carrying out the experiment correctly, the 
matcli would be correct for all trichromats, di- 
chromats and monochromats, for we have not 
only reproduced the colour sensation but also 
the spectral reflection curve! 



Fig. 92 

The meaning of the 
terms colour content 
(ft) white content {w) 
and black content (c) 
in connection w itli the 
sectored disc. 
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According to O s t w a 1 d's system a colour is therefore characterized 
by the quantities N, k, w and: z (in which clearly k + w + z = 1). 
On this system O s t w a 1 d’s well-known colour atlas is based. 
The values of these four quantities are marked on each of the colour- 
ed cards (more than 2,000 in his first edition). 

In the abridged form of O s t w a I d's atlas every "page" {N = const., 
therefore constant contains the grey scale (8 steps) and 28 coloured 
chips. 

These 36 colours are denoted by the following symbols : 

a 


ga 


gc 


la 


ge 


Ic 


le 


pa 


DC 


le 


ig 


pc 


pe 


ng 


Pg 


pi 


nl 


pi 


pn 


P 

111 each combination of letters, such as ne, the first (n) denotes the white 
part, in percent : 

a c eg i 1 n p 

■w 80 50 36 22 14 8.0 5.6 3.6 

the eight numbers forming a geometrical progression in accordance with 
"W e b e r's law" (section 78). 

The second letter (c) denotes tlie black part i in per cent : 

acegi 1 n p 

a 11 44 66 78 86 91.1 96.4 96.6 

The corresponding numbers in the two tables add up to 100, e.g. for (a) : 
89 -I- 11 = 100, etc. 

Both tables also apply to the grey scale. So a grey colour denoted by (i) has 
a white content of 14 per cent and a black content of 86 per cent. For the 
colour ne : iH =s 6.6. a = 66 and therefore A = 29.4 (6.6 66 ■+■ 29.4 = 100). 
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For the red and yellow hues the notation corresponds reasonably well to 
reality: for the bluish hues, however, the black part is in reality higher 
(up to 10 per cent) than corresponds to the inscription on the chip. 

This adjustment was made in favour of O s t w a 1 d‘s colour harmony . 
laws, according to which simple relations should exist between the letter 
combinations of harmonising colours, a subject which occupied an im- 
portant place in O s t w a 1 d's considerations on colours, upon which 
however, we shall not enter here (section 77 E). 

In addition 0 s t w a 1 d has given a simple method of determining 
these quantities: N is measured by comparison with a series of 100 
(or 24) cards of which N is fixed once and for all with the aid of 
the “Prinzip der inneren Symmetrie”. (“Principle of inner sym- 
metry”). For measuring k, w and z for colours of the type of fig. 90 
it is sufficient to measure the reflection factor in two narrow spectral 
bands; if the bands are well selected, the one factor gives w and the 
other k w = 1 — z. The measurement can be made with the aid 
of filters which only transmit a narrow part of the spectrum. 

In the above sketch of O s t w a 1 d’s colour system many intrinsic 
contradictions and vague ideas have been omitted and the rather inexact 
form of the original speculations has been replaced by the language now 
usual in works on colorimetry. 

The advantages of O s t w a 1 d’s system, to which it owes its popula- 
rity in certain circles, are obvious: 

a. The definition in terms of N, k, w and z is much more acceptable 
and easier for the layman to understand than that in terms of 
X, Y and Z\ not much imaginative power is required to "see” 
immediately the large proportion of black in a dark brown colour 
and the high proportion of white in a Ught pink colour. 

b. The methods of measurement are very simple, whether we spe- 
cify the quantities by direct comparison with the colour atlas, 
or whether we determine h, w and z by means of filters in the 
manner described above. 

There are, however, very serious disadvantages attached to 0 s t- 
w a 1 d’s system which partly originate from the fact that the as- 
sumptions made by 0 s t w a 1 d are not all correct. For instance; 

a. The assumption that all colours belong to one of the types of 
fig. 90 is incorrect. Only in a limited number of cases is there a 
reflection curve of approximately those types. Now the theory 
can indeed be saved by adding the stipulation that two colours 
with the same appearance must have the sdme N, k, w and z 
(whereby these quantities are also fixed for any other given 
colour), but it is at once clear that we can no longer apply the 
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simple method given by 0 s t w a 1 d for the specification of 
black content and white content. By this one of the greatest 
advantages of the system is lost. 

b. The assumption that all colours lie within the curve of the 
C-colours is incorrect. Many colours occur in practice, especially 
among the reds, which lie outside that curve. The consequence 
of this fact is reflected in the colour atlas; certain shades of very 
saturated pure red are completely missing. In an attempt to save 
the theory (which here leads to a negative white content) the 
advantage of demonstrability is lost here also. 

c. As a result of the incorrect methods of measurement used in 
making the cards of the colour atlas, the quantities given on the 
cards do not coincide with those calculated by the theory as 
above extended [see (a)] to arbitrary colours. 

d. All the drawbacks already discussed in section 66 apply to the 
use of th§ colour atlas. 

Considering the advantages and disadvantages just brought- forward 
it need not be found surprising that the 0 s t w a 1 d colour theory 
has been the subject of lengthy discussions. 

Opponents, von K r i e s “), K. W. F. K o h 1 r a u s c h 
Schrodinger*), Schafer Bernays^) among others 
and supporteis, Meissner i), Seitz Oryng^), Scholl- 
m e y e r 1) among others pursue one another, while in more recent 
years an attempt was made to extend and correct the theory in such 
a way that the worst contradictions disappeared, so that a connection 
could be made between O s t w a 1 d coordinates and trichromatic 
coordinates [M i e s c h e r ^), L u t h e r i), R i c h t e r »• i®)]. 
In this way it is hoped to save O s t w a 1 d's colour theory for those 
subjects in which the advantages exceed the disadvantages. 

See also . Z e i s h old i). Foss*), Granville*). Birren*). 

§ 75a Albert H. Mansell (1853-1918) 

* A. H. Munsell was an artist and an art teacher. To aid his 
teaching he devised a system of colour-order which is in principle 
a monochromatic S3retem in which the colours are distinguished by 
their lightness, hue and saturation (called "value” (V ) , “hue” (H ) 
and "chroma” (C) by Munsell). 

Although originally an artist, Munsell was enough of a physicist 
to understand the principles of photometry and colorimetry. As a 
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result his system was partially founded on physical principles. For 
instance the reflectivity relative to MgO (s,. = e/ejigo) was 
correlated with the “value”. A scale of ten apparently equal value 
steps was painted (painting went first!) and then by photometric 
measurement it was found out that approximately 

. 100 

so e, = 0.36 would correspond to V = 6. 

The correspondence which is now generally accepted is empirical: 

V 123 4 5 6 7 8‘9 (10) 

100 1.21 3.13 6.56 12.0 19.77 30.05 43.06 59.10 78.0(1 (102,50) 

For the fixing of the hue-number, the colour circle (the range of 
spectral colours, completed by the purple line) was divided into ten 
“equal” steps by first choosing five principle hues R (red), Y (yellow), 
G (green), B (blue) and P (purple), and then 5 intermediate hues 
RY, YG etc. These hues were again found empirically by comparing 
painted chips, but they were to comply with the requirement that 
two hues 5 numbers apart in the scale should' be complementary 
(e.g. R and GB). Each hue step may be divided into 10 smaller steps 
{R ranging from IR to lOP, for instance). 

Finally every hue was painted in a number of apparently equal 
“chroma” steps for each value. Colours of equal chroma but different 
hue or value should show equal apparent saturation. 

A colour is indicated by H VjC, e.g. 5R 8/6, where 5R denotes the 
hue, 8 the value number and 6 the chroma number. 

Originally M u n s e 1 1 applied a physical principle to chroma in conse- 
quence ol which equal areas of two complementary colours having' tlie 
same VC product should add to grey in a disc mixture test. In consequence 
of this, for any Irue, the relation between colorimetric purity, value and 
chroma should be 

f’VIC = (C/E) Pm 

whereas colours having the. same value of the ratio VjC sliould l\:ivc tlie 
same chromaticity (x, y) [Gibson”) and Nickerson]. 

We thus see M u n s e 1 1 following up two trains of thought at the 
same time, one psycho-physical, based on physical concepts (e, X,i, ■/>), 
the other psychological, based on empirically determined apparently 
equal steps. 

The psychological problem of 'colour differences has not been dis- 
cussed in the foregoing chapters. This will be done in chapter XIII 
and the reade? is referred to this chapter for further information. 
As the simultaneous pursuit of the two lines of thought at the same 
time proved impossible, some of the psycho-physical requirements 

221 


HISTORICAL DEVELOPMENT OF COLOUR SCIENCE 


CH. XI 


(especially those referring to chroma) have been dropped, the 
system gradually growing into an almost purely psychological system 
of colour order. By the cooperation of the M u n s e 1 1 Colour 
Company^), the Colour Council and the Nat. Bur. of Standards, the 
tristimulus values of the M u n s e 1 1 Book of Colour have been 
measured and calculated for a number of illuminations, so that the 
colours maybe located intheC.I.E. chromaticity diagram [Kelly ^)]. 

From the charts given in this publication it may be seen that the require- 
ment of Complementarity is only approximately fulfilled. Neither are the 
lines of constant hue straight lines passing through the white point. The 
lines of constant chroma, although fairly regular, show some irregularities. 

At the same time the psychological requirement of equality of con- 
secutive steps has been tested by a number of persons [N e w h a 1 1 ®)]. 
This has resulted in a preliminary renotation of the existing samples, 
using decimal numbers. By using these numbers smooth curves of 
constant hue and chroma can be drawn in the chromaticity diagram 
for each value [see also Granville®) and N i c k e r s o n ^' ^)]. 
The lines of constant hue are not straight and not the same for 
different values. The lines of constant chroma in no way coincide 
with the lines -p = const or a = const (sect. 83). 

0 s t w a 1 d met Munsell in 1906 and exchanged ideas with 
him. In 1913 and 1914 Munsell went to Europe to give an exposi- 
tion of his ideas. Wide-spread use is made of the Munsell colour 
atlas in America [revised by Munsell ’s son A. E. O. Munsell^)] 
and there is an increasing interest for this system in other parts of 
the world [see Judd ^®)]. 
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Other tasks for the eye 


In the previous chapters we have constructed a kind of “colour 
geometry” and have learnt to classify and measure colours. All these 
speculations are based on experiments in which one of two simul- 
taneously displayed spots of light was varied until both spots were 
indistinguishable. Here the sole task of the eye was to judge whether 
both colour, sensations were equal. 

Besides the many colour problems which can be solved by experi- 
ments of this kind there are, however, a number of others in which 
the human organ of sight does indeed act as judge but has another 
and usually more difficult task to fulfil than that of a guide in 
adjusting to equality. Some of these tasks are as follows: 


A. Discrimination. When a good adjustment to equality has been 
made it appears to be possible slightly to alter one of the colours 
to be compared without the eye being able to observe 
the difference. It is often important to know how far such an 
alteration can go before the eye begins to notice a difference in 
colour. In the measurements that should give an answer to this 
question it is usual to start with two halves of the field of vision 
which not only look equal but are completely identical in a 
■physical sense as well, meaning of course as regards radiated 
power and spectral composition. Then the amount by which one 
of the two has to be altered to make a noticeable difference, 
the so called "discrimination step”,, “threshold” or “limen” is 
measured. The alteration is usually such that a certain property of 
the colour is varied while leaving the other properties as far as 
possible unaltered. For example, the brightness alone is varied, 
the spectral composition and the chromaticity left unaltered; or 
we begin with a spectral colour and change the wavelength 
(leaving the brightness constant). In the first case we speak of the 
brightness-difference limen, in the second case of the wavelength- 
difference limen. More generally we can say that the change 
always corresponds to a movement through the colour space 
along a particular curve. In the first example this curve was a^ 
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Fig. 93 

Limen for a given di- 
rection in colour space. 
Along the curve the co- 
lour can move from 
P to P' without a dif- 
ference being observed. 


straight line through the origin, in the secortd 
example the curve of the spectral colours in a 
plane of constant brightness. 

As the alterations are as a rule very small 
we can replace the curve by its tangent at 
the starting point. We may then speak of the 
limen or just noticeable step for a certain 
direction in colour space; see fig. 93 which 
illustrates the second example: the curve represents the curve 
of the spectral colours in a plane of constant brightness B. P 
is the starting point of the experiment (spectral colour with 
wavelength X and brightness B). P' is the point to which we 
can move before a colour change is observed (spectral colour 
with wavelength X -t- AX and brightness jB); AX' is the limen 
for the wavelength difference, while the arrow gives the direc- 
tion in the plane of constant brightness in which the limen is 
determined by the experiment. 

Among other things a knowledge of discrimination steps is impor- 
tant for judging the accuracy to be attained in visual colorimetry 
and photometry ; for the requirements with which different colour- 
ed objects mast comply in order to appear to match the colour; 
for the minimum differences in brightness required for an 
object to show against a background (street lighting) etc. The 
task to be performed by the eye in determining the limen 
agrees fairly closely with the task with which the eye was formerly 
charged. The difference is that formerly we moved along a curve 
(see fig. 93) in colour space and tried to determine the centre 
of the range P"P' in which no difference in colour sensation 
appeared, while in determining the limen we are concerned with 
fixing the distance from P" to P', or the size of the interval P"P'. 

B. The selection of a sample in a set of colours most resembling a 
given colour in a certain respect. 

As a first example of an experiment in which the eye has to 
perform such a task we can take the visual adjustment to equal 
apparent brightness if we have two different colours to compare 
(heterochromatic photometry, see section 11). Here one of the 
colours is left unaltered while we make the other pass through a 
series in which the brightness is variable, while the chromaticity 
is kept constant. We must now choose the sample from this series 
which agrees in apparent brightness with the colour in the other 
half of the fieldi of vision. 
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As a second example we will take the adjustment to equal satura- 
tions of two lights differing in dominant wavelength and there- 
fore in hue; This example is analogous to the first. We leave 
one colour unaltered while we make the other pass through a series 
in which the saturation is varied but the brightness and dominant 
wavelength arc kept constant; we must choose from this series 
the sample agreeing in saturation with the colour kept constant. 
The essential difference from the former tasks is that here among 
the series of colour sensations from which we must make a choice 
there is no sample that is indistinguishable from the constant 
colour sensation in the other half of the field of vision. The result 
will therefore always be that two colours are chosen showing 
mutual differences but which agree in a particular property (for 
instance apparent brightness^ saturation or hue) . 

The changes to which we subject one of the colours during 
adjustment again resolve themselves into this, that we make 
a colour pass along a certain curve in colour space (in hetero- 
chromatic photometry a straight line through the origin). In 
contradistinction to case A the colour point of the unaltered 
light impression of the other half of the field of vision does not 
lie on the curve. 

C. Determining the extent to which two colour sensations differ. 
First example : Let two light sensations be given with the same 
relative spectral composition but considerable differences in 
brightness. Required ; the adjustment of a third colour so that the 
chromaticity corresponds with the two other colours, while the 
apparent brightness of this third colour differs just as widely 
from that of the first colour as from that of the second. 

Second example: Given a "white” colour (for instance, standard 
illuminant A) and a green colour with a colorimetric purity of say 
p = yg, both colours have a brightness B. Required: to adjust 
the colorimetric purity p' of a third colour whose dominant wave- 
length and brightness must amount to 589 mp and B respectively, 
so that this third colour differs as much from the white colour as 
from the green. 

We therefore see that with this type of adjustment at least three 
colours are involved, while only one of these is varied; the 
variation again takes place along a curve in colour space. 

In general it may be said that in passing from the simple equality 
adjustment to processes A, B and C the adjustment becomes 
continuously more difficult and uncertain, while the result is 
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increasingly influenced by attendant circumstances and the 
individual properties, of the observer. 

D. The naming of colours. The simplest case is that in which only 
one colour (for instance a spectral colour) is shown in the field of 
vision and the observer is asked to judge whether he would call 

, the colour green, yellowish green, yellow green, greenish yellow, 
yellow etc. Often, beside the colour to be named, another colour is 
present in the field of vision, for instance in the form of coloured sur- 
' roundings. Tests of this kind are important in cases where signal 
colours have to be recognized and in studying the influence of en- 
vironment on the colour sensation and the condition of the retina. 

E. Specifying colour combinations pleasant to the eye., This problem 
lies outside the scope of this book. It is undoubtedly rather com- 
plicated and can only be solved by an artist and a physicist in 
collaboration. The artist must create or indicate the desired 
combinations and afterwards they must be measured by the 
ph3raicist, who will try to deduce general rules from the .results. 
This field of research is. still for the greater part unexplored. 


§ 77 Brightness discrimination 


As has already been remarked, the sensitivity to brightness differen- 



dot t!f 1 10 vP 10 ^ — e 

-2 -1 ■' 0 1 2 3 4 S^tajB 

Fig. 94 

Sensitivity BIS. B for differences in bright- 
ness: a .brightness 5 + AS can just be 
distinguished from a brightness B. a) Dark 
surroundings, b) light surroundings'. 


ces is important for several 
very divergent purposes, and 
it need not therefore be sur- 
prising that many investiga- 
tors have carried out meas- 
urements in this respect. 

It may seem strange at first 
sight that the results of these- 
measurements are very diver- 
gent and that a great many 
misconceptions exist in this 
field. 

Some of these results are given 
in fig. 94. . As the range of 
.brightness over which the 
measurements extend is so 
enormously large, a logarith- 
mic Scale .has been used for 
brightnesa S. (If we pass along 
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the horizontal axis, log B increases regularly while B increases 
every time by a factor 10 when proceeding over equal distances.) 
To the brightness B we must now add a brightness AS (the limen), 

necessary to see a distinction. This means a relative increase of . 

B 

This quantity is therefore a measure of the sensitivity of the eye for 
small differences of- brightness. As, however, a low value of AB/B 
points to a high sensitivity (a small relative luminosity increase can 

be observed) we prefer to plot the inverse value as has been done 

in fig. 94, and call B/AB the sensitivity of the eye to differences of 
brightness. 

The name "contrast sensitivity", often used for this concept, is less happily 
chosen for it may cause confusion in connection with tlie fact that the 
physiologist understands something quite different by "contrast" than 
do the illuminating engineer and the photographer. 

Now in fig. 94 curve a represents the average results of the measure- 
ments of Konig®), Blanchard 1) and the author, which agree 
well with each other : curve b gives Stile's’^) measurements. The 
great difference in the two curves is due to the conditions under 
which the measurements were carried out. In the measurements 
resulting in curve a the two light spots to be compared only occupied 
a relatively small part of the field of vision, while the remainder was 
dark. In the tests from which curve h resulted the whole field of vision 
showed a uniform brightness B, while subsequently in a part of the 
field of vision the brightness was increased to B + AB. 

It is clear from fig. 94 what an enormous influence certain accessory 
conditions can have on the results of discrimination measurements 
(for instance the illumination of the surroundings). In general it may 
be said that the processes described in section 76 under A, B, C and D 
are much more sensitive to such influences than is the case with 
simple equality adjustments. 

The curves a and h of fig. 94 both have their practical interest. In 
some cases conditions occur in practice corresponding to those of 
curve a (observations on artificially lighted roads, the use of search- 
lights, various photometric and colorimetric instruments etc.). In 
other cases conditions resemble more those giving rise to curve b 
(observations in the open country, especially with snow-covered 
landscapes, diffusely lighted rooms with light walls etc.). 

In many cases conditions lie midway between these extremes: the 
environment is well lit but far less brightly than the middle of the 
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field of vision where observations are carried out. In such cases 
values for the sensitivity of the eye lying in between a and h must be 
expected. 

Finally it may happeii that the environment or a part of the environ- 
ment displays a considerably greater brightness than the field in 
which we wish to observe small differences of brightness. In that case 
the sensitivity of the eye to differences of brightness is greatly de- 
creased by the disturbing presence of the high brightness. We then 
speak of glare', this makes all discrimination steps greater. Examples 
are : the presence of an illuminant of too great brightness in the field 
of vision ; the distinguishing of very dark colours in a light environ- 
ment, etc. 

The shapes of curves a and h are also influenced by other factors. 
For instance, the size of the surfaces to be compared and the colour 
of the light. The first influence makes itself felt particularly for 
objects seen at a very acute angle (less than one degree for instance). 
The influence of colour is mainly felt at low brightnesses when the 
P u r k i n j e effect occurs. [For sensitivity to differences of 
brightness under radically different conditions, see for instance 
A. E. 0. Munsell®), Sloan and Godlove]. 

It is obvious from the above considerations that we cannot speak of 
a general connection between and B. Yet there is a wide- 

spread opinion that such a simple and generally obtaining connection 
should exist. This opinion is formulated in the form of W e b e r's 
law ("Psychophysisches Fundamentalgesetz”) according to which 


the ratio 


B 

AR 


should be constant, or in other words : the limen AB 


should be a fixed percentage of the original brightness B. 


The much-used name "W e b e r - F e c h n e r law" is less exact. The 
law originated with Weber (1834), whiist Fechner (1868) drew 
the very questionable conclusion from it that the brightness sensation 
must be proportional to the logarithm of the brightness J3 [see the exten- 
sive. witty but not always well founded criticisms of M o o n i) and 
further Cobb^) and Guild®)]. 

It appears from fig. 94 to what extent the Weber law holds. 
Under the conditions of curve a (dark surroundings) the sensitivity 
to differences of brightness in the luminosity range of 10 to 
6,000 c/m®*) is very approximately constant (63 ±6). In this 
luminosity range (comprising most daytime brightnesses and those 
of illuminated living rooms) W e b e r’s, law is useful under the 


♦) 1 c/m» = 1 candle per square meter = c/cm« = stilb (sect, 17). 
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stated conditions as an approximation. In the luminosity range 
with which we are concerned in street lighting the law does not hold 
at all. 

§ 78 Hue discrimination 

Hue discrimination, although of less practical importance than 
brightness discrimination, has also been studied by innumerable 
investigators. 

Fig. 95 gives some results. If a spectral colour X can just be 
mju 
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. Fig. 96 

Limen 6 X for wavelength differences. The wavelength )l -f 7 is just distinguishable 
from X. a: average of a number of observers; i: W r i g b t’s results; e: see sect. 81. 
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distinguished from spectral colour X + AX then AX is the required 
discrimination step. 

In fig. 95 Ax has been plotted for the different values of X. Curve a 
gives the average result of a large number of investigators [U h t- 
hoff^), Konig*), Dieter ici, Exner^), Steindler^), 
Jones ^), Laurens^), Rosencrantz^), Sachs ^), 
T y n d a 1 P), W r i g h t s). Holier L a d e k a r 1 r), H a a s e i)] 
while curve b gives the results of investigations which W right 
carried out on his own eye. 

In these investigations, too, all kinds of accessory circumstances 
appear to have exercised a considerable influence on the result. The 
results of the individual investigators are consequently rather widely 
divergent, especially in the blue and violet, while the various obser- 
vers who carried out measurements with the aid of the same appara- 
tus, and therefore under identical conditions, show a much better 
agreement among each other. 

The results are further influenced by the brightness and the size of 
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the coloured light spots to he compared, the environment (which for 
most experiments was dark), etc. Moreover another source of diver* 
gence can occur here. As it is particularly desired to measure the 
sensitivity of the eye to wavelength differences of the spectral colours 
the brightnesses of the two halves of the field of vision must always 
be kept equal; a slight difference in brightness can have a strong 
influence on the results. To maintain this equality of brightness may 
be rather difficult, and several investigators have not paid sufficient 
attention to this point, so that they sometimes actually measured a 
combination of the sensitivity to wavelength differences and to 
differences in brightness. In other words, they measured the limen 
in the wrong direction in colour space. The part of curve a (fig. 95) 
for the wavelengths smaller than 450 m[j. is particularly unreliable in 
consequence of this source of errors. 

The sensitivity to wavelength differences has also been studied 
repeatedly for people with defective colour vision (see chapter X), 
and it has been found that most of such persons manifest a lower 
sensitivity, therefore a larger discrimination step, than normal 
observers. We shall not discuss this further. Extensive investigations 
on this point are to be found in P i 1 1 1) (dichromats). Nelson^) 
(anomalous trichromats) and innumerable other authors [see 
Brodhun'^), Steindler^), Rosencrantz^), Sachs ^), 
Holler LadekarP), Corbett i), E n g e 1 k i n g *)]. 

With the help of a curve giving AX as a function of X we can estimate 
the number of colours distinguishable in the spectrum by the obser- 
ver. For instance, from curve a of fig. 95 about 152 are found. (Of 
course not all the colours can be named, but when placed side by side 
the difference can be seen.) 

If we do not start from the spectral colours but from a series of 
colours of equal brightness B and colorimetric purity p but varying 
dominant wavelength X^, the sensitivity of the eye can be determined 
for the differences AX. We therefore measure the limens along 
curves of constant p (see fig. 31). Such measurements have been 
carried out, for instance, by Tyndall^) and H a a s e ^). Both 
investigators come to the rather unexpected result that p can be 
made to fall from 1.0 to about 0.5 before the curve giving AX as a 
function of X alters perceptibly. Hence it follows that almost as many 
colours can be distinguished along the curve ^ = 0.50 (fig. 31) as 
along the curve of the spectral colours (^ = 1). If the colorimetric 
purity is allowed to fall still further this number of distinguishable 
colours rapidly decreases. This.is of course self-evident. If we describe 
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Thresholds ip for differences in purity. The colour having a purity ip can just be 
distinguished from white (p = 0)- a: Average of a number of observers. 6; W r i g h t's 
results, e: See sect. 81. 

a curve of constant but very low p we always remain in the. imme- 
diate neighbourhood of the white point, so that hardly any difference 
in colour is observed. 

§ 79 Other limens and thresholds *) 

If the limens for colorimetric purity are required we must move in a 
plane of constant brightness along a straight line running through 
the white point (one of the straight lines drawn in fig. 31 through E) 
and measure the extent of such a movement before a difference in 
apparent saturation is observed. Many workers have occupied them- 
selves exclusively wth the beginning and the end of this range. In 
other words they have either measured how far one must be from the 
white point before a faint difference is visible or how far one must be 
from the spectral locus (in the direction of the- white point) in order 
to be able just to notice a difference from the spectral colours. 

In the first case, therefore, a white light spot (brightness B) is com- 
pared with a mixture of a certain spectral colour (brightness Bq) 
with white light (brightness B — Bg) and the threshold of Bg deter- 
mined. The colorimetric purity of one half of the field of vision 
is therefore p — 0 and that of the other half p = Bg\ B. We can 
therefore just distinguish a difference in colorimetric purity of an 
amount B j Bg. • 

*) Throughout this took the smallest perceptible value of any quantity is called 
threshold, whereas the perceptible increment of any quantity is called difference 
■ threshold or limen. This practice is purely conventional, for ■ the meaning of the 
latin word "limen" (plural in English: limens) is also "threshold’.*. Some authors 
prefer circumscriptions as "just noticeable difference" etc. 
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If the sensitivity of the eye to differences in colorimetric purity is to 
be studied, the inverse value of this threshold, B : Bg, comes into con- 
sideration. 

Fig. 96 shows the results of some investigators who have measured 
the threshold : B along different lines through the white 

point (therefore for different wavelengths X of the spectral colour 
used in the mixture). As the values of A^ vary very considerably 
with wavelength (up’ to a factor 40 !) we have plotted the threshold 
A^ logarithmically. 

On the left is the scale of log (Ap) (regular scale division), on the right 
Ap itself (irregular division). 

Curve a gives the average result of a number of investigators 
[Jones®), P u r d y ^), W a r b u r t o n ^), M a r t i n i), 
Wright®), Nelson®), Priest®)] while curve b gives the 
result of the investigations which Wright®) carried out on his 
own eye. It will be seen that the curve displays a pronounced maxi- 
mum for a wavelength of 570 mfi. That is to say, for this yellow 
colour the threshold is highest and the eye is therefore least sensitive 
to differences in colorimetric purity. For this wavelength about 
1/6 of the white light must be replaced by the spectral colour before 
a difference in colour is noticeable^ while for red (680 mfi) the ad- 
mixture of 1/60 part is already sufficient! 

The results of the various authors quoted are rather widely divergent, as 
a result of different accessory circumstances (chiefly the size of the field 
of vision), but these causes increase the thresholds for all wavelengths by 
about the same factor. If wo therefore plot the results on a logarithmic 
scale (fig. 90) the various curves are shifted relative to each other but have 
the same shape. This is shown very well by curves a and b. 

In the second case mentioned at the beginning of this section a 
spectral colour (brightness B) is compared with a mixture consisting 
of a small part of white (brightness B.yy) and the remainder spectral 
colour : the threshold of B^y is determined. The colorimetric purity 
of one half of the field of vision is then 1, and in the other half 
p ~1 — ByfJB the difference is therefore By^ ; B ; in this case a 
difference in colorimetric purity of Ap = ByyjB can just be 
distinguished. Fig. 97 shows some experimental results; a the average 
of several investigators [Jones®), Wright®), Warbur- 
ton®)]; b the values of W r i g h t ®). 

In contrast to fig. 96 we see that here the results depend only slightly 
on the wavelength. The eye is about equally sensitive to saturation 
differences for all points in the neighbourhood of the curve of the 
spectral colours. For intermediate cases — sensitivity to saturation 
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differences starting from colour points lying between the white point 
and the curve of the spectral colours — fewer reliable measurements 
have been carried out. The following general conclusions can be drawn 
from the measurements of J o n e s s) and Warburton^): if a 
straight hne from the white point to the spectral locus is traversed 
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Fig. 97 

Thresholds Ap for differences in purity; the colour having a purity 1 — Ap can just 
be distinguished from a spectral colour {p = 1), a; Average of a number of observers. 

6; W r i g h t's results, c: See sect 81, 

(if, therefore, the colorimetric purity f is increased from 0 to 1 with 
a constant dominant wavelength) the sensitivity to saturation differ- 
ences decreases at first, reaches a flat minimum between -p = 0.4 
and ^ = 0.6 (here the sensitivity has decreased by a factor 2 — 3) 
and then rises again to the final value for ^ = 1 (see fig. 97). The 
limen for saturation differences is therefore greatest for colours of 
medium saturation. Other investigators [D o n a t h ^)], however, 
found a somewhat divergent sensitivity curve. 

Just as the total number of spectral colours was calculated from 
the hmens for wavelength differences (sect. 78), the total number of 
steps of just noticeable colour differences along a straight line from 
the white point to the curve of the spectral colours can be counted 
if the magnitude of the limen for saturation differences is known 
for each point of the line. 
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In fig. 98 curve a shows some results for different values of the domi- 
nant wavelength [average of the careful measurements of War- 
burton^) and Martin^) and the less extensive measurements 
of Jones®) and Lowry], This curve shows a minimum where 
that of fig, 96 had a maximum (570 mfi). This was to be expected; for 
this wavelength the sensitivity to differences of saturation was 
particularly low, so that we can only distinguish a small number of 
colours between the white point and this yellow spectral colour. 
Besides the limens for differences in brightness, wavelength and 
colorimetric purity, measurements of just noticeable steps along 
other curves have been carried out, for instance, along the curve of 
temperature radiators [Judd®), Priest®)] and through a series 
of coloured' filter glasses [Judd ’)], but we shall pay no further 
attention to these investigations. 

§ 80 •Attempts to summarize all discrimination measurements 

In sect. 77-78 a number of investigations in the field of discrimina- 
tion and the sensitivity of, the eye to colour differences have been 
described. Of course the number of these investigations can be con- 
siderably extended and limens could be measured along the most 



e: see sect. 81 . 
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varied curves in colour space, but it is difficult to get a general 
view of the material thus obtained. Early attempts, therefore, 
were made to obtain a systematic survey of this whole field. A formu- 
la or a precept was sought by which it would be possible to calculate 
the limens (and therefore the sensitivity of the eye to colour differen- 
ces) along any given curve in colour space. 

It is immediately clear, however, that such a systematic classifica- 
tion of the discrimination steps would give rise to far greater diffi- 
culties than the classification of the colour sensations themselves, such 
as was possible in the previous chapters. The cause of this differ- 
ence is twofold; in the first place there are ho such simple and strict 
laws for limens as was the case for colour sensations (Grass- 
m a n n’s laws), and in the second place the accessory circumstances 
under which the measurements take place influence the measure- 
ments to a much greater degree than colour measurements. 

It appears from this last fact that if we should succeed in finding such 
a general precept, the possibilities of applying it would, for the time 
being, remain restricted to the conditions prevailing during the ex- 
perimental researches. Through losing sight of this fact many in- 
vestigators tried for a long time to find a formula that would hold 
generally; such attempts were of course doomed to failure. The 
earliest effort in this direction w'as made by 'Helmholtz (1891) ; 
it was based on the idea that W e b e r's law (sect. 77) would hold 
not only for the brightness of a colour sensation but also for the 
three basic processes by which H e 1 m h o l.t z supposed colour 
vision to be governed. This first attempt must be considered as a 
failure. In order to make his theoretical precept correspond with the 
experimental facts Helmholtz was obliged to make fairly 
arbitrary assumptions which were in conflict with his own general 
theory of colour vision (cf. sections 65 and 34). 

A second interesting attempt was undertaken bySchrodinger®) 
(1920). Starting from a small number of assumptions, he constructed 
a theory — in an extremely elegant manner, mathematically — by 
which it would be possible to predict not only the sensitivities to all 
sorts of colour changes but also the results of a number of other 
measurements (among others those mentioned under B and C of 
sect. 76). Unfortunately it has since appeared from continued 
experimental investigations that almost all the assumptions from 
which Schrodinger started were incorrect or only correct in 
certain restricted circumstances. ' It is therefore not surprising 
that the numerous discrimination measurements carried out in later 
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years appear to correspond 
so badly with the formulae de- 
duced by Schrddinger that 
we must also consider this at- 
tempt,' on a grand scale, to 
be a failure. 

Subsequent investigators were 
more modest. In the .first 
place luminosity variations 
were abandoned and all at- 
tention was therefore concen- 
trated on differences measured 
under constant brightness (in this category belong all the in- 
vestigations described in sections 78 and 79). Since by this restric- 
tion it was possible to illustrate all the results in a colour plane, 
the question automatically arose whether perhaps the size of 
the various steps was not bound up in a simple manner with 
the geometrical properties of the colour triangle. The simplest 
connection that can be imagined is that two equal distances in the 
colour plane Correspond with the same number of steps of just 
distinguishable colour difference. If this simple connection existed it 
would follow that if a certain colour (for instance the white point) 
was plotted surrounded by all colours just distinguishable from it, 
these colours would then all lie in a circle with the chosen colour in 
the centre, for they are all one step removed from this colour. 

We can now easily check by means of experiments if this is the 
case. In sect. 79 we discussed the threshold found by moving away 
from the white point in different directions : the limens for, satu- 
ration differences in the neighbourhood of ^ = 0 (fig. 96) . With these 
results we can calculate the locus of colours just distinguishable from 
the white point. 

Fig. 99 shows the results of such a calculation (for W r i g h t’s 
results see curve b of fig. 96), on a greatly enlarged scale, of a part of 
the colour triangle. As we see, the points do not at all lie on a circle 
about the white point B; For the colour triangle, derived from the 
XYZ system prescribed by the C.I.E., the very desirable property 
that "all steps of just distinguishable colour difference are represent- 
ed by equal distances” in no way holds. 



The colours which are just distinguishable 
from the white B plotted in the y, -a diagram. 
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§ 81 The U.C.S. triangles of Judd and his school 

The negative result just obtained was in no way a discouragement 
for it brought to mind that there is actually an enormous number of 
possible colour triangles (see sect. 29, 30), all of which may be used 
to define colours unambiguously (fig. 16 shows one which differs 
greatly from the XYZ triangle). As the XYZ triangle is an arbitrarily 
chosen example from this collection, it is obvious that we should 
investigate whether perhaps some other choice of triangle would 
satisfy our purposes better, in which the various limens would be 
represented by approximately equal distances. It is already apparent 
from fig. 99 that this demand cannot be strictly fulfilled. The points 
plotted there mostly lie on the ellipse drawn, but at the two extrem- 
ities (especially on the blue side) there are deviations. Now it is 
possible,. by a simple transformation of the colour triangle, to change 
the ellipse into the required circle, but the deviating extremities will 
remain. 

It must be said that with this renewed attempt quite a different 
course has been adopted from that of, for instance, Heliriholtz^) 
and Schrddinger®). Where these investigators proceeded from 
certain theoretical considerations we have cast away all theory and 
set ourselves the purely practical ta.sk of representing the colours 
namerically in such a way that these numbers not only represent 
colours in a simple way but also the limens. 

If the new colour space and colour triangle are to retain the same 
simple properties which apply in the XYZ system, the new coordi- 
nates must be simply related to the old. The methods of calculating 
the new coordinates from the old ones (transformation equations) 
must therefore be similar in form to equations (2) of section 30 which 
connected the XYZ system (chapter V) and the system 

(chapter IV). In passing from the B^B^B^ system to the XYZ system 
the most simple properties remained valid. 

Clearly the whole matter reduces to this, that a projective transiormation 
of the colour plane must be found; it is clear that in this way the ellipse of 
fig. 90 can be transformed into a circle. 

Judd®) was the first to follow this path successfully. He gave the 
following transformation equations: 

R" = 3.1956 X -I 2.4478 Y — 0.1434 Z 
G" = —2.5455 X + 7.0492 Y -H 0.9963 Z 
B“ = 1.0000 Z 

which therefore enable us to calculate the new coordinates 
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the x" and y" axis divide the colour sur- 
face correspond approximately to green, 
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tnis section are com omea unaer tne name 
of "uniform chromaticity scale systems” 

(U.C.S. systems), which means that in 
these systems the colours as judged by The 
the eye are equally distributed over the 
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Fig. 101 

U.C.S. chromaticity dia- 
, according to Brecken- 
ridge. 


colour surface. 


Now to what extent do these systems fulfil Jhe demands as regards 
limens? Judd worked this out extensively for his system. He 
was, however, obliged to use experimental material of very devious 
origins, that is to say, discrimination measurements carried out 
under very different conditions. There is a better control if we com- 
pare the limen predicted from a U.C.S. system with -measurements 
carried out as far as possible by one and the same observer and all 
under the same conditions. We are enabled to do this by the ex- 
perimental work of Wright®’®) and his collaborators Pitt and 
Nelson, from which, among others, curves 6 of figs. 95, 96 and 97 
have been derived. 

Now we have drawn curves marked c in the figures 95-97, as predicted 
from the U.C.S. system of Breckenridge (fig. 101) if it is 
assumed that each Hmen.in this colour surface is represented by a 
distance 0.0128. 

The value 0.0128 is a. compromise between the values required to adapt 
the empirical curves as well as possible to the experimental results of 
fig. 06 and 06. 

From fig. 06 (curve a) we deduce that the spectrum between 440 and 
830 m(jL contains just 113 distinguishable colours. If we make the same 
demand of Breckenridge's system we" must represent the limen 
by a distance of 0.0102. The best adaptation to the measurements 
of fig. 00 is found, however, by making this distance equal to 0.0160 
(fig. 102). 
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Fig. 102 

The colours which* can just be distinguished from the white B are plotted as in 
fig. 09. but this time according to B r e c Ic e n r i d g o's diagram. 

Finally we have illustrated in fig. 102 how the points drawn in fig. 99 
lie in B r e c k e n r i d g e's x‘'y'' space. If we look at the figures 
95-97 and 102 giving the comparison between W r i g h t’s experi- 
mental results and the predictions from the U.C.S. system, we see 
that the correspondence is still far from perfect. 

It appears from fig. 102 that as much as can be attainable has been 
attained here; the points lying on the ellipse in fig. 99 now lie on a 
circle with a radius 0.016. In agreement with this, curve c in fig. 96 
has also the same course as curve b over the greater part of the 
spectrum. 

In fig. 95 the agreement is much worse; the maximum at B20 m[ji 
particularly is too high and moreover is displaced. Curves c and b 
correspond completely within a factor 2. The worst agreement is 
found in fig. 97 : in the blue as well as in the yellow (570 m(i.) experi- 
ment and prediction differ by more than a factor 5. The sharp 
maximum at predicted 570 m(A does not occur in the experiments. 
Finally in fig. 98 a fairly reasonable correspondence between experi- 
ment and theory is found. 

We shall summarize the results as follows ; 

a. In the neighbourhood of the white point and also for thie unsatu- 
rated colours the U.C.S. systems give by their distances in the 
colour plane a fairly correct measure of the number of steps of 
just noticeable colour differences. 
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b. In the neighbourhood of the spectral locus and in general for 
very saturated colours, the agreement between the U.C.S. system 
and the experimentally determined limens is much worse. 

c. As far as thresholds for colorimetric purity are concerned the 
U.C.S. system is useless. 

If these three points are taken into account the U.C.S. system can 
still prove serviceable. It gives a much better impression of small 
colour differences (as judged by the eye) than the C.I.E. system. 
From recent measurements [(Wright®), Me Adam®)], W right i®) 
draws the following conclusion. If we set out in the C.I.E. triangle all 
measured limens (that is the various values of PP' from fig. 93) 
a variation in length occurs, amounting in some cases to 1 : 20. If we 
transfer them to Breckenridge’s system the maximum varia- 
tion is reduced to 1 : 4. 

A further improvement of the D.C.S. systems is not possible in a simple 
way : the best possible use has already been made of the four parameters we 
had at our disposal to give the colour domain the desired form (see sect. 34). 
The only way to achieve any Improvement is to invent a more com- 
plicated precept by which we can have more parameters to hand in 
order to obtain a good fit with the experimental data. An example 
in this direction is ‘ v a: n S i n d e n's attempt to invent a 
system by projective transformation of the C.I.E. triangle, in which 
for each limen the quantity 

(dlog^)* + (aiog^)V(niog^)“ (29) 

assumes the same value as would hold for the quantity {x’)^ -(- (y')* with 
Breckenridge. A close examination shows that in this case we have 
not four but six parameters at our service and that the U.C.S. triangles 
are all special limiting cases of S i n d e n's general assumption. It is 
therefore not surprising that S i n d e n arrives at a slightly better adap- 
tation to the experiments (especially for the left-hand side of fig. 96 and 
the right-hand side of fig. 98). It does not, hovfever, seem desirable to us 
for the sake of tjiis slight improvement to pass over to the very unsurvey- 
able precept (29). We can consider such precepts as purely empirical at- 
tempts; we can also, like Helmholtz*) (from whom (29) was derived 
by Sindon), S c hr 6 d i n g er *) and Sind en*>“), represent them as 
conclusions of certain theories. Considered from this point of view S i n- 
d e n’s precept is not very successful, as he had to admit himself 
that in his "theoretical" derivation he had to make use of an assump- 
tion by Helmholtz which is undoubtedly incorrect. 

A still more complicated precept is given by S i 1 b e r s t e i n *). In his 
speculations the fundamental assumptions are so concealed under the 
mathematical brushwood that it .is difficult to make out whether his 
considerations have any theoretical value. They have certainly no prac- 
tical significance. See further S i 1 b e r s t e i n *>*•*), M c d a m ®>^'’). 
Moon*), Stiles*), W u n d h ei 1 e r*). 
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A closer study of the character of 
colour sensations 


§ 82 The problem of adjustments to "partial equality" 

We now turn to those problems in which the eye has to fulfil the 
task described in section 76 under B. Of two colours in the field of 
vision one is kept constant while the other is altered along a particu- 
lar curve (or straight line) in colour space until both colours cor- 
respond in a certain respect, for instance until they display the same 
apparent brightness or correspond in saturation. If we remember the 
contrast set out at the end of section 22, between the physically 
defined concepts of dominant wavelenth (X^), colorimetric purity 
(p), brightness (B) on the one hand and the intuitive psychological 
concepts of hue, saturation and apparent brightness on the other 
side, it is at once obvious that for adjustments to "partial equality” 
(equality in one particular attribute) we are continually on the 
(oft mentioned) border bet'vfreen the different sciences on which 
colour study rests. Thus the aim of heterochromatic photometry 
(sect. 11). for instance, is to form a judgment regarding the psycho- 
logical property "apparent brightness” while keeping the physical 
properties X and ^ constant. Such a mixed character is shown by 
practically all tests in which an adjustment to partial equality takes 
place. 

Consequences of this are that our knowledge of this kind of adjust- 
ment is still only fragmentary, the results of different investigators 
often contradict each other (a result of the great influence of the 
attendant circumstances) and opinions as to the nature of the whole 
problem are widely divergent. On this last point, the investigators 
can be divided into two main groups. 

The first group believes that the concepts hue, saturation, and appa- 
rent brightness — which together characterize the colout sensation 
— are to a certain extent independent prop^ertie's of the colour sen- 
sation, and that by arranging the tests suitably each of these pro- 
perties can be studied separately. As an example heterochromatic 
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photometry may be mentioned, in which an attempt is made to study 
the apparent brightness separately and to ignore the differences in 
hue and saturation deliberately. 

The other group (of whom Schrodinger was one of the 
principals) conceived the problem quite differently. The three 
psychological properties mentioned are, in their opinion, so closely 
interconnected that it would not be possible to isolate, as it were, 
one of them. Any attempt in that direction — therefore any adjust- 
ment to partial equality — is taken by them as an adjustment to 
maximum "similarity” between the two colour sensations. In other 
words, the point at which the two colour sensations display most 
similarity must be looked for on the curve along which the variable 
colour moves, no matter whether this similarity is expressed in the 
approximate agreement of one of the three properties mentioned or 
whether the two colour sensations resemble each other most in 
another sense. [Helmholtz^) already expresses this view.] 

. If the difference in view-point is formulated, the solution of the 
controversy must be sought, for the greater part, on psychological 
or even philosophical grounds, and it is well-known that, particularly 
in the latter field, contradictory opinions can remain side by side 
for centuries. 

Schrddinger®), however, completed his views on maximum 
similarity with the assumption that the measure of similarity be- 
tween two colour sensations is determined by the number of steps of 
just distinguishable colour difference. This would reduce the pro- 
blem of "adjustment to partial equality” to a problem of limens. 
We should therefore adjust to that point of the curve on which the 
variable colour moves which — measured in limens — is situated 
closest to the colour point of the fixed colour sensation. 

By this addition the experimental verification of the views of the 
second group becomes possible in principle; for, after an adjustment 
to partial equality, one can ascertain by discrimination measurements 
whether the adjustment is in agreement with Schrodinger’s 
assumption. 

It is important to choose the conditions with care, for in most cases 
the accuracy of such adjustments will be too small for a decision to 
be possible. For instance the variable colour sensation might move 
along a straight line (1) with a point A at which the brightness cor- 
responds with that of the fixed colour sensation and a second point B 
at which the dominant wavelength is the same as that of the fixed 
colour K ; we should then have to request an unprejudiced observer 
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to adjust to maximum similarity, to equal apparent brightness and 
to equal hue in succession. After this he must determine the distance 
from K to the different points of (1) in steps of just distinguishable 
colour differences. 

The author’s opinion on this question is that neither of the two 
extreme views outlined above is quite correct We can, indeed, in 
given circumstances, deliberately adjust to equal apparent bright- 
ness, hue or saturation (after overcoming an initial reluctance and 
lack of self-confidence we soon learn to make fairly reproducible 
adjustments), but the result is to such a high degree dependent on the 
conditions of the test that we cannot say that a certain apparent 
brightness, hue or apparent saturation indisputably belongs to a 
given colour sensation. Among the influential attendant circum- 
stances we must undoubtedly also include the psychological adjust- 
ment of the observer: the results m 5 .y be influenced in a great measure 
by the nature of the explanation given to the observer before the 
adjustment by the person conducting the experiment. Indirectly the 
personal view of the latter may also make its influence felt. 

In general it will also depend on the setting up of the experiment and 
on the conditions whether the result will agree better with the one 
or with the other point of view. 


§ 83 Saturation 

We have already discussed the adjustment to equal apparent 
brightness (in which and p are constant) in section 77. We hOw 
turn to the adjustment to equal saturation with constant \ and 
brightness B. In other words, the variable colour is moved in a plane 
of constant brightness along a straight hne through the white point 
and one has to determine which example in the series of colours 
thus selected produces the same apparent saturation as a fixed 
comparison colour possessing the same brightness but another 
dominant wavelength. We see here the same principle that is met 
with in all adjustments to "partial equality" (sect. 76) : the colour 
to be adjusted moves along a curve in colour space which does not 
pass through the colour point of the fixed colour. The most careful 
investigations of this type are those of Klughardt^) and 
Richter®). Since the results of these tests may, in various 
ways,, teach us something about the relations between the in- 
dividual concepts, we shall discuss them fairly extensively. 
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Curve A in fig. 103 shows 
the results. This curve was 
derived in the following 
manner. First of all a fixed 
colour, colour 1 (dominant 
wavelength Xi), was chosen 
and on the line E Xj colour 
2 was traced, which gave the 
same saturation as 1. Then 
2 was used as a fixed colour 
and point 3 was determined 
on line EXg giving the same 
saturation as 2. Proceeding 
in this manner the curve 
was traced step by step: 
in 20 steps the starting 
point was reached, when the line joining E to the colours found 
(E 1, E 2 etc.) had turned through 360°. 

"We can therefore consider curve A as a curN^e of constant saturation. 
The method is strongly reminiscent of the step-by-step method 
mentioned in section 16 appertaining to photometry. In both cases 
small steps are chosen, as the adjustment would be too difficult and 
too inaccurate if large steps were made, i.e. if one attempted to 
compare two colours of a widely differing a^. 

Both the psychological adjustment (the investigators had made it 
their purpose to find a curve of constant apparent saturation) and 
the method of measurement employed (thus the observer did not 
himself adjust by varying the colour sensation continuously, but 
received a number of samples in succession to judge) point strongly, 
in this investigation, in the direction of the views of the first group 
of section 82, so that we should do well to consider the results from 
that point of view too. 

The opinion that in this experiment the property "apparent satura- 
tion” has successfully been isolated and measured in a certain sense, 
finds further support in the experimental fact that an actual "round” 
was made that ended in the same point .1, and that the direction of 
revolution had no influence on the shape of the curve A found. These 
are aU properties that are self-evident if apparent saturation is con- 
sidered as an independent unambiguous characteristic of the colour 
sensation ; if, however, we consider the whole from the standpoint of 
adjustment to maximum "similarity” [according to S c h r 6- 
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dinger®)] these properties ought then really to be called sur- 
prising. 

If wo take this last point of view the problem is then more or less analogous 
to the geometrical construction illustrated’in lig. 104. By continually drop- 
ping perpendiculars we shall not return after one revolution to point 1. 
while, proceeding in the opposite direction, we shall not obtain the same 
curve I According to Schrodinger’s later theory these differences 
would only lie in the fact that in determining the distance of two colour 
sensations we should have to make use of a non-euclidian measure ; in that 
case the two experimentally found properties might still hold in special 
cases. 

If we now try to bring curve A of fig. 103 into line with the other 
laws of colour vision it would be a matter of course to compare the 
curve of equal appai'ent saturation first of all with the formerly 
considered curves of equal colorimetric purity. Comparison of fig. 103 
with figs. 31 and 32 shows that the "saturation" curves and the 
"purity”' curves do not agree at all in form. Hence we can draw the 
important conclusion that neither the colorimetric purity p nor the 
excitation purity a give a correct picture of saturation. If we move 
along a curve of constant colorimetric purity the saturation will 
vary. Conversely neither p nor o possess constant values for the 
different paints of curve A (fig. 103). This can be seen from fig. 106 
where p and a are plotted for the different points of the line of con- 
stant saturation (A) (as a function of dominant wavelength) ; on the 
left for the spectral colours, on the right for the purples (X^ negative; 
see section 35). Since' the curve of constant saturation does not 
therefore appear to be simply related with p or a, we may now see 
whether the shape of curve A is connected with the discrimination 
measurements. Are the points of curve A perhaps 
all at an equal'number of steps of just distinguish- 
able colour difference ? 

In order to find this out we plot these points in 
Breckenridge’s U.C.S. system (see fig. 101) 
and see whether the curve thus obtained is a 
circle (as was the case with the curve of fig. 99). 
The result is again disappointing: 'the curve 
marked UCS in fig. 105 gives the course of the 
distance of the various points from the white 
point, measiiredin Breckenridge’s system (in 
arbitrary measure); this distance appears to be 
far from constant. 

If we remember, however, that here we have 
apphed the U.C.S. system to a case in which it is 



Fig. 104 

From the point of 
view of an adjust- 
ment to maximum 
similarity the step- 
by-step . method of 
fixing a curve of con- 
stant saturation is to 
be compared with 
the geometrical con- 
struction given. 
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colorimetric nor the excitation purity is constant. The curve UCS gives the distance 
of the points of curve A to. the centre in the UCS diagram and the points repro.sent 
the same distances expressed in the number of steps N. 


least useful (see the end of section 81 : relatively high colorimetric 
purity; limens measured in the direction towards the white point) 
and if we notice that, as in fig. 97, the greatest deviations again 
lie in the neighbourhood of X = 570 mp, it would appear only 
right to compare curve A with some actual step measurements. The 
measurements of Jones®) and Lowry enable us to ascertain 
for 8 different wavelengths whether the distance of the points 
of curve A from the white point, measured in steps, is constant. 
In fig. 105 the" number of steps (N) is given for these 8 wavelengths. 
We see to our surprise that for 7 of the 8 wavelengths N is prac- 
tically constant, namely 12 ± 1, so that (apart from the point 
at 440 m(i) we may conclude that under the conditions in which 
the measurements of Klughardt and Richter were carried 
out, two colours with the same saturation are an equal number 
of steps of just distinguishable colour differences from the white point. 
This thesis will undoubtedly not hold for all experimental conditions. 
Thus, for instance, for the points of a curve of constant saturation, 
which Nickerson®) and Granville measured under quite 
different conditions (curve B of fig. 103), the distance — measured in 
steps — to the white point itself is not even approximately constant. 
It will be interesting to fix the boundaries of the range in which this 
thesis does hold and to ascertain how the curves of constant satura- 
tion run when the eye has accommodated itself to strongly coloured 
light instead of daylight. 
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As for the deviating point at 440 tn|i, we can only say that at this wave- 
length both the threshold measurement (influence of stray light, individual 
deviations of the relative luminosity curve) and the determination of the 
point on curve A (the close congestion of the curves of constant />) are 
very uncertain. In reality the thesis will probably hold here too. 

It must be noted that curve A of fig. 103 coincides approximately 
over the greater part of its length with the’ curve of the C-colours 
(see fig. 59). This explains the fact that different members of the 
same colour circle in the O s t w a 1 d atlas (constant k, w and z) 
produce about the same apparent saturation. 

§ 84 Hue 

There are no complete and reliable data regarding adjustments to 
equal hue — in which brightness or colorimetric purity are kept 
constant. We do, however, know approximately how the lines of 
constant hue run in the chromaticity chart. They are more or less 
the straight lines joining the various spectral colours to the white 
point. In other words, the straight lines of constant hue Coincide 
roughly with the straight Hues of constant dominant wavelength 
(cf. for instance fig. 31). Here the question arises, however, which 
point in the colour triangle must be taken as the white point in this 
connection. This question is directly related to the phenomenon of 
chromatic adaptation of the eye, a phenomenon which we shall 
examine more closely in section 86. In general, it can be said that if 
we observe two small coloured light spots — when judging equality 
of hue — while the rest of the field of vision radiates mostly "white" 
light, we find that the lines of constant hue coincide ap{)Toximately 
with the straight lines through the colour point representing the 
colour of the "white” used for the background. 

It follows from this general rule, among other things, that the value 
of the dominant wavelength only gives a rough indication of the 
expected colour sensation when the monochromatic system (X^ and p) 
is based on the white point appertaining to the environment (see also 
the example of fig. 25). 

If on the other hand we observe the test.colours against a completely 
dark background (as is usually the case with signals and with colour 
and discrimination measurements) we shall in general find different 
lines of constant hue. The results of various investigators are still 
very divergent on this point. Sometimes we find straight lines passing 
through a fixed point (there is no agreement as to the position of this 
fixed , point), sometimes, on the other hand) we find systems of 
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straight lines which, when extended, do not pass through one point, 
and in certain circumstances even definitely curved lines [Rose- 
m a n n ^)]. 

In any case it appears that the judging of equality of hue is very 
greatly influenced by all kinds of side issues. Among these the colour 
of the environment undoubtedly plays the chief part, but there are 
apparently still numbers of other factors. Especially in the neigh- 
bourhood of the curves of the spectral colours deviations from the 
straight line may occur [Abney*), Judd*)]. 

The judgment of hue differs from the judgment of apparent bright- 
ness and saturation in so far that, instead of comparing two colours, 
we can observe one colour separately and can always under all cir- 
cumstances define the result by such verdicts as "the colour is blue, 
but has a slight tinge of green” etc. (the branch D mentioned in 
section 76). For the two other sensations this is only possible under 
certain circumstances and then in a vdry limited degree [see for 
instance J u d d **)]. 

§ 85 Chromatic adaptation of the eye 

In the course of this chapter, which deals more with colour sensations 
than with colours, we have spoken repeatedly of the influence of the 
colour of the environment and even from time to time used the 
expression "the eye is adapted to a certain environment colour”. 
We shall now exainine this latter phenomenon a little more deeply. 
In order to demonstrate the importance of adaptation we must 
mention a "law” that has aroused great interest for decades among 
psychologists and physiologists, namely the rule that the colour 
sensations produced by the coloured objects in our surroundings are 
approximately independent of the nature of the light by which they 
are illuminated. 

Now this mifi was laid down at a time when illuminants were almost 
exclusively those whose spectral distributions more or less cor- 
responded with those of black bodies (fig. 37) (from candlelight to 
daylight). For lights whose colour points lie far outside this range or 
whose spectral distributions are quite different (sodium light, mer- 
cury light, neon light etc.) this rule does not hold at all (see, for 
instance; Kelson’s^) work on strongly coloured illumination). 
Even Avith this limited validity the existence of this rule is really 
rather surprising. Let us now examine fig. 30, in which we calculated 
the colour in the C.I.E. system of the same purple-coloured paper 
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once by incandescent light (A) and once by daylight (C). The rule 
says that the paper should look approximately the same in both 
cases (when ’at least the whole background is illuminated by the 
particular lights). In other words, two colours (radiated by the same 
object under different circumstances) which according to fig. 30 
differ very widely produce about the same colour sensation under 
the given circumstances. This pronouncement appears indeed to be 
correct. 

How should such phenomena be explained? This problem again lies 
on the boundary line of various sciences, with the result that psycho- 
logists, .physiologists and physicists who have occupied themselves in 
turn with it have mostly given far too one-sided explanations of the 
phenomenon and in most cases have not understood each other’s 
lines of thought, far less appreciated them. 

An almost grotesque example of the differences in meaning given by these 
groups to the same word is the word "transformation" used by both 
physicists and psychologists in this connection. The one understands 
by the term a mathematical calculation and the other a psychological 
process [see J a e n s c h *)]. Some other literature on the various concepts 
is to be found in Richter*). 

Only one conclusion can be drawn with certainty from the frequently 
contradictory. speculations which have been made; and that is that 
the validity of the rule in practice is a consequence of the collabora- 
tion of some very divergent causes, some of which are as follows: 

a. changes taking place in the retina under the influence of the 
colour of the surroundings in which we observe the colour (chro- 
matic adaptation); 

b. memory for colours and association. This means that we uncon- 
sciously associate a certain colour with a certain object. If we 
recognize a flower as a buttercup it requires a great deal of per- 
suasion before we will believe that it does not look yellow; 

c. various more complicated psychological phenomena of which the 
majority, are combined by psychologists under the name of 
"transformations of colours”. 

The boundary between causes (a), (b) and (c) is not always sharp. At 
the risk of being accused of one-sidedness I shall restrict myself to the 
discussion of (a). This cause has been examined most thoroughly and 
explains the greater part of the phenomena. Moreover it is possible to 
study chromatic adaptation under such circumstances that the 
influence of tsoth the other causes is largely eliminated. 

Everyone is acquainted with the phenomenon of /‘adaptation to 
brightness”, an automatic change in the sensitivity of the retina 
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which enables us to see reasonably well at extremely different levels 
of illumination, provided we have sufficient time, in the case of 
large sudden changes, to accommodate ourselves to the new circum- 
stances. 

Chromatic adaptation is a quite analogous phenomenon. Instead of 
the accommodation of the retina to the average brightness level in 
the field of vision, whereby a tenfold increase of brightness often 
hardly strikes us, here a partial accommodation of the sensitivities 
of the retina to the average colour occurs, whereby we hardly notice 
a fairly large change in the average colour of our environment. The 
ceiling of my room looks white.both in daylight and by incandescent 
light (note, however, that in this example cause (b) may also play a 
part) [see Bouma^®)]. 

We have previously repeatedly ascertained that the brightness 
problem is one-dimensional, so that the brightness can be defined by 
the aid of one luminosity curve. The colour problem, however, is 
three-dimensional. For the definition of a colour it is necessary to 
take three luminosity curves into consideration. If we assume — in 
the spirit of von Helmholtz — that these three sensitivities 
belong to three independent processes taking place in the eye, then 
the supposition is obvious that the phenomenon of chromatic adap- 
tation consists simply in a modification of the ratios of the three 
sensitivities. In this case the shape of each curve remains, of course, 
unchanged, just as in the case of the relative luminosity curve. We 
shall see in the following section what conclusions can be drawn from 
this simple assumption. 

§ 86 Chromatic adaptation; conclusions 

In the first place we shall consider the case of subjective colorimetry. 
We have made two light spots indistinguishable to the eye, while the 
spectral distributions of the two halves may still be considerably 
different. We conclude from the equality of the colour sensation 
that the three processes are stimulated as strongly by the one light 
mixture as by the other. 

If we assume that chromatic adaptation consists of a change of the 
three sensitivities, that adaptation will therefore exert exactly the 
same influence on the appearance of one spot as on the other, so 
that, when the eye is accommodated to another colour the equality 
of the two colour sensations still remains. This property, known of old 
under the name of “the permanence of colour equations”, actually, 
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holds within wide limits. Hence in measuring colours we need never 
bother about the phenomenon of chromatic adaptation. This adap- 
tation may alter the character of the colour sensations but cannot 
disturb their equality, and it is with this equality that colour measure- 
ments are ultimately concerned. 

It should be uoted that a similar law does not hold for heterochromatio 
photometry. If a heterochromatio adjustment to brightness has been made 
this adjustment can be disturbed if the sensitivity of the retina has been 
noticeably aitered (for instance by fatiguing with coloured light, the 
introduction of a coloured environment, continued staring at the coloured 
field of vision etc.). This fact forms one of the causes of the uncertainty of 
heterochromatic adjustments (see sect, 11). 

The phenomenon that a white, surface — filling the greater part of 
our field of vision — remains white even if we change the colour of 
the light within moderate , limits, also talHes with our simple idea 
regarding chromatic adaptation. In passing from one light to the 
other the colour coordinates of the white surface will change, the 
three processes will be stimulated in another ratio and initially the 
colour sensation will therefore also be changed. Then, however, chro- 
matic adaptation takes place and it is clear that through a modifi- 
cation of the sensitivities the modification of the stimuli can be 
compensated, so that, finally, the signal to the brain will again 
become the same as before the change of illumination. But then we 
also get the same white colour sensation as before. If, however, we 
modify the illuminant too radically (for instance, by passing over to 
a saturated red), the chromatic adaptation can no longer keep pace. 
The change in stimulus is only partially compensated by a change in 
sensitivity and the result is that the white surface does not entirely 
regain the white colour sensation but, in this example, still gives a 
desaturated red sensation. 

The phenomena described are quite analogous to the effects occur- 
ring when the brightness is modified. At first the apparent brightneas 
will appear to us greatly modified, but adaptation will endeavour to 
compensate for the change of stimulus. If the change in brightness 
is not too great this compensation will be complete and we obtain 
the same apparent brightness as before the change; if the change is 
too great only a partial compensation will take place and the appa- 
rent brightness will change too. 

The fact we have just described, that a large white surface still 
makes a “white” impression even if we modify the illuminant to a 
fairly great extent, is apparently a special case of the rule mentioned 
in section 86. How does this rule obtain in general? In other words. 
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I I is chromatic adaptation 

1 able to bring about a 

; similar compensation for 

^ coloured objects in the 

^ field of vision at the same 

gjj \ tiipe as the compensation 

1 of the modified white 

05 1 \L L surface? 

\ If we again start from 

C^\ our simple assumption 

\ * N. about the nature of chro- 

matic adaptation, the 
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^ \ v tion will in general be 

^ negative. For the modified 
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^ — — X already completely deter- 

r <1 4 4 . 1 , V 4 .- 1 mined by the rule "white 

Influence of the chromatic adaption on the colour . . ,, i .. . 

sensation of a large white surface (w) and small’ remains white , and it IS 
coloured patches (g) and (p) presentthereon. When unthinkable that the same 
switching over from daylight to incandescent ... . . , 

electric light the chromaUcity shifts to w' g' p' modification in the ratios 
but this is wholly or partly compensated by would give back exactly 
chromatic adaption, as indicated bv the arrows. , . “ . 

their previous appearance 

to the colours of all our surrounding objects as well. 

That the compensation for colours must be incomplete in certain 
cases becomes clear to us if we observe, for instance, two coloured 
objects which have a considerably different reflection curve but 
produce the same colour sensation m daylight. If we now replace 
daylight by incandescent light that equality of colour sensation will, 
as a rule, be initially disturbed (this can be shown by calculation 
of the colour coordinates in both cases). The subsequent chromatic 
adaptation can never restore that equality (rule of the permanence of 
colour equations!) so that at least one of the objects does not return 
to its former colour sensation. 

In jig. 106 the colour points w, p and g are those assumed in day- 
light by a large white surface and two purple and green papers 
placed on it, while w', p' and g' represent their colour points 
under incandescent light. 

If we first examine the whole by daylight and later on by incandes- 
cent light we know already (owing to chromatic adaptation) that the 


253 


THE CHARACTER OF COLOUR SENSATIONS 


CH. XIII 


colour \v' will in the second case make the same colour sensation as 
the colour w in the first case (white remains white). We have sym- 
bolized that equality of sensations in fig. 106 by an arrow connecting 
w to w'. 

Analogous arrows may now serve to represent the influence of chro- 
matic adaptation on the colour sensation of the coloured objects 
present in the field of vision (examples g' and p'). The beginning of 
the arrow always indicates the colour point that the object produces 
by incandescent light. The same sensation is produced as before the 
modification of the light species by the colour indicated by the point 
of the arrow. It is clear that a complete compensation would only 
occur if the point of the arrow reached point p (or g). 

If we introduce the above modification of the light species with 
various small coloured objects on the white background, each colour- 
ed object will have its own arrow. The points of the arrows will all be 
different because the colour points of the objects, calculated for the 
illumination with the new light species, are all different. How can we 
now obtain a general view of the position of all such arrows starting 
from different points of the colour surface? 

Since we started from such a simple notion about the nature of chro- 
matic adaptation, there must be a simple connection between the 
coordinates (xyz) of any given colour at the foot of the arrow and 
the coordinates {x'y!z') of the corresponding arrow head. It can 
indeed be proved that the connection between {xyz) and {x'y'z') is of 
exactly the same character as the connection between two different 
systems of colour coordinates, for instance {rgb) and ( 6 i 63 ) (see 

chapter V). Such a connection is called by the mathematician a pro- 
jective connection. 

The case mentioned above of two colours indistinguishable by day- 
light can be illustrated by jig. 107. In daylight the two objects 
produce the point k, and by incandescent light the two different colour 
points kj and kg. The influence of chromatic adaptation is indicated 
by the two arrows, whose points can never coincide. 

If we now keep to the colours most frequently occurring in nature, 
namely those displaying a more or less regular reflection curve and 


i When two objects (with differ- 
^ * ent spectral reflection curve) 
<»so have the same colour point k 
jj. jQiy whenilluminated with daylight, 
®' generally, on switching over to 

incandescent light two colour points kj k2 
will occur; this difference cannot be com- 
pensated by chromatic adaptation. 


which are not too highly 
saturated, the displace- 
ments of the colour points 
(as w -*• w', g - g' and p -► 
p' in fig. 106) all appear 
to take place in about the 
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same direction, while the arrows have about the opposite direction 
and lead us back, approximately, to the starting point. 

Under the same restricting circumstances the rule given at the be- 
ginning of section 85 therefore holds to a fairly close approximation. 
With the use of lights with widely differing colour points or spectral 
distributions, and with colours not answering to these limitations, the 
rule does not hold at all. Chromatic adaptation is not able to com- 
pensate for the colour difference. All these conclusions are in complete 
agreement with what is shown by experience. 

In order to test the preceding considerations quantitively, Kruithoi’) 
and B on m a i*" observed about a hundred different coloured cards of 
the Ostwald^) colour atlas (series nc) on a large white background, 
the Objects being illuminated in succession by eight different light sources. 
The hue of each was decided upon, the observer having the choice between 
36 colour names. In working out the results, besides the simple notion of 
the nature of chromatic adaptation, the approximation mentioned in 
section 84 for the lines of constant hue (coloured spots on large white 
background) was also assumed. Mathematically the following conclusions 
were drawn from the theory : 

1. The lines of constant hue drawn for two lights give rise to two projective 
bundles. If the geometrical position of the points of intersection of pairs 
of corresponding rays (which therefore have the same hue) is deter- 
mined, we find a conic section (hyperbola). 

2. All the conic sections originating in this manner must pass through three 
fixed points. 

3. From the position of these points we can deduce the sensitivities of the 
three separate processes in the eye. 

All these theoretical conclusions are confirmed by experiments to a close 
approximation. 

Other interesting contributions to this field are to be found in Wright*), 
Judd'*) and F r i e s e r *). 

§ 87 The estimation of colour differences 

The human visual organ is only to a certain degree able to compare 
differences of colour sensation (task C of section 76). This task can 
assume the following forms, amongst others (see also Boring); 

a. Four colours A, B, C and D are displayed simultaneously. The 
observer must judge whether the difference between the sensa- 

. tions C and D is greater or smaller than the difference between 
that of A and B. 

b. One of the four colours (for instance D) can be changed in a 
certain manner. The observer must make the difference between 
C and D equal to that between A and B. 

c. In cases (a) and (b) the same colour can be chosen for both B and 
C; then only three colours are displayed and it must be judged 
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whether A or D differs most 
from B, or an adjustment 
must be made in which both 
differences are judged to be 
equally great. 

d. A special case of (c). B can 
be moved in colour space 
along a line on which A and 
D are also situated; decide 
whether B lies nearer to A 
or to D; adjustment until 
the differences are equal 
(therefore where — in a psy- 
chological sense — B bisects' 
the distance AD) or an 
adjustment until B divides the distance between A and D, for 
instance, in the ratio 1 : 2. 

e. A special case of (d). Colour A has brightness 0. Two colours only 
are therefore displayed and the task is to adjust colour B in such 
a way that the apparent brightness of B is half as large, for 
instance, as that of D, 

f. For the four fixed colours, A, B, C and D the ratio of the difference 
CD to that of A and B can be estimated [Balinkin 

Fig. 108 shows the possibilities a-f schematically. For differences 
judged "equal'’, equal distances are drawn. The estimation of colour 
differences illustrated here has hitherto been more or less exclusively 
applied by psychologists. The more physically minded' investigators 
were usually reluctant to carry out such experiments. 'Ihe psycholo- 
gical nature of these adjustments was too great for their taste, the 
accuracy too low and they were not able to refute such remarks as 
"it is really nonsense to speak of one apparent brightness being half 
as great as another” clearly and in the language of physicists. 
Added to this was the fa,ct that they thought they possessed a general 
method which would make such estimations superfluous, namely the 
measurement of steps. The difference of the sensation given by 
colours A and B is expressed in the number of steps of just distin- 
guishable colour difference which'must be made in colour space in 
order to pass from A to B by the shortest path (here the name of 
Schrodinger must be mentioned once more). 

Various objections can be raised against this method. Thus it is not 
at aU a matter of course that for large differences the colour differen- 
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Fig. 108 

Different methods of estimating colour 
differences. In the diagrams two differen- 
ces which are estimated as being equal 
are indicated by equal distances. 


2S6 


§ 88 


THE NAMING OF COLOURS 


ces estimated are actually proportional to the number of steps. 
Moreover, very often the number of steps of a U.C.S. triangle (see 
section 81) are used for the calculation. These triangles are based on 
measurements carried out under circumstances which differ entirely 
from the conditions under which it is desired in practice to apply the 
results. Very little is known about the seriousness of the latter objec- 
tion. What happens, for instance, to the steps when chromatic adap- 
tation of the eye takes place ? In summing up we can say that measure- 
ments of the type a-f are wrongly avoided by a certain group of 
investigators; they are necessary to check the validity of the step 
method; on the whole there is more advantage to be had froni a 
direct measurement — even if less accurate — of a magnitude we 
desire to know, than from an accurate measurement of a property 
which may not be relevant. As for the repugnance to apply such 
estimations it is, as a rule, an exactly similar case to that of adjust- 
ments to partial equality ; at first most observers experience a slight 
reluctance to performing the task, but when this reluctance has 
been overcome one is surprised that the adjustments and estimations 
appear to be much more accurate and much more reproducible 
than one had thought. 

Literature on the estimation of colour differences; B o r i n g ‘), N e w- 
hall'), R i 0 h ar d s o n 1), H els on >■•), Judd**), Balinkin*) 
etc. As regards analogous estimations in acoustics see Geiger*), 
Stevens*), Newman*), Richardson*) etc. 

§ 88 27te naming, of colours 

Closely related to the problem of the estimation of colour differences 
is that of the naming of colour sensations (task D of section 76). The 
difference is that here the attention is fixed on only one colour and 
one tries to define one’s impression by a name. This is easiest for 
hues for which there are names in general use : red, orange yellow etc. 
Many authors show how the hue names are divided over the spec- 
trum. Table 8 gives a survey of the average results of a very large 
number of investigators [see Judd ^®)]. In the column "average" 
the average wavelength values (in m|i) are given representing the 
purest orange, yellow etc., as well as the X at which the one colour 
passes over into another. In the column "Variation" the boundaries 
are listed within which the results of various authors are contained. 
No average value is given for red, as according the various authors 
the "purest" red does not occur in the spectrum but lies a little 
further on, on the purple line. 
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The “variations” mentioned 
in table 8 are surprisingly 
great. Thus the average 
wavelength for pure yellow 
is 677 mp, but that same 
wavelength is given by one 
author as the boundary 
between green and yellow, 
while the average value for 
the green-blue boundary 
(495 mp) is called “pure 
green” by one of the inves- 
tigators. These variations 
are not to be ascribed in the 
main to individual differen- 
ces in the colour vision of the 
observers but to differences 
in the circumstances in 
which the observations were 
carried out. 

The influence of the envir- 
onment on the judgment of 
the hue of a coloured card comes clearly to the fore in fig. 109 (from 
the investigations of Kruithof®) and Bouma^^). Here the curve 
DD contains the colour points of the coloured cards of a complete 
O s t w a 1 d “colour circle” which were called green (or more accu- 
rately between yellow-green and greenish blue) when observed 
against a white background illuminated by daylight. The curve 
GG contains the colours called green when the large white back- 
ground was illuminated by incandescent light. It is obvious here 
what a great influence the changed chromatic adaptation has on the 
judgment of hue. 

The average values of table 8 are characteristic for the observation of 
fairly small spots of light against a dark background, a method of 
observation which is of special importance in stud3dng colours for 
signalling purposes. 

For the influence of the brightness of a colour sensation on the judgment 
of its hue (observed in a dark environment) see Ornstein^] and 
Purdy*); 

The accurate definition of, the spectral colours which make impres- 
sions of pure yellow, green or blue on the eye has also aroused much 


The part of an Ostwald circle nc which, when 
seen against a large white background, is 
arranged under "green”, DD with daylight, 
GG, with incandescent electric iight. As regards 
the dotted line see fig. 110. 
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interest in psychological and physiological circles, attempts having* 
been made to relate these colours to the “primary colours” of the 
various theories on colour vision. 

From the measurements o£ Westphal’), Purdy®), Drever*) 
and Hubbard*) follow the average values 574, 509 and 475 m(A (in 
fairly good agreement with table 8). Trendelenburg*) gives 
670-585, 500-620 and 470-480 See also D i m m i c k *) and B e z o 1 d *). 

Besides the previously mentioned property of these colours, that 
psychologically they give the impression of being pure and non- 
composite, these colours show a certain stability lacking in other 
colours. Thus their hue changes little or not at all when the brightness 
changes, or when white light is added or if the sensitivity of the 
retina changes. 

The colour which psychologically gives an impression of being “pure 
red” does not occur in the spectrum, according to most psychologi- 
cally interested investigators — as we have already remarked 
before — but is obtained by the addition of a little violet to the 
extreme red side of the spectrum (it therefore lies on the purple line 
in the colour triangle). Remarkably enough most physicists do not 
agree with this pronouncement. 

It is practically impossible to 
define apparent brightness and 
apparents saturation by names if 
the colour to be judged is the 
only one occurring in the field 
of vision. If the colour, however, 
appears against an extensive 
background, itself displaying 
some colour or other, it is pos- 
sible to give the colours suit- 
able names, for instance light 
blue, very pale green, etc. By a 
combination of such a name with the estimation of colour differences 
Judd succeeded in defining numerically the apparent brightness 
and the saturation in a differently coloured environment. 

In America great use is made at present of the colour atlas of M u n s e 11 
(see section 66) for naming cdlours under normal circumstances [Judd **) 
and Kelly]. In this atlas each colour sample is characterized by three 
magnitudes: value, hue and chroma, the first of which is defined as the 
brightness relative to a magnesium oxide surface illuminated by the same 
illuminant (standard white C), expressed, however, in a certain scale, so 
that for the colour white, for instance, equal steps in value correspond to 
equal increment of apparent brightness. The concepts “hue ".and "chroma” 
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Colour 

Colour- 

boundary 

Aver- 

age 

Variation 

Red 

red-or. 

627 

604—660 

Orange 


698 

692—608 

or. -yellow 

689 

686—697 

Yellow 

677 

668—686 


yellow-gr. 

666 

668—677 

Green 

612 

496—636 


green-bl. 

495 

487—602 

Blue 

472 

462—486 


bl.-violet 

436 

421—466 
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roughly equal our concepts of hue and saturation. Here too. however, the 
scale has been selected in such a way that equal increinents in number 
correspond as far as possible to equal differences in hue and saturation, 
[An extensive survey is given by Newhall®), Nickerson®) and 
Judd.] In accordance with what has been said in section 84 the lines of 
constant "hue" in the C.I.E. chromaticity diagram are not straight and, 
moreover, depend on the value. The lines of constant "chroma” in no 
way coincide with those of constant -p ox S C^oe sections 83 and 75a) . 
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§ 89 Illuminating engineering. General applications 

In this final chapter we shall try to present a survey of the branches 
of science and technology in which all that w’e have hitherto dealt 
with is put into practice. It is inevitable that we shall be compelled 
to treat most subjects only very briefly while other aspects can only 
be hinted at. For the field of practical application is so large that 
hundreds of pages would be required to give even a fairly detailed 
survey. We shall begin with the most obvious field of application, 
that of the science of illumination, and especially illumination for 
general purposes. 

Let us consider the living room as an example. In most middle-class 
families reading, writing, sewing, recreation and the consumption of 
meals take place in the living room. Illumination must be such as to 
take all these occupations into consideration. The first three require 
a quantity of light falling on the work (illumination level), which 
must be suitable to the nature of the work. Further it is important 
how the light falls (avoidance of troublesome shadows and high 
lights, not too great local brightnesses or contrasts in the field of 
vision etc.). The two last mentioned occupations make quite diffe- 
rent demands, in which colour plays a great part. Recreation, con- 
versation and suchlike require in the first place a cosy, tranquil 
and aesthetically pleasing appearance, while moreover during the 
consumption of meals it is of great importance that the illuminated 
objects appear "natural”. Should potatoes or butter assume a 
greenish tinge our appetite might be affected ! 

The requirements summed up here also apply.to general illumination 
of another kind (offices, factories, shops, street lighting etc.) with of 
course the difference that sometimes one requirement and some- 
times another is of more importance. In many cases the luminous 
efficiency of the light sources (the quantity of light received in 
return for a certain quantity of electric energy) plays a very irnpor- 
tant part in the choice of the kind of light. 

Some decades ago problems of colour were fairly unimportant, for 
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the simple reason that there was still very little choice in colour and 
spectral distribution of the light sources. Most light sources had the 
character of temperature radiators (see sections 42 and 43) and were 
chiefly distinguished by different colour temperatures. Nor did this 
distinction form any stimulus for the development of colorimetry. 
For if we know that it is a temperature radiator we can determine 
the colour much more sirnply than with the aid of the more or less 
intricate means at the disposal of general colorimetry. The luminous 
efficiency, electrical properties, measurements of the ratio between 
the power radiated at two particular wavelengths, colour match 
with a light source whose colour temperature can be measurably 
regulated, these are the means by which we can obtain more or less 
accurate information regarding the colour temperature, which com- 
pletely determines the colour properties of the light source. 

The requirements of pleasant surroundings and natural appearance 
of colours were complied with fairly well. In fulfilling the last require- 
ment chromatic adaptation (sect. 85, 86) of course plays a great part. 
The luminous efficiency of temperature radiators increases greatly 
with the colour temperature (sect. 42) but in spite of the great im- 
provement in this respect brought about in the course of time (from 
1900“ to 2900°) the relatively low luminous efficiency was always the 
weak side of the light sources used. And all attempts to improve the 
colour properties (coloured lampshades, sunlight lamps) lower the 
luminous efficiency still further! 

A new era dawned when gaseous discharge lamps made their debut 
in illuminating engineering, t.e. the sodium lamp and the mercury 
lamp [see for instance Uyterhoeven^), Oranje^), E. 
Dorgelo^), Cotton ^)]. The demands made by each branch 
of practical application forced themselves on the attention of scien- 
tists. Thus it appeared directly that both sodium and mercury light 
were unsuitable for the living room; sodium light on account of the 
impossibility of rendering colours and mercury light because colours 
appeared unnatural in this light. 

When used for other purposes (for instance for street lighting) with 
quite different requirements, the new light sources were extensively 
employed. Sodium light especially, with its high luminous efficiency 
and its excellent qualities in connection with seeing on illuminated 
arterial roads, proved to be an ideal kind of light. 

Attempts were soon made to extend the area of employment of 
mercury lamps. By two different methods, while preserving entirely 
or partially the high luminous efficiency of the mercury lamp. 
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attempts were made to improve its unpleasant colour properties. 
In the first, mercury light was combined with incandescent light 
giving rise to the so-called blended light. By sacrificing a part of the 
high luminous efficiency a better colour rendering for coloured 
objects was attained. Such combinations are frequently employed 
in factories and workshops and also in offices. In this last case, 
however, the quality of the colour rendering has already reached 
the limit. For the living room blended light is quite unsuitable. 
Here much higher demands are made as regards a natural rendering 
of colours. An important advantage of blended light is that with a 
well chosen mixture ratio its colour point approaches so close to that 
of daylight that during twilight daylight and blended light can 
supplement each other without unpleasant effects such as "false 
light” and coloured shadows etc. 

The second method of improving mercury light is much more attrac- 
tive as no reduction of the luminous efficiency need occur. Here the 
important quantity of energy emitted by the mercury lamp as 
ultra-violet radiation is transformed into visible light by the aid of 
fluorescent materials. By a suitable selection of these substances the 
mercury spectrum can be supplemented in the spectral bands where 
this is most needed (especially in the red). The first steps along this 
path did indeed lead to a considerable improvement, but the colours 
were not good enough for use in living rooms. 

In this period of development when more and more possibilities of 
coloured light sources lay open to use, it was natural for interest 
to be aroused in method^ for defining the colour of the light source 
in the colour plane [see B o u m a ®)]. It was not long, however, 
before it was seen that the kind of light was not sufficiently charac- 
terized by its colour point; and in particular that it is not possible 
to deduce from the colour point how the colours of the surroundings 
will look by that light. An extreme example of this fact has already 
been seen in section 23 in the comparison of daylight with a light 
source showing the same colour point but consisting of only two 
complementary wavelengths. A practical example derived is that 
of a blended light possessing the same colour point as sunlight, but 
rendering certain colours very unnaturally. 

In order to predict the colour rendering completely we must, appa- 
rently, know the complete spectral distribution of the light source. 
But even if this is known, it is stiU difficult, for instance, to compare 
fluorescent mercury light with daylight for it would be desirable to 
“spread out” the contribution of the mercury lines over a certain 
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Spectral range, in order to obtain a spectral distribution practically 
equivalent to the original and more easily compared with a continu- 
ous distribution, such as that of daylight. 

With this purpose in view B o u m a proposed to divide the 
spectrum in the following 8 wavelength intervals: 

400 — 420 — 440 ~ 460 — 610 — 560 — • 610 — 660 — 720 my. 

and to determine the contribution to the light flux radiated in each 
of these bands. The choice of the 8 bands is such that two light 
sources whose light flux contributions in each of the 8 bands corres- 
pond will also differ as little as possible in all their other colour pro- 
perties. 

An apparatus has been constructed by van A 1 p h e n for mea- 
suring these eight contributions directly. Other attempts in this 
direction are those of Richter*) (who worked with four filters), 
Taylor^) (a division similar to the one mentioned above but with 
less happily chosen intervals), an early proposal of Ives®), and re- 
cently Harrison *) and Aldington*). Various methods 
have also been invented for the immediate estimation of the colour 
sensation, given by objects under a certain light source, for instance 
by Richter*) and B o u m a ’• ®). We would stress the fact 
that in all these methods the phenomenon of chromatic adaptation is 
not taken into account. 

The problem of the different coloured light sources has entered into 
a new phase since the invention of a new light source. There are the 
tubular low pressure mercury lamps (such as the MCF/U lamps 
manufactured by Philips) with fluorescent material on the inside of 
the tube, which contain a considerably smaller proportion of the 
troublesome mercury lines, and transmit an important part of their 
radiation in the form of the continuous spectrum of the fluorescent 
material. By varying this material the most varied colours can be 
attained (Kruithof*)], and the appearance of the coloured 
objects is with most of these types of lamp so satisfactory that they 
are suitable for the living room. While formerly it was sufficient to 
imitate daylight or incandescent hght as well as possible by the aid 
of mercury lamps, the field of investigation has now been considera- 
bly extended in the sense that all kinds of different light species are 
being studied to see if they are suitable for interior illumination. The 
following points form the preliminary results of this investigation: 

1. The colour point of the light source should hot be too far removed 
from the black body locus (see fig. 38). 
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2. Deviations to the green side (in fig. 38 above the locus) are much 
sooner unpleasant than those on the other side. 

3. The spectral distribution must be as continuous and even as 
possible. 

4. If the colour point lies on the black body locus the appropriate 
colour temperature should preferably lie between 3000 and 
5000°; as the illuminaiion level is raised so, on the whole, a 
higher colour temperature is preferred [K r u i t h o f ^)]. 

Undoubtedly chromatic adaptation will have to be taken seriously 
into account with all further investigation into the most suitable 
spectral distributions. The study of this phenomenon is still very 
young. 

§ 90 Illuminating engineering. Special cases 

Having given a brief survey in section 89 of the part colours play 
in iUuniination problems of a general nature (illumination of living 
rooms, offices, factories, arterial roads etc.), we now wish to touch 
lightly on some special cases. In the first place there are various 
cases in which a light species is required to imitate daylight as 
closely as possible. We have in mind museums, and shops where 
coloured materials are sold. Formerly the only possibility was 
incandescent lamps, to the light of which — by means of filters or 
coloured bulbs — a spectral distribution had been given approaching 
that of daylight. The imitation was very imperfect and a great deal 
of light was lost. The closer the imitation of daylight the lower 
became the luminous efficiency of the whole. In these cases the 
fluorescent low pressure mercury lamps mentioned above will find 
an ever growing field of employment. 

In the second place come those cases in which it is necessary to com- 
pare and judge colours as accurately as possible. For this, incandes- 
cent light is on the whole less suitable. As blue rays are only weakly 
represented in this type of light it is not possible accurately to 
distinguish colours whose reflection curves differ chiefly in this 
range. If it is required to distinguish the most divergent colours well, 
a light in which none of the colours of the spectrum is missing or too 
weakly represented must be chosen. Lights which correspond appro.v- 
imately to daylight fulfil this requirement best. If only a limited 
group of colours are to be clearly distinguishable (the sorting of 
particular products .according to their colour, for instance, in the 
cigar industry) special spectral distributions can be indicated which 
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will best answer this purpose. In this case too, the 
progress of science that enables us at present 
to make illuminants with a high luminous 
efficcieuy in very varied colours, is of 
the greatest importance. 

In the third place coloured illumi- 
nants are used for interior light- 
ing for the purpose of creating 
a certain atmosphere or cer- 
tain artistic effects (festive 
illumination, theatres). The 
range of colours suitable for 
these purposes is of course 
very extensive. To prevent 
unpleasant surprises illumi- 
nants should preferably be 
selected whose spectral 

distributions are more or 

, , , P'g' 1^9 , . li^ss regular and continuous. 

The location o£ the aviation colours red (I), _ , . . . 

yellow (II) and green (III) in the colour plane. IH ChOOSing lllUmlnantS in 
In the green area the maximum transmission these cases, the material to 
factors are indicated (see also figs. 66/67). , 

be illuminated must of 

course be taken into account. Up to now we have only considered 
cases where a particular appearance must be given to the objects 
in our environment. We have seen that in such cases it is 
insufficient merely to give the colour coordinates of the illumi-, 
nant; we must also have some idea of the course of the spectral 
distribution. 

We shall now turn to cases in which it is not the intention to illumi- 





nate objects but to shine the light of the illuminants straight into 
the eye. In these cases spectral distribution plays hardly any part 
at all and the indication of the colour point is on the whole sufficient 
to characterize the light species. Beside the field of illuminated ad- 
vertisements the use of illuminants in connection w’ith signalling 
must be mentioned here. In the latter case, the idea is to send certain 
information with the aid of different coloured illuminants to persons 
at a distance (for instance, “safe”, “unsafe”, "you can land here”, 
the course to be followed). It is of the utmost importance here that 
the person signalled to should be able to decide with certainty the 
colour of the signal observed. This decision consists in practice of an 
estimation of the hue. This is only possible with certainty if 
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a. the observer has a normal colour vision ; 

b. the colours are sufficiently saturated; 

c. the colours do not lie in transition areas (for instance yellowish- 
green or greenish blue) ; 

d. the recognition of hue is not too much influenced by any possible 
coloured environment (chromatic adaptation etc.). 

These factors are taken into account in international agreements 
covering a number of public services (air traffic, road traffic and 
railways) regarding the colour range within which the different 
signal colours must lie. This range can be indicated in the chromat- 
icity diagram. Fig. 110 is an example, showing the ranges within 
which aviation red, yellow and green must lie (see also figs. 66 and 
57). In the green range the maximum attainable transmission factors 
have been indicated (section 47). In fig. 109 (see section 88) the green 
range has been plotted for comparison with the hue estimations 
given there. From this we see that all colours in the prescribed green 
range are ail properly saturated. The cards used for the measurement 
of the curves DD and GG had a fairly saturated colour (they be- 
longed to the series nc, practically the most saturated series of the 
0 s t w a 1 d colour atlas) and yet they lie outside the prescribed 
green range. 

Further we notice that the position of the green range fits the curve 
DD much better than the curve GG. Hence we conclude that even in 
daylight the green range of fig. 110 is still serviceable, but that in 
incandescent light the prescribed range is not covered by the range 
of colours the observer will call green. 

It is interesting to compare the limits for the. very saturated colours 
of the green range with table 8 (sect. 88) in which we read that the 
spectral colours whose wavelengths life between the limits 495 and 
566 mp are called green. The green range of fig. 109 extends on the 
blue side right up to the limit of 495 mp while on the yellow side it 
does not extend anything like as far as 566 mp. This is related to the 
fact that one must be careful on the yellow side in all circumstances 
to prevent a confusion with yellow signal lights. Since blue light is 
practically never used for signals, the danger of such confusion on 
the other side of the green range is not so imminent. 

The ranges of the aviation colours can be described numerically as follows: 
■red: y <0.335; z <0.002; ydlow: 0.402 < y <0.460; s <0.007; green: 
z > 0.610 — 0.829 y\z> 1.17—2 y, 0.76 y > 0.173 + 0.24 «. 

Extensive investigations on colours in connection with signalling 
have been carried out by Holmes®’*) and Hill*)- 
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§91 Application to trade, industry and science 

The science of colours is put to practical use in numbers of ways in 
trade and industry, in the first place as a method of defining the 
colours of the most divergent articles (dyes, enamels, paper, textile, 
flowers etc.). These are articles for which the colour is one of the 
most important properties. Two obvious methods exist for defining 
and afterwards reproducing these colours, namely by giving the 
trichromatic coordinates or by making and keeping samples for 
comparison. Both methods have their advantages and disadvantages. 
The indication of colour coordinates (for instance the x and y and 
the reflection factor when illuminated by one of the standard illumi- 
nants) has the advantage that it is easier to distribute three numbers 
among a great many interested people than actual colour samples. 
Moreover in this way the danger of the sample modifying its colour 
in any way in the course of time is also excluded. On the other hand 
it is true that the method of using coloured samples — especially for 
the layman — gives a good representation of the colour sensation 
to be expected far more directly. It must be remembered too that a 
relatively intricate measuring method must be applied to attain the 
accuracy possible by direct comparison with a colour sample. 

These , two objections have hitherto greatly restricted the field in 
which colour coordinates are applied. In certain cases we can check 
colours much more simply than with a trichromatic colorimeter. If, 
for instance a manufacturer of enamels wishes to ascertain whether 
the colour of his product remains constant during the course of 
time, it is sufficient for him to measure the spectral reflection factor 
for four wavelengths'. An undesirable change of colour will then 
certainly appear in at least one of the factors [W e n t ^)]. Once a 
certain colour is fixed, the question at once arises in practice how 
great is the tolerance. How much may a colour deviate from the 
fixed colour and still be acceptable? It is self-evident that in deter- 
mining such tolerance the sensitivity of the eye to colour differences, 
and therefore the size of the limens plays an important part. It 
can therefore be understood why it was for a long time thought 
possible to solve the problem of tolerance by the following simple 
rule; the colour may not deviate more than » times the just dis- 
tinguishable colour difference from the fixed colour. Here the factor 
M depends, of course, on the nature of the application. A further 
simplification was brought about by the introduction of the U.C.S. 
S3«tems (see section 81), in which the problem was thought to be 
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solved as follows: if’ the prescribed colour is marked in a U.C.S. 
system we can consider another colour as "sufficiently correspond- 
ing” if the colour point of that colour lies within a particular circle, 
the centre of which is the prescribed colour point. This precept was 
extended later on, in order to take differences in reflection factor 
into account [J u d d ^)]. 

The conviction has steadily grown, however, that the problem can- 
not be solved in practice in such a general manner. The acceptable 
deviations are determined jointly by a number of factors which have 
been left out of account in the above formulation. The same is true 
for the definition of a favourable spectral distribution of an illumi- 
nant (sect. 89). 

Statements such as "a deviation of the colour point from the black 
body locus is most troublesome in the green direction" or "butter 
may look a little plale but on no account green”, the simple step 
method cannot take into account. These and similar considerations 
have led to the view that it is necessary to determine the admissible 
deviations experimentally for each individual case. 

The tolerances thus found can then be fixed in the colour plane, and 
afterwards it can be ascertained by a trichromatic measurement, 
whether a certain colour lies ■within these tolerances [M a c- 
A d a m «)]. In addition it may also be desirable to indicate a 
tolerance for the reflection factor. 

Summing up, we can say that the important problem of tolerances 
is far more complicated than would at first appear, and that it is far 
from being completely solved. 

In America particularly great interest is shown in this problem, witness 
for instance the “Symposium on colour tolerance" (reprint from Am. 
Journ, ol Psych. 52. 1939) in which the problem has been examined by a 
series of experts of the most divergent kinds [Boring’), H e 1 s o n *), 
Balinkin’} etc.]. 

The problems of colorimetry are of course of special interest to the 
dye industry. Several of the problems treated previously are grate- 
fully put into practice in research work here. Let us quote as an 
example the theory of the optimal and ideal colours (section 47), 
which limit the satisfiable demands in the matter of high reflection 
factors and high colorimetric purity. The problems of dyes are com- 
plicated by the fact that besides additive colour mixing subtractive 
mixture often plays an important part. 

See D oh n er 1 ), D u nc a n^). E 1 1 i s i), Ha rris on i), G r und y ’). 
V i c k e r. s t a f f ’), White^). 
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Besides the examples already mentioned there are also numerous 
cases in which the colour itself seems not to be of such great im- 
portance, except that it can give us indications of the quality, 
purity and other important properties of the products studied. As 
an example of cases where colour measurements are applied in this 
sense, the examination of sugar, various agricultural products, 
tobacco, oil, beer etc. may be mentioned. 

See Moon®'®), Reimann®). Taylor®). 

Finally something must be said about the practical use in more 
scientific fields. Colour descriptions are regularly to be met with in 
scientific descriptions of natural objects (plants, animals, minerals). 
If these colours are to be accurately described, the proper way 
would again be the measurement and representation of the colour 
coordinates. The same is true of the various branches of chemistry. 
In pure physics there are fewer possibilities of practical use than one 
would be inclined to suppose. On the whole the physicist is more 
interested in the spectral composition than in the colour sensation 
that light produces. Yet there are cases where colour coordinates 
have their uses. A simple example has already been seen in the 
boundary colours (chapter VII). Much more complicated phenomena 
may appear when diffraction, double refraction, polarisation etc. 
play a part. In general it may be said that when we have an optical 
phenomenon entirely at our command we know the spectral distri- 
bution of the light that strikes the eye from any given point of the 
field of vision. But in that case it is also possible to calculate the 
colour coordinates of all points of the field of vision and so to describe 
completely the colour phenomenon as it appears to the eye. Such a 
calculation may be of service to us in two different respects. In the 
first place it enables us to describe the colour phenomenon accurately 
to other people and even, simply with the assistance of the calculated 
trichromatic da^, to make a coloured reproduction of the phenome- 
non, which may be of importance for teaching purposes, for instance. 
In the second place the calculated colour points may serve to check 
our calculations and theories: by an attentive observation of the 
field of vision we can ascertain whether the image observed agrees 
with, what was theoretically predicted. 

As an example we might mention the colours of the rainbow. This well- 
known natural phenomenon conjures a play of colours before our eyes, 
which is approximately a prismatic spectrum. Popularly the spectral 
colours are indicated by the name of "colours of the rainbow”. According 
to the classical theory of Descartes (1637) the rainbow colours are 
indeed practically pure spectral colours, determined by the dispersion 
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of drops of water in which the sunlight is refracted, A more accurate 
theory given by Airy and taking into account the diffraction offers a 
finer analysis. This theory also explains the repetition of colours one often 
sees on the inside of the inner bow. Perntner [see P r i n s i)] on the 
basis of this theory described the colours of the rainbow in great detail. 
P r i n s and R e e s i n k have computed the colour points for different 
sizes of drops (600 and 50 ft) and sun diameters (O' and 32'). The same 
authors also calculated the colour points of a number of diffraction 
patterns [P r i n s *)]. 


§ 92 Colour reproduction; additive method 

By the reproduction of colours we understand in general the making 
of pictures of objects in natural colours. This occurs in the first place 
in the art of painting, which we shall not discuss in this book, and 
also in the following technical processes, i.e. colour printing, colour 
photography, colour films and colour television.* Much might, be 
written about the various processes that are used in these arts. We 
shall therefore have to restrict ourselves to a few remarks of an 
essential nature showing the connections with the subjects already 
dealt with in earlier chapters. The principles are the same for all 
four cases: they are again founded on the number three that governs 
the properties of our colour vision and the whole of colorimetry. 
Further there is a close analogy with the "photo-electric-tricolori- 
meter” as used for colour measurements. Just as we allowed the 
light of the colour to be measured to fall through three different 
filters on three photo-electric cells and then combined the three 
photo-electric currents produced in order to define the colour in 
colour space, so we might have taken three photographs with the aid 
of different coloured filters and then used these photographs in com- 
bination to produce colour sensations, forming as good a reproduc- 
tion as possible as that of the original object. 

The simplest method of reproduction, in principle, is that of additive 
combination. In the colour film this consists of making three differ- 
ently coloured pictures of the object, with the aid of the three 
photographs (a red, green and blue pictrrre), and uniting them 
again to one picture by additive colour mixture. The colour of each 
part of this picture is then determined by the contribution of the 
three separate pictures. For additive mixing all kinds of methods 
can be used, of which most have already been mentioned in section 
59. Thus, with the help of prisms and mirrors, we can unite the rays 
proceeding from each of the separate pictures; a picture. can also be 
produced that is built up of very tiny particles of red, green and 
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blue images; the eye itself then supplies the additive mixing. Finally 
we can show the three coloured pictures separately in swift succes- 
sion (cinema, television). In this case, too, the mixing takes place 
in the eye of the observer. These additive methods are at first sight 
so attractive because the various steps of the process can be followed 
and calculated fairly easily (owing to the simple laws of additive 
mixing). By such calculations we can also draw up the conditions 
with which the filters, the photographic material and the lights used 
for the red, green and blue picture must comply in order to obtain a 
natural reproduction of all colours of the scene. “Natural" includes 
also the condition that colours which in the original radiate light of 
different spectral composition but make the same colour sensation 
must look the same in the picture. We see therefore that the above 
conditions for the filters etc. must be closely connected with the 
distribution curves of the eye. This connection is, in spite of technical 
differences, in principle the same for all additive processes, and in the 
subsequent mathematical calculations the same set-back is always 
met with; the demand lor a completely fSLithful reproduction leads 
automatically to the absurd result that for certain spectral colours 
either the spectral transmission factor of a filter or the sensitivity of 
the photographic material must be negative [Hardy *)]. This 
impossible requirement forms a serious obstacle in the way -of a 
perfect reproduction. We shah, mention some attempts to remove or 
to evade this obstacle. 

a. The occurrence of the negative values goes hand in hand with the 
impossibility of matching all colours in the colour triangle by 
additive mixture of a fixed triplet of colours without making use of 
a "negative quantity of a colour" (section 21). It is possible, how- 
ever, to limit the necessity for negative transmission factors and 
sensitivities to a minimum by a favourable selection of the three 
coloured illuminants producing the red, green and blue image. 
(The triangle RGB, formed by the colour points of these lights 
must contain as large a part as possible of all colours of the colour 
plane.) 

b. If the negative parts have been made as small as possible we can 
try to substitute the value 0 for all the negative values required 
by theory. This, of course, causes deviations from the naturalness 
of the reproduction; the colours do not quite correspond either 
in hue or saturation with the original. Deviations in hue are the 
most unpleasant. 
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c. It can be so arranged that while avoiding negative values the 
colour deviations are almost entirely limited to saturation [see 
for instance M a c A d a m ^)] and become therefore less notice- 
able. 

d. There are various possibilities for meeting the necessity of nega- 
tive values. For this purpose a subtraction of colours must take 
place in a certain sense. If there is in the reproduction process some 
intermediate stage in which we have electric potential differences 
to deal with instead of colours (television) the possibility will 
exist, in principle, of letting this subtraction take place, in the 
shape of voltages with a reverse sign. In the colour film and in 
colour photography we can perform the subtraction to a certain 
degree by correcting the negative in printing by a weak positive 
placed before it [M a c A d a m *)]. In some cases it is possible, 
with an eye to negative values, to make use of special properties 
of the photographic material (Herschel effect, curving 
of the density curve) but such methods are far less generally 
applicable than the other. On the whole, attempts to satisfy the 
demands for negative values only make the various processes 
more intricate. 

§ 93 Colour reproduction; subtractive method 

Besides the methods of colour reproduction mentioned there is a large 
number of processes in which subtractive mixture occurs. In colour 
printing this takes place by printing several coloured photographs 
on the paper on top of each other, so that in considering the final 
result each light ray must penetrate different layers of pigment in 
.succession before the light — in a coloured state — reaches the eye. 
In the colour film the subtractive colour mixture takes place at a 
slightly earlier stage. While in the additive reproduction the image 
is built up by a mixing of three coloured pictures the coloured picture 
in these methods is formed by allowing the light — in this case white 
light — to pass in succession through three photographs placed 
one behind the other. 

In some methods applied in colour printing it is often, at first sight, 
not clear whether the method employed is additive or subtractive. 
Take for example the process in which the separate coloured photo- 
graphs of each part of the scene consists of a very fine network of 
coloured points (fig. 111). These three coloured photographs are 
printed on top of one another, and the colour produced by this is 
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determined by the ratio of the size 
of the points in the three coloured 
photographs. 

Now during printing, the following 
events may occur: 1. a point of the 
paper will receive no colour; 2. it 
will receive only one colour; 3. it 
will receive two overlapping colours 
and 4. it will be coloured by three 
overlapping points. Fig. 112 illustrates these four possibilities. 
The eight parts given in fig. 112 by numbers all show different 
colours. Some of these colours are produced by subtractive mixture 
(namely colours 3 and 4). The whole picture therefore contains only 
eight colours but on looking at it, an additive mixture of those eight 
colours takes place in the ej'e (because the network of points is so 
extremely fine), whereby the resulting colour is determined by the 
relative size of the three kinds of coloured points. [For a theoretical 
treatment of this case see N e u g e b a u e r ^)]. 

With purely subtractive methods of reproduction (as is often the 
case in colour films) it is very difficult to get a complete theoretical 
view of the course of the different processes. The difficulty is chiefly 
due to the fact that the process of subtractive colour mixture is 
governed by much less simple laws than that of additive mixing. In 
attempts to set up an exact theory [Y u 1 e *)] or to find a practical 
method of approximate calculation [M a c A d a m ®)] it appears 
that the properties of the photographic material must be taken into 
account to a much greater extent than was the case with additive 
methods. The same difficulties regarding negative values as discussed 
in section 92 appear to arise here too ; the best method to overcome 
them is the method given under (d) of correction of the negatives by a 
weak positive. The only case in which the calculation of the subtrac- 
tive reproduction becomes as simple as with the additive methods, 
occurs when each spectral colour is partially absorbed by only one 
of the pigments used for the photographs placed the one over the 
other while the other two transmit the light unimpaired. This will 
occur if the transmission curves of the three pigments have shapes 
as drawn in fig. 113 [see Hardy*)]. 

Only in this special case is the influence of a modification of one of the 
lilters independent of the other filters. 

Subtractive colour mixture complies approximately with simple rules 
when it is a question of passing successively through filters which only 
absorb very little. Let W be the point in the colour space of the unfiltered 
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Fig. Ill 

The different gratings of dots are 
superimposed in printing. The 
ratios of the diameters determine 
the final colour. 
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light, Wj and Wj the points of the light when 
passing only through the first (or the second) 
filter, point Wjj (the light transmitted by both 
filters in succession) can then be found by vector 
addition; WWjWjWjj is approximateiy a paral- 
lelogram see also [Neugebauer ')]. 

Although it is theoretically much more difficult 
with subtractive methods to give the conditions 
for a correct reproduction than it is with additive 
methods, yet we find the subtractive principle 
far more frequently employed in practice. In 
order to understand this, we must remember 
that, in practice, a compromise must always be found between 
many often contradictory desires and demands. In making this 
compromise the following points must be considered (with special 
reference to the film) : 

a. The technical possibilities of obtaining a "faithful" reproduction. 

b. The expense of the various processes. 

c. The degree of intricacy of the reproducing apparatus. 

d. The degree of divergence the colours show when using an imper- 
fect system. ■ 

e. How unpleasant are such divergences? 

f. What colours occur most in the scenes to be filmed? 

g. Is a perfect copy of the reality required or desired? 

We shall discuss one or two of these points. 

The frequent use of the subtractive systems is chiefly due to points 
a-c. The point (d) has been dealt with by Yule®). 

Point (e) brings us once more to the compheated problem of tolerances. 
Here it is of the greatest importance that the observer has some idea 
of the colours of the original. A colour divergence 
which is not conspicuous in a photograph of an 
interior ihay be very unpleasant in a photograph 
in the open air. Allowances must also be made 
for the fact that a part of the colour divergences 
can be partially compensated by chromatic adap- 
tation. 

For point (f) the correct reproduction of the colours 
must be taken into account in making one’s de- 
mands. Thus we have often seen that yellow 
colours — indistinguishable to- the eye — may 
have been produced from a very narrow portion 
of the Spectrum, or by combination of red, yellow 
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PRACTICAL APPLICATIONS 


CH. XIV 


and yellowish green rays. As, in practice, the second manner of 
production occurs practically exclusively, we need not keep too 
strictly to the rule in this case, that two similar colours must be 
reproduced in a similar manner. 

In considering point (g) we must remember that the picture is seen 
under quite different circumstances from the original. As regards the 
environment of the picture, with coloured pictures in a book there is 
usually a white background, the brightness of which is therefore 
greater than the average brightness of the picture, while with colour 
films, on the other hand, the environment is quite dark. Such differ- 
ences do not influence the colour of a picture but they can be of 
great importance for the production of colour sensations. Thus 
most colours when observed in a relatively small field of vision with 
dark surroundings produce a more saturated impression than when 
seen under other circumstances. Hence we must draw the apparently 
rather strange conclusion that the most accurate reprodustion of the 
original does not always produce the most natural impression! 
[L a g o r i o ^)]. 

Surveying the field of colour reproduction as a whole it strikes us 
how complicated it actually is and how many factors arising from 
different branches of science play a part. In this respect the last 
subject considered by us is a faithful picture of the general theory 
of colour which we have also learnt to know as the borderland be- 
tween different sciences. 

For further enlightenment in the matter of colour reproduction 
we must refer the reader to the special literature on this subject. 
Besides the references already quoted further information is to be 
found inthe works of Schrodinger’) (section 37), Klein 
Eggert^), MacAdam'O, Evans ^), Custers^) etc. 
May the short survey given here, as this book itself, serve to facilitate 
the further study of literature of the subject. 
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Appendix 


I. TABLES FOR THE CALCULATION OF COLOURS 

TABLE A Complementary wavelengths with respect 
to standard white E 


X 

/ 

X 

X 

/ 

X 

X 

x' 

X 

t 

X 

380 

669-7 

480 

580-4 

670 

427*4 

590 

486-8 

400 

569-7 

481 

681-4 

571 

447-6 

591 

487-2 

410 

569-8 

482 

582 6 

572 

467-1 

592 

487-6 

420 

669-8 

483 

583-7 

573 

463-6 

593 

488-0 

430 

670-1 

484 

585-0 

574 

467-8 

594 

488-3 

440 

670-6 

485 

686-6 

575 

470-8 

595 

488-7 

450 

571-2 

486 

588-4 

576 

473-3 

596 

489-0 

455 

671-7 

487 

690-6 

577 

476-2 

597 

489-2 

460 

672-4 

488 

693 0 

578 

476-9 

598 

489-5 

465 

673-3 

489 

696-1 

579 

478-3 

599 

489-7 

470 

674-7 

490 

600 0 

580 

470-6 

600 

490-0 

471 

676-1 

491 

605-1 

581 

480 6 

610 

401-7 

472 

576-6 

492 

612-8 

582 

481-6 

620 

492-6 

473 

676-9 

493 

627-3 

583 

482-5 

630 

493-1 

474 

676-4 



584 

483-3 

640 

493-6 

475 

576-9 



585 

484-0 

650 

493-6 

476 

677-4 



586 

484-6 

660 

493-8 

477 

678-1 



587 

486-2 

680 

493-8 

478 

678-8 



588 

485-8 

700 

493-0 

479 

679-6 



589 

486-3 

780 

493-9 


t 
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TABLE B Tristimulus values for the equal energy 
spectrum and coordinates in the colour plane 
for system (Ch. IV) 


B 

5s 

Bs 

A 

*1 

&2 


0.0000 

- 0-0001 

. 0-0001 

380 

+ 0-810 

— 1-673 

1-763 

0 0001 

- 0-0020 

0-0002 

390 

0-792 

- 1-686 

1-794 

0.0003 

- 0-0006 

0-0007 

400 

0-758 

- 1-677 

1-819 

0.0008 

- 0-0019 

0-0022 

410 

0-706 

- 1-667 

1-862 

0.0021 

--0 0060 

0-0069 

420 

0-628 

- 1-264 

1-736 

0 0022 

- 0-0065 

0-0149 

430 

0-188 

- 0-470 

1-283 

— 0.0026 

4 - 0-0068 

0-0188 

440 

— 0-113 

0-297 

0-816 

—00121 

0-0311 

0-0190 

450 

— 0-319 

0-818 

0-601 

- 0-0261 

0-0682 

0-0179 

460 

- 0-436 

1-136 

0-299 

—00393 

0-1166 

0-0138 

470 

- 0-432 

1-280 

0 - 1.52 

- 0-0494 

0-1797 

0-0087 

480 

— 0-365 

1-293 

0-063 

- 0-0681 

0-2612 

0-0050 

490 

— 0*280 

1-266 

0-024 

— 0 - 0717 - 

0-3919 

0-0029 

500 

- 0-222 

1-213 

0-009 

- 0.0890 

0-6904 

0-0016 

510 

- 0-177 

1-174 

0-003 

— 0.0926 

0-8019 

o-mi 

520 

- 0-130 

1-129 

0-001 

- 0-0710 

0-9327 

0-0003 

530 

- 0-082 

1-082 

0-000 

-0 0316 

0-9864 

0-0001 

540 

"— 0*033 

1-033 


+ 0-0228 

0-9722 

- 0-0000 

550 

+ 0-023 

0-977 


0 0006 

0-9046 

- 0-0001 

560 

0-091 

0-909 


0-1677 

0-7844 

- 0-0001 

570 

0-176 

0-824 


0-2463 

0-6248 

0-0000 

530 

0-282 

0-.718 


0-3093 

0-4478 


590 

0-409 

0-691 


0-3443 

0-2867 


600 

0-646 

0-464 


0-3397 

0-1633 


610 

0-676 

0-326 


0-2971 

0-0839 


620 

0-780 

0-220 


0-2268 

0-0382 


630 

0-866 

0-144 


0-1697 

0-0163 


640 

0-912 

0-088 


0-1017 

0-0063 


650 

0-960 

0-060 


0-0693 

0-0017 


660 

0-972 

0-028 


0-0315 

0-0006 


670 

0-084 

0-018 


0-0169 

0-0001 


680 

0-902 

0-008 


0-0082 

0-0000 


690 

0-998 

0-002 


0-0041 



700 

1-000 

0-000 


0-0021 



710 

l-OOO 



0-0010 



720 

1-000 



0-0006 



730 

1-000 



0-0002 



740 

1-000 



0-0001 



750 

1-000 



0-0001 



760 

1000 



0-0000 



770 

1-000 



1-891 

8-681 

0-1136 
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TABLE C 

RGB system (C.I.E. 1931) Tristimulus values of the equal energy 
spectrum and coordinates of spectral colours in the colour plane 


















TABLE D 


XYZ system (C.I.E. 1931): Tristimulus values of the equal 
energy spectnra 


A 


7=7, 


X 

J 

7=7, 

z 

B 

B 

9 






625 


0-7032 

0-0673 

675 

0'06:i6 

0-0232 


380 

fililiTFl 



630 


0-8620 

0-0422 

680 

0-0468 

0-0170 


385 

Kfifipll 



533 

0-2257 

0-9149 

0-0298 

685 

0-0329 

0-0119 


390 




540 


0-9640 


690 

00227 

00082 


395 

0 0070 



545 

0-3697 

0-9803 

0-0134 

695 

0 0158 

00067 


400 

0-01 43 



550 

0-4334 

0-9960 

0-0087 

700 

0-0114 

0-0041 


405 

0-0232 



555 

0-6121 

1-0002 

00067 

705 

0 0081 

0-0029 


410 

0-0435 



560 

0-6945 

0 9960 

0.0036 

710 




415 

0-0776 



565 


0-9786 

0-0027 

715 

0 0041 



420 

0-1344 


0 6469 

570 


0-9620 

0-0021 

720 




423 

0-2148 



575 

0-8425 

0-9154 

0-0018 

725 





0-2839 


1-3866 

680 

0-9163 

0-8700 

0-0017 

730 




435 

0-3286 

o-oies 


585 

il 

0-8183 

0-0014 

736 




wm 

03483 

IHl 

1-7471 

590 

lElHtiJ 

0-7670 

0-0011 

740 




445 

0-3481 

0 029B 

1-7828 

695 


0-6649 

EH 

745 




450 

0-3302 

HSIi 

1-7721 

600 


0-6310 

0-0008 

750 




455 

0-3187 

EESSl 

1-7441 

605 

IclHi i| 

0-5668 

jjijTjjmi 

755 




480 


0-0600 

1-6692 

610 

BbUr-' ^ 

0-6030 

MSjyi 

760 




465 

liUitll 

EEMl 

1-5281 

615 

0-9384 

04412 


765 




470 


0-0910 

12876 

620 


0-3810 


770 




475 


0-1126 


626 


0-3210 


776 

0-0000 

0-0000 

0-0000 

480 

ll It)!]*!'! 

E ; ii! 


OIj 


0-2860 






485 

Ii 

E 1 >!« 

0-6162 

635 

0-6419 

0-2170 






490 

■1 imij 

E 


640 








495 


0-2686 


045 








500 

505 

510 

515 

520 

0-0049 

0-0024 

•0-0003 

0-0261 

0-0633 


0-2720 

0-2123 

0-1682 

0-1117 

0-0782 

650 

655 

680 

665 

670 

0-2836 

0-2187 

01649 

0-1212 

0-0874 

0-1070 
0 0816 
00610 
00446 
0-0320 

0 0000 




1 


s 

B 

21-37 

21-37 
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TABI.E E 

XYZ system (C.I,E.1931) Trichromatic coefficients (coordinates in the 
colour plane) of the spectral colours 


Dl 

B 

?/ 

Bl 

i 

B 

y 


D 

B 

?/ 





525 

0-1142 

0-8262 


675 

0-7327 

0-2673 

mm 

liSIr ill 

0-0060 

0-8209 

530 

0-1647 

0-8060 


680 

0-7334 

0-2666 

385 

lAv ilil 

0-0060 

0-8211 

535 

0-1929 

0-7816 

0-0265 

685 

0-7340 

EMEII 

lEl 

liov 4:1 

0-0049 

0-8213 

540 

0-2296 

0-7643 

0-0161 

690 

0-7344 

0-2666 

395 

liU ill 

0-0049 

0-8216 

545 

0-2668 

0-7243 

0-0099 

695 


0-2654 

400 

0-1733 

0-0048 

0-8219 

550 

0-3016 

0-6923 




0-2653 

405 

mm 

0-0048 

0-8222 

555 

0-3373 

0-6580 

Rai 1 i :1 



EMU 

410 

0-1726 

EEMI 


560 

0-3731 

0-6246 

IlSI 1 1 '1 



0-2653 

415 

0-1721 

0-0048 

liliv. ivl 

565 

0-4087 

0-5896 

litiTi m 

715 


0-2663 

420 

0-1714 

0-0061 


570 

0-4441 

0-5547 

11^ 1 



0-2653 

425 

0-1703 

0-0058 


575 

0-4788 

0-5202 


725 



430 

0-1089 

0-0069 

0-8242 

580 

0-6125 

0-4866 

0-0000 

Rtl 


l*r T '■ 

435 

0-1669 

0-0086 


585 

0-6448 

0-4644 

laililiia 

735 


m >1 

440 

0-1044 

0-0109 

lil:vlyl 

590 

0-6762 

0-4242 

IiSUlUIil 

BO 


0-2663 

445 

0-1611 

0-0138 


595 

0-6029 

0-3966 


745 



450 

0-1566 

6-0177 ■ 

1 1 

600 

0-6270 

0-3725 

0-0006 



Rill 

455 


111 


60 S 

0-6482 

0-3614 

KUiiSil 

755 



460 


lii ffi'. « 

IlK t M 

610 

0-6658 

0-3340 





465 

0-1356 

In IK 9 

Kk!!' !l 

615 

0-6801 

0-3197 


765 



470 


i&lji 


620 

0-6915 



\wm 


E||| 

475 




625 

0-7006 

■ IB 

I 

775 



480 

■iliMiil 

■19 1) '-•rl 

mat nil 

630 

0-7079 

II! 

1 

\wm 



485 

■iltml 

■lO’-' 1 1 il 

liIrK llil 

635 

0-7140 

II! 4:h{!l 

Qjffi 1 




490 

iiiiiyi 

lll'v • !?i1 

■lf4i !ltl 

640 

0-7190 

It! 4 :hI] 

1 




495 


u 


645 

0-7230 


QB 




500 

0-0082 

0 - 53 S 4 


650 

0-7260 

Bl 





505 

0-0039 


Iik^kI 

655 

0-7283 

U 





510 

0-0139 

llvliflU 

■IV.lffl!l 

660 

0-7300 

■iM IEj 





515 


■ilAtiii 

■lacltll 

665 

0-7311 

lifll ip] 





520 

■ 

HI 

0*0019 

670 

0-7320 

m 
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TABLE F 

XYZ system (C.I.E. 1031); Spectral energy distribution of standard 
illaminants A, B, and C 


X 



Eo 

A 


Eq 

Eo 

A 

Ea. 

Eb 

-Be 





525 

76-79 

90-43 

96-78 

675 

182-1 


86-30 


9'79 

22-40 

33-00 

530 

79-13 

92-20 

98-00 

680 

00 

103-9 


385 

■TiHin 

20-86 

39-92 

535 

82-62 

94-46 

99-94 

685 

188-7 

102-8 

82-21 



31-30 

47-40 

540 

85-95 

96-90 

102-1 

690 

191-9 


80-20 

395 

13'30 

36-18 

55-17 

545 

89-41 

99-16 

104-0 

695 

196-1 


78-24 

400 

14-71 

41-30 

63-30 

550 

92-91 

101-0 

106-2 

700 

198-3 

99-10 

76-30 

405 

16-15 

46-62 

71-81 

SSS 

96-44 

102-2 

105-7 

705 


97-70 

74-36 

410 

17-68 

52-10 

80-60 

560 

100-0 

102-8 

106-3 

710 


96-20 

72-40 

415 

19-29 

57-70 

89-53 

565 

103-6 

102-9 

104-1 

715 


94-60 

70-40 

420 

21-00 

63-20 

98-10 

570 

107-2 

102-6 

102-3 

720 


92-90 

68-30 


22-79 

68-37 

106-8 

575 

110-8 

101-9 

100-2 

li 

213-3 

91-10 

66-30 

ill 

24-67 

73-10 

112-4 

580 

114-4 

lOl-O- 

97 - 80 ’ 

K it! 

216-1 

89-40 

64-40 

435 

26-64 

77-31 

117-8 

585 

118-1 

100-1 

96-48 

K 

EtEfitl 

88-00 

62-80 

440 

28-70 

80-80 

121.6 

590 

121-7 

99-20 

93-20 

740 

221-7 

86-90 


445 

30-85 

83-44 

123-5 

595 

126-4 

98-44 

91-22 

745 

224-4 



450 

33-09 

85-40 

124-0 

600 

129-0 

88-00 

89-70 



BS20 

69-20 

455 

35-41 

86-88 

1236 

60S 

132-7 

98-08 

88-83 


229-6 

84-SO 

68-50 

460 

37-82 

88-30 

123-1 

610 

136-3 

98-60 

88-40 

K r 1 

232-1 

84-.70 

68-10 

465 

40-30 

90-08 

123-3 

615 

140-0 

99-06 

88-19 

766 

234-6 

84-90 

■•ismi 

470 

42-87 

92-00 

123-8 

620 

143-6 

99-70 

88-10 

770 


86-40 

58-20 

475 

45-52 

93-76 

124-1 

625 

147-2 

100-4 

88-06 

775 

239-4 

86-10 

68-60 

480 

48-26 

96 20 

123-9 

630 

160-8 


88-00 

780 

241-7 

87-00 

59-10 

485 

51-04 

96-23 

122-9 

635 

154-4 


87-86 





490 

53-91 

96-60 

120-7 

640 

168-0 

102-2 

87-80 





495 

56-86 

96-71 

116-9 

645 

161-6 

103-0 

87-99 





500 

59-86 

| M-20 

112-1 

660 

166-0 

103-9 

88-20 





505 

62-93 

| M-37 

107-0 

655 

168-5 

104-6 

88-20 





510 

06-06 

90-70 

102-3 

660 

172 - 0 , 

106-0 

87-90 





515 

69-26 

89-66 

98;81 

665 

176-4 

106-1 

87-22 





520 

72-50 

89-50 

96-90 

870 

178-8 

104-9 

86-30 
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XYZ system (C.I.E. 1931): Tristimulus values of spectral colours 


TABLE G 
Illuminant A 


TAtSLE H 
Illuminant B 


TABLE I 
Illuminant C 


Ej^X EJ E^Z E^J E^Y Ej E^X E^Y E^Z 



0-21 0-01 LOl 

OlO 0.02 3-64 

2.82 008 13.96 

7-00 029 34.18 

9-96 0.66 49.94 

11.12 1.26 68.66 

227 63.13 

8.38 3 90 55.22 

4.6I 671 3922 

■1.73 1121 2607 

0.29 19.34 

062 33.23 

469 51.48 

1309 6321 

82.00 

92.44 

99.50 


81.69 102.04 
104.85 99.56 

124.97 92.16 


•42 


138-731 68-58 
122-72 
96.90 



0.03 


013 


0-60 


2-25 


8-50 

0-25 

20-76 

0-85 

2803 

1-86 

28-71 

3-24 

25-69 


17-98 

8-37 

910 

13-23 

309 

20-07 

0-46 

30-43 

0-85 

46-62 

5.66 


15.26 

79-48 

28-14 

92-44 

43-78 

100-60 

6111 

102-29 

78-20 

97-88 

92-54 

87-87 

101-84 

76-09 


1186 1079 383-4 
0.447 0-407' 0-146 



006 0-00 0-22 

0-20 0-01 0-96 

0-91 0-02 4-34 400 

3-48 0-10 16-68 '410 

13 19 039 63 36 

31-02 1 30 165.74 

42-16 2.79 211-43 


41-69 4 71 219-81 

36-81 7.39 205.49 

24 19 11 27 159-46 

11-85 17-22 100.,71 

3-86 25-11 56-13 


0-65 3621 30-49 500 

0-95 61-46 16-18 1 510 

6.13 68-80 7.58 

16-22 84-48 4-13 

29-66 97-40 2-08 


77-97 

97-39 

89-01 

86-09 

95-68 

70-66 

95-26 

1 56-00 

88-66 

' 44-46 

76-28 


56-64 

23-32 
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TABLE J 


XY2 system (C.I.E. 1931): Slopes of dominant wave- 


i 

isi 

i 

■Bli 

m 

i 

Si 

Um 

i 

189 

msm 

■Si 

i 



380 

048608 

410 

0-4893 

440 

0-6240 

470 

0-7594 


500 


— 0-6304 

381 

048613 

411 

0 - 489,7 

441 

0-5267 

471 

0-7826 


501 


. 0-7013 

382 

048517 

412 

0-4900 

442 

0-5296 

472 

0-3084 


502 


0-7714 

383 

048526 

413 

0-4903 

443 

0-5323 

473 

0-8372 


503 


0-8403 

384 

048632 

414 

0-4906 

444 

0-6354 

474 

0-8699 


504 


0-9081 

385 

048537 

415 

0-4909 

445 

0-5391 

475 

0-9075 


505 

- 1-0262 

- 0-9764 

386 

048648 

416 

0-4913 

446 

0-5428 

476 

0-9610 

1-0616 

506 

0-9694 

- 1-0423 

387 

048535 

417 

0-4916 

447 

0-5466 

477 

1-0009 

0-9991 

507 

0-9021 


388 

048553 

418 

0-4924 

448 

0-6607 

478 


0-9449 

508 

0-8616 


389 

048674 

419 

0-4927 

449 

0‘5655 

479 


0-8888 

509 

0-8068 


390 

048584 

420 

0-4936 

450 

0-6600 

480 


0-8290 

510 

- 0-7666 


391 

0'48395 

421 

0-4942 

451 

0-5048 

481 


0-7670 

511 

0-7304 


392 

0-48606 

422 

0-4950 

452 

0-6701 

482 


0-7033 

512 

0-6977 


393 

0-48620 

423 

0-4969 

453 

0-6763 

483 


0-6374 

513 

0-6677 


394 

0-48633 

424 

0-4966 

454 

0-6811 

484 


0-6704 

514 

0-0403 


39 S 

0-48643 

425 

0-4979 

455 

0-6871 

485 


0-6013 

515 

- 0-6163 


396 

0-48659 

426 

0-4991 

456 

0-6936 

486 


0-4302 

516 

0-6928 


397 

0-48673 

427 

0-6000 

457 

0-6003 

487 


0-3677 

617 

0-6722 


398 

0-48687 

428 

0-6012 

458 

0-6079 

488 


0-2838 

518 

0-6528 


309 

0-48705 

429 

0-5024 

459 

0-6166 

489 


0-2089 

519 

0-6347 


400 

0-48722 

430 

0-6038 

460 

0-6236 

490 


0-1333 

520 

- 0-6178 



0-48740 

431 

0-8056 

461 

0-6319 

491 


0-0660 

521 

0-6019 



0-48757 

432 

0-6072 

462 

0-0410 

492 


- 0-0225 

522 

0-4870 


403 

0-48774 

433 

0-6086 

463 

0-0610 

493 


- 0-1008 

523 . 

0-4720 



0-48792 

434 

0-5108 

464 

0-6622 

494 


- 0-1786 

524 

0-4587 

" 

fniii 

0-48813 

435 

0-6126 

465 

0-0743 

495 


— 0-2569 

525 

— 0-4448 


IHj 

0-48830 

436 

0-5148 

466 

0-0877 

496 


0-3329 

626 

0-4313 


IriyI 

0-48854 

437 

0-5187 

467 

0-7030 

497 


0-4087 

627 

0-4177 


408 

0-48877 

438 

0-6190 

468 

0-7200 

498 


0-4838 

528 

0-4045 


409 

0-48906 

439 

0-6212 

469 

0-7382 

499 


0-5674 

529 

0-3913 
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length lines with respect to standard white E (sect. 40) 


1 

I^Hjl 

H 

m 


D 

WBSL 

1 


I 

y-Vw 

■ 

■■1 

530 

S!|! 

560 

0-1364 


590 

0-'3756 

620 

mu 

650 

- 0-1613 

680 

- 0-16700 

331 

E 

561 

0-1647 


591 

0-3433 

621 

lifiviifi 

65 t 

0-1524 

681 

0 - 1 B 79 B 

532 

H • 

562 

0-1949 


592 

0-3136 

622 

Efiwin 

652 

0-1536 

682 


533 


563 

0-2261 


593 

0'-2862 

623 

nfiifcE 

653 

0-1543 

683 


5 d 4 

E ||j 

564 

0-2591 


594 

0-2689 

624 


654 

0-1664 

684 

0-16796 

335 


565 

0-2939 


595 

- 0-2341 

625 


.655 

- 0-1562 

685 

- 0-16819 

536 


566 

UEHIvi 


596 

0-2112 

626 

■ill M 

656 

0-1671 

686 

0-16839 

537 


567 

0-3696 


597 

0-1899 

627 

Ea iiiTf 

657 

0 - 16,77 

687 

0-16858 

538 

Bi^VfeV 

568 

Ligniti 


698 

0-1898 

628 

■IB ixt: 

658 

0-1686 

688 

0*16877 

539 

Eliji 

569 

0-4544 


599 


629 

0-1074 

659 

0-1692 

689 

0*16893 

540 

- 0'2466 

570 

BIS® 


600 

0-1332 

630 

- 0-1105 

660 

- 0-1509 

690 

— 0*16908 

541 

0-2325 

571 

0-5486 


601 

0-1161 

631 

0-1136 

661 

0-1603 

691 

0*16920 

542 

MiyviiiHi 

572 



602 


632 

0-1167 

662 

0-1609 

692 

0*16931 

543 

E^S9 

573 

0-6664 


603 

0-0847 

633 

0-1196 

663 

0-1613 

693 

0*16939 

544 

0-1884 

674 

0-7164 


604 


634 

0-1223 

664 

0-1618 

694 

0*16947 

545 

- 0-1729 

575 

0-7784 


605 

0-0572 

635 

- 0-1248 

665 

- 0-1622 

695 

- 0*16951 

546 

0-1573 

576 

0-8466 


606 

0-0449 

636 

0-1273 

666 

0-1626 

696 

0*16967 

547 

»atMni 

577 

\ 


I trill 

0-0329 

637 

0-1296 

667 

0-1630 

697 

0*16960 

548 

0-1239 

578 


ic|iirs 

E3 

0-0218 

638 

0-1319 

668 

0-1634 

698 

0*ie602 

549 


579 

Em! 

[jlM 

609 

0-0116 

639 

0-1341 

669 

0^637 

699 

0*16964 

550 

- 0-0888 

580 


0-8654 

610 


640 

- 0-1362 

670 

- 0-1641 



551 

BlBlIitlKl 

381 


0-7894 

611 

- 0-0075 

641 

0-1382 

671 

0-1643 



652 

- 0-0606 

582 


0-7289 

612 

BtmUiM 

642 

0-1399 

'672 

0-1647 



553 


583 


0-6729 

613 

- 0-0243 

643 

0-1417 

673 

0-1649 



554 


584 



614 

— 0-0320 

644 

0-1432 

674 

0-1653 



555 


585 


0-5724 

615 

- 0-0395 

645 

- 0-1448 

675 

— 0-1655 



556 


586 


0-6276 

616 

0-0464 

646 

0-1463 

676 

0-1660 



557 

0-0587 

587 


0-4867 

617 

0-0526 

647 

0-1470 

677 

0-1662 



558 

0-0833 

'588 


0-4463 

618 

0-0588 

648 

0-1489 

678 

0-1664 



569 

0-1094 

589 



619 

0-0846 

649 

0-1502 

679 

0-1668 
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TABLE K 

XYZ system (C.I.E. 1931): Trichromatic coefficients of a 
total radiator (black body) at different temperatures 


r 

% 

!/ 



T 

X 

2/ 

z 


100 

0-735 

0-266 

0-000 

695 

3090 

0-436 

0-404 

0-160 

682-9 

300 

0-734 

0-266 

0-000 

684 

3100 

0-429 

0-401 

0-170 

682-4 

500 

0-721 

0-279 

0-000 

641-8 

3200 

0-423 

0-809 

0-178 

582-1 

600 

0-708 

0-291 

0-001 

630-8 

3300 

0-417 

0-396 

0-187 

681-6 

800 

0-681 

0-318 

0-001 

616-6 

3400 

0-411 

0-393 

0-196 

681-3 

lOOO 

0-862 

0-346 

0-003 

606-7 

3500 

0-405 

n -390 

0-206 

680-9 

1300 

0-810 

0-370 

0-011 

69 S -2 

4000 

0-380 

0-877 

0-243 

678-0 

1600 

0-586 

0-393 

0-021 

694-8 

4500 

0-360 

0-364 

0-276 

676-8 

1600 

0-573 

0-400 

0-027 

6031 

4800 

0-361 

0-366 

0-293 

674-8 

1800 

0-546 

0-408 

0-043 

690-7 

5000 

0-346 

0-361 

0-304 

673-2 

2000 

0-626 

0-413 

0-061 

688-7 

5500 

0-332 

0-341 

0-327 


2100 

0-516 

0-416 

0-070 

687-8 

6000 

0-322 

0-331 

0-347 


2200 

0-505 

0-416 

0-080 

687-1 

6500 

0-313 

0-323 

0-363 

485-2 

2300 

0-496 

0-416 

0-090 

586-4 

7000 

0-808 

0-816 

0-494 

488-7 

2400 

0-486 

0-414 

0-100 

686-9 

8000 

0-296 

0-306 

0-400 

481-0 

2500 

0-476 

0-414 

0-110 

686-3 

lOOOO 

0-280 

0-288 

0-431 

479-1 

2600 

0-468 

0-412 

0-120 

684-8 

24000 

0-253 

0-263 

0-493 

477-0 

2700 

0-459 

0-411 

0-130 

684-3 

CO 

0-240 

0-234 

0-626 

476-8 

2800 

0-461 

0-408 

0-140 

683-8 






2900 

0-444 

0-406 

0-160 

683-3 

2848 

0-4476 

0 - 407 ‘ 

0-146 

683-6 
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XYZ system {C.I.E. 1931); Selected wavelengths (sect. 51) 



TABLE L 
Standard white E 
(.T = 0.333, j/- 0.333) 

TABLE M 
llluininant A 

(* - 0.4471, y = 0.4075) 

TABLE N 
Illuminant B 
(x = 0.m.<;-0'352) 

TABLE 0 
Illuminant C 
(*=0310, J/ = 0;3I5) 


■ 

Q 

m 

m 

o 


Di 


V 

Di 

D 

D 

m 


1 

423-7 

469-7 

410-4 

444-0 

487-8 

416-4 

428-1 

472-3 

414-8 

424-4 


RSI 


2* 

438-6 

493-1 

419-6 

616-9 

607-7 

424-9 


404-6 


436-6 

489-4 



3 

446-8 

604'6 

424-1 

644-0 

517-3 

429-4 

464-1 

605-7 

427-1 

443-6 

Idliigll 

RUisi 


4 

467-7 

612-1 

427-4 

664-2 

624-1 

432-9 

468-1 

513-6 

430-3 

462-1 

508-7 

429-4 


B* 

472-1 

618-0 

430-1 

661-4 

629-8 

436-0 

627-8 

516-6 

m 

461-2 

616-1 

432-0 

5* 

6 

631-6 

622-9 

432-6 

667-1 

634-8 

438-7 

643-3 

524-8 

436-4 

473-9 


434-3 

e 

1 

644-9 

627-4 

434-8 

672-0 

639-4 

441 -.3 

551-9 

529-4 

437-7 


626-4 

436-6 

7 

8* 

663-4 

631-6 

437-0 

676-3 

543-7 

443-7 

558-5 

633-7 

439-9 

544-2 

629-8 

438-6 

8* 


560-0 

636-6 

438-6 

680-2 

647-8 

446-0 

564-0 

637-7 


662-3 

633-9 

440-6 

8 

10 

666 6 

6393 

•441-1 

683-9 

561-7 

448-3 

668-8 

641-5 

444-0 

568-7 

537-7 

442-5 

El 

11‘ 

670-4 

643-1 

443-1 

687-2 

855-4 

460-6 

673-1 

646-1 

446-0 

RIM 

641-4 

444-4 

11* 

12 

674-8 

646-7 

446-1 

690-6 

669-1 

462-6 

677-1 

648-7 

448-0 

668-8 

644-9 

440-3 

12 

13 

678-9 

660-3 

447-1 

693-6 

662-7 

464-7 

580-9 

652-1 


673-2 

648-3 

448-2 

13 

U* 

682-8 

653-9 

449-1 

696-6 

666-3 

466-8 

684-5 

656 6 

461-9 

677-3 

661-7 

EHigI 

14* 

16 

686-4 

667-4 

461-1 

699-4 

669-8 

468-8 

688-0 

669 0 

463-9 

681-2 

665-1 

462-1 

16 

16 

689-9 

661-0 

463-2 

602-3 

573-3 

460-8 

691-4 

662-4 

466-8 


668-6 

IM 

16 

17* 

693-4 

664-6 

466-2 

606-2 

676-9 

462-9 

594-7 

566-8 

467-8 

688-7 

661-9 

SlniBlj 

17* 

18 

698-7 

568-3 

467-2 

608-0 

680-6 

464-9 

698-1 

669-3 


692-3 

665-3 

467-9 

18 

19 

600-1 

672-0 

469-3 

610-9 

684-1 

467-0 

601-4 

572-9 

461-8 

696-9 

668-8 

469-9 

19 

20* 

603-6 

676-9 

461-6 

613-8 

687-9 

469-2 

604-7 

676-7 

463-9 

599-6 

672-6 


20* 

21 

606 9 

679-9 

463-7 

617-0 

691-8 

471-6 

808-1 

680-6 

466-1 


676-4 

464-1 

21 

22 

610-4 

684-1 

466-0 

820-0 

696-9 

474-1 

611-6 

684-7 

468-4 



466-4 

22 

23* 

614-0 

688-6 

468-5 

623-3 

600-1 

476-8 

616-3 

689-1 

470-8 

itfriM 

684-8 

468-8 

23* 

24 

617-9 

593-3 

471-3 

626-9 

804-7 

479-9 

619-1 

693-9 

473-6 

614-9 

589-6 

471-4 

24 

26 

622-1 

598-5 

474-3 

630-8 

,609-7 

483-4 

623-3 

589-1 

476-6 

819-2 

694-8 

474-4 

26 

26* 



477-9 

636-3 

616 2 

487-6 

628-0 

606-0 

480-2 

624-0 


477-8 

26* 

27 

632-2 

Kfffjl 

482-4 

640-6 

621-6 

4®-7 

633-4 

611-8 

484-6 

e 2«-0 


481-9 

27 

28 

638-8 

619-1 

488-2 

648-9 

629-2 

409-3 

640-1 

619-9 

490-2 


616-0 

487-3 

28 

29* 

648-0 

629-9 

496-9 

666-9 

636-7 

608-4 

649-2 

630-9 

498-6 

640-2 

627-1 

496-3 

29* 

30 

666-4 

649-7 

613-7 

673-6 

669-0 

626-7 

666-3 

660-7 

615-2 

662-2 

nn 

611-6 

■ 
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LIST OF SYMBOLS 


II. LIST OF SYMBOLS 

The numbers betiveen brackets refer to sections 
A,B,C llluminants (23) 

A Angstrdm = ^/n, mji = 10'^ mm = 10"’® m (2) 

a Absorbing power (42) 

^ 1 ] Coefficients of general linear transformation 

B Brightness (]6, 17) 

Names of primaries in the system; trichromatic coordinates 

in colour space 

Distribution curves of the equal-energy spectrum in the B^B^B^ system 
(table B) 

i’l.l’g.i’s Trichromatic coefficients (coordinates in the colour plane) in the 
BiBjBj system (table B) 

Ci.Cs Radiation constants (Planck's formula, 42/ 

E Standard white; colour point of equal energy spectrum (23) 

E Power; energy radiated per second (12) 

Ej^al. Energy radiated in a continuous spectrum in the wavelength interval 

e ■ 2.71828.. .. (an important constant in higher mathematics) 
li.Ii.Ia The isochrome directions of the dichromats; directions of coordinate 
axes in R' G' B' system (64.66) 

k,w,i Colour part, white part, black part in O s t w a 1 d’s system (76) 

Lj,L,,L 3 I.uminosity coefficients (32) 

1 Distance between two division lines (light - dark) used in the descrip- 

tion of boundary colours (46) 
m((. Milli-micron = 10"“ mm == 10'® m (2) 

N’ Number indicating hue in O s t w a 1 d's system (76) 

0 Origin of a coordinate system 

p Colorimetric purity (22. 36) 

{RGB] Trichromatic C.I.E. system (36) 

R.G.B ■ Narnes of primaries in RGB system 

Trichromatic coordinates in RGB colour space 
It,G^ Distribution curves of the equal energy spectrum in RGB system 
(table C) 

''.g.6 Trichromatic coefficients (coordinates in colour plane) in RGB system 
(table C) 

{R’G'B’) Trichromatic system of sect. 66 

R',G',B' Trichromatic coordinates in R'G'B' colour space 
r'.g'.h' Trichromatic coefficients (coordinates in colour plane) in R'G'B' 
system 

{R’CB*) J u d d's U.C.S. trichromatic system (81) 

R'.G.'B'’ Coordinates in J u d d's U.C.S, system 

.t* Trichromatic coefficients (coordinates in colour plane) in U.S.C. system 
(R'G'B*) 

fy Spectral radiative power 

T Time ol vibration (2), temperature (42) 

(UVlV) MacAda in's trichromatic system 

U,V,W Trichromatic coordinates in UVW system , 

ti,v,w Trichromatic coefficients (coordinates in colour plane) in UVW system 
V)^ International relative luminosity (visibility) (10, table D) 

YgKij Relative luminosity for rod and cone vision 
(XYZ) Trichromatic system C.I.E. (ch. V) 
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LIST OF SYMBOLS 


X,Y,Z Coordinate axes in jyy7 system 

XYZ Trichromatic coordinates in the XYZ colour space 
HyZ Distribution curves of equal energy spectrum in XYZ system (table D) 
x,y,i. Trichromatic coefficients (coordinates in colour plane or chromaticity 
diagram) in XYZ system (table E) 
x,y Denotations of human sex chromosomes (67) 

(x'y'z'j Trichromatic system (Breckenridge 81) 

x'y'z' Trichromatic coordinates in the sf'yV system 

x,y,z Trichromatic coefficients (coordinates in colour plane) in the sr'y's' 

. system 

x"y"z" Displaced coordinates in the x'y'r' colour plane; x" = 0.075 — 

y" = y'— 0.5 

delta Small increment of a quantity 

epsilon Reflection factor (38) 

Spectral reflection factor (38) 
lambda Wavelength (in mp) (2) 

Complementary wavelengths 
Dominant wavelength 

p mu Micron = mm = 10~‘ m (2) 

V nu Frequency (2) 

7t pi 3.14169 

2 sigma Sum of'a number of terms 

a sigma Excitation purity (36) 

T tau Transmission factor 

Spectral transmission factor (47) 

0 Candle (unit of light) 

c/m® Candle per square metre (unit of brightness) = iq qqq sfilb 
I'x Lux (unit of illumination) = 1 Inmen/m® 

Im Lumen (unit of luminous flux) 

sb Stilb (unit of brightness) = 1 c/cm* 

•C.I.E. Commission Internationale d'Eclairage 

I.B.K. Internationale Beleuchtungs Kommission 

I.C.T. International Commission of Illumination 

O.S.A. Optical Society of America (16) 

U.C.S. Uniform chromaticity scale (6) (81) 



IS 
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